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Foreword — Bently 



I came to know Dr. Agnieszka (Agnes) Muszyńska in 1980, when she was working as a 
visiting scientist at the University of Dayton on an unclassified contract of Wright-Patterson 
Air Force Base. 

Earlier in the seventies, Dr. Czesław Broniarek showed me an original copy of 
Dr. Muszyńska’s book On Rotor Dynamics , which was a review of several hundred papers on 
this subject. I later obtained my own copy of her book. This book was translated into English 
and I studied it; however, when I referenced this book in a paper, published by the American 
Society of Mechanical Engineers (ASME), 1 stated “author unknown” because I thought 
“Agnieszka Muszyńska” was the narne of a committee. Only a few months later I learned of 
my misunderstanding. 

In 1974, when almost 200 of the world’s top rotordynamic experts were meeting in 
Denmark, I was teaching at a machinery-monitoring seminar in Frankfurt, Germany at the 
same time so I could not attend this conference. A couple of years later, my friend Dr. Ed 
Gunter told me about a pretty blonde Polish lady who attended this conference in Denmark 
(she was the only woman among 200 men!). Shortly thereafter, I met Dr. Muszyńska at a 
workshop on instability problems in turbomachinery sponsored by the National Aeronautics 
and Space Administration (NASA), which was held at Texas A&M University. As a result of 
this meeting, she came to work with me on rotor dynamie problems, First at Bently Nevada, 
then at Bently Rotor Dynamics Research Corporation in Minden, Nevada. 

It is my belief that we did about 50 years worth of work inside about a 20-year period, 
sińce she is a very independent thinker and orderly researcher. Largely I worked in the 
laboratory running the experiments and Dr. Muszyńska did the theoretical work writing 
the eąuations. I brought to the table the machinery problems as observed in the field; she 
brought the theory and knowledge. For many years, we both lectured on modern rotor 
dynamics all around the world. 

Dr. Muszyńska is credited in the dedication of my book, Fundamentals of Rotating 
Machinery Diagnostics (BPB Press, 2002), for the development of many of the eąuations and 
methodology used in modern rotor dynamics. Her current book presents morę theory, 
whereas minę is morę practical. You should consider having both books for your library. 

Of special importance is the application on morę modern modal eąuations of rotor 
dynamics and the close relationship between control theory, vibration theory, and rotating 
machinery theory. The work of Dr. Walter R. Evans is strongly emphasized in both books. 
Each book represents a step forward in our generał knowledge of rotating machinery. Due to 
the natural inertia of human beings, it is always extremely difficult to introduce new 
methodology and concepts; however, it is very important to advance and learn, therefore, we 
both teach these modem 21st century techniąues. 



Donald E. Bently 

Bently Pressurized Bearing Company 
Minden, Nevada 
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Foreword — Jones 



As an engineer with many years of experience in several engineering and scientific 
disciplines, but not in rotordynamics, I found reading the draft manuscript of this book to 
be something of a revelation. The author has many years of experience in the discipline of 
rotordynamics, both theoretical and experimental, 18 of which were spent confronting 
a wide variety of real-world problems at Bently Rotor Dynamics Research Corporation, a 
subsidiary of Bently Nevada Corporation in Minden, Nevada. This brings a uniąue approach 
to the subject in depth and breadth. 

The book addresses the generał problem of analytically modeling and predicting the 
dynamie response and instability of many types and sizes of rotating machines, with a view to 
understanding in detail a wide variety of observed phenomena, including miscellaneous types 
of malfunctions. The approach is based on modal analysis generally concentrating on the 
most important Iow order modes, but by no means limited in principle to those modes. Many 
forcing and feedback mechanisms are addressed, and a unique emphasis is applied to 
correlating observed behavior with analytical models. In fact, sonie models were developed 
using modal identification techniąues with emphasis on the model adeąuacy relative to 
observed phenomena. This is not only to vindicate the approach but also to hołd out the 
promise of applying parameter variation to identify the source of measured response 
irregularities and hence prepare appropriate corrective measures in time to avoid 
unscheduled shutdowns or even catastrophic failures of machines. 

For a great variety and number of facilities around the world which apply large (usually) 
rotating machines for power generation or materiał handling, for example, the economic 
conseąuences of undetected or misdiagnosed malfunctions, resulting in unscheduled 
shutdowns, can be serious. Catastrophic failures, while rare, do occur and the costs in 
damage, injury, and liability can be even greater. The need for means of identifying 
impending malfunctions and determining appropriate corrective measures has been 
recognized for a long time. 

Practicing engineers, who are responsible for running major facilities using rotating 
machines, are undoubtedly well aware of their responsibility to avoid such dire situations. 
This is why condition monitoring and diagnosis has gained such wide acceptance in recent 
times, especially in view of the currently available technology for on-line detection of 
vibratory data, and computerized processing and display of the measured signals for human 
evaluation. The signals and trends obtained by current monitoring Systems provide the 
earliest available evidence of any impending malfunctions before they morę openly manifest 
themselves. The problem is to correctly interpret the observed data, so that appropriate 
decisions can be madę in response to important ąuestions such as, “can it wait until the next 
scheduled shutdown?”, “should the bearing oil temperaturę be raised or lowered?”, “should 
we shut down right now and look for a crack, and where should we look?” There must be 
many morę such ąuestions. 

I believe that this book offers a uniąue new approach to these issues, based on rational 
modal models with analytical descriptions of a number of internal and external forces that 
can result in instabilities of rotating machines, with application to recognizing and identifying 
of the observed behavior of machines. Instabilities are not welcome events in machines. A 
better understanding of mechanisms leading to instabilities rnay sensitize and stimulate 
machinę designers and developers in order to prevent these mechanisms from occurring. 
The better understanding among machinę users will prevent them from purchasing faulty 
machines, susceptible to malfunctions. 
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The book is not written for beginners — a number of such books are already available — 
but if it is studied with care, attention, and diligence, it will provide readers with ideas 
and concepts which are capable of further development in research centers. Particularly 
attractive may be the development of software, based on the modal models advanced in this 
book, to interpret signals provided by the monitoring systems of specific machines, 
perhaps specifically perturbed while in normal operation. Such software would lead to an 
“expert system” pertaining to that particular machinę or type of machines. The software 
development costs would be far less than those involved in failing to catch a major problem 
in time. 

In summary, this book may represent a new paradigm in the understanding of 
rotordynamic phenomena and malfunctions. I highly recommend it for all readers interested 
in rotordynamics in generał, as well as those with specific technical goals for which the book 
might provide some directions. 



David I.G. Jones 

Consulting Engineer 
Chandler, Arizona 
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Preface 



Rotating machines represent the largest and most important class of machinery used 
for fluid media transportation, for metal working and forming, for energy generation, for 
providing aircraft propulsion, and for other purposes. Rotors eąuipped with bladed 
disks or impellers rotating at high speeds in the fluid environment allow rotating machines 
to produce, absorb, transform, or condition an amazing amount of energy often in 
comparatively smali, compact packages. Increasing economic demands for larger capacity, 
higher ąuality, and environmental acceptance in production and transportation, as well as 
inevitably growing user expectations, place stringent reąuirements on the performance of 
machines. 

Rotordynamics is an extremely important branch of the discipline of dynamics that 
pertains to the operation and behavior of a huge assortment of rotating machines. This 
machinę behavior encompasses a wide variety of physical phenomena, all of which can 
interfere with the proper functioning of machines and can even lead to catastrophic failures 
if not properly identified and corrected. 

This book represents the culmination of many years’ work by the author to contribute to 
the knowledge on rotor dynamie behavior and in particular to apply and further develop the 
modal methodology for modeling the dynamie behavior of rotating machines of various 
types, and under a rangę of conditions. The modeling is confronted with realistically obtained 
vibration data from machines. The modal eąuations are relatively simple, incorporating 
several parameters, which are identified from diagnostic tests obtained under normal 
operating conditions. The theory is classically phenomenological, in the same sense as current 
experimental modal analysis techniąues, applied for identiflcation and diagnosis of non- 
rotating structures. This is a significant advantage. The time for first principles is at the 
design stage, not when the machinę is in operation and critical day-to-day decisions have 
to be madę with no room for error. What is needed during the life of the machinę is not 
the last word in analytical capability, involving large finite element models and massive 
computing power, but rather a relatively simple means of replicating the essential features 
of the observed, measurable behavior which may contain the telltale signs of specific 
impending problems, and varying relevant parameters to determine the most effective 
corrective measures. Potentially, eąuations such as described in the book could be interfaced 
with the monitoring system Computer codes so as to respond to particular, previously 
identified changes in the monitored data. This would be cost-effective, particularly for very 
large machinę Systems which have been in service for some time in a number of locations, so 
that some accumulated history of actual problems would be available for imbedding in the 
analysis. It is to be hoped that many practicing engineers will make the effort to examine this 
book in that light. 

Condition monitoring systems are designed to measure vibration and other data in 
various critical parts of the machinę on a continuous or near-continuous basis. The task 
of operating engineers is to interpret the results provided by the monitoring system in order 
to accurately identify impending problems and recommend proper corrective actions in time 
to prevent these problems from reaching a critical stage, which would lead to unscheduled 
shutdowns or even to catastrophic failure of the system. Correct diagnosis is clearly essential 
if this task is to be accomplished successfully. Trial-and-error modifications are often 
attempted, but are seldom effective if the problem is misdiagnosed. One must keep in view the 
relatively sophisticated level to which condition monitoring has progressed in recent decades, 
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especially in view of the currently available computational capability to process the large 
volume of measured data in real time; what is needed is a relatively simple but adeąuate 
analytical approach. The approach — such as modal expansion method, which would satis- 
factorily model the known phenomena affecting measurable machinę performance, thereby 
permitting variation of appropriate parameters — helps interpret the measured data and 
allows rational conclusions to be drawn. In this way, hopefully, any impending problems 
can be identified early, and proper corrective steps can be scheduled. An early diagnosis 
is particularly important for large and critical rotating machinery, for which unscheduled 
down-time can be very expensive. Such a modeling approach is offered in this book. 

Most results presented in this book were obtained at Bently Rotordynamics Research 
Corporation (abbreviation BRDRC — which phonetically reads Bird Rock). BRDRC was 
founded in 1982 as a subsidiary of Bently Nevada Corporation (BNC). The primary objective 
of BRDRC was to expand the current body of knowledge relating to rotating machinery 
dynamics, including machinę malfunction diagnostic techniąues. To this end, BRDRC 
accumulated and evaluated pertinent knowledge from external sources, and developed new 
knowledge from internal research. Since isolated knowledge is useless, it was madę available 
to the greater community through various means. Among them there were published papers 
and reports (over 300 publications), conference presentations, worldwide seminars and 
courses on rotating machinę dynamics and diagnostics, academic lectures at universities and 
research centers, patents, consulting services to industry customers, collaboration with other 
scientific organizations, donation of eąuipment, training interns and college students, 
conference sponsorship, and other means. In addition to all this, BRDRC provided 
fundamental and extended knowledge to BNC in order to improve the performance and 
increase the value of company products for its customers. 

In January 2002, BNC and BRDRC were sold to the General Electric Corporation 
(GE) by the sole owner of both corporations, Donald E. Bently. A few months later, GE 
dissolved BRDRC. The 20-year career of BRDRC had ended. The accumulated knowledge 
base was dispersed, with no possibility of continuation by another generation of researchers. 

This book, which acts in parallel to classical treatments of rotordynamic problems, 
presents major achievements on theoretical and experimental rotating machinery dynamics 
and diagnostics obtained at BRDRC. It may be viewed as an epitaph to BRDRC. 

Perhaps a few words of history would help explain the uniąueness of BRDRC. The tale 
starts with a short story about Bently Nevada Corporation. This company was founded by 
Donald E. Bently in Berkeley, California, in 1955, as “Bently Scientific Company.” In 1961, 
Don Bently moved the company to its present location in Minden, Nevada, and renamed it 
“Bently Nevada Corporation.” Although Don Bently was not the flrst to invent the principle 
of noncontacting eddy-current displacement transducers, he did pioneer their practical 
application for measuring mechanical vibration and static position in machinery. For the flrst 
time, these noncontacting transducers provided, to manufacturers and users of machinery, 
elear and accurate information about the actual dynamie behavior of mechanical elements 
within the machinę. In particular, they provided direct measurements of static positions 
and vibratory motion, as well as centerline average positions during vibrations of the most 
important elements of machines, namely, the rotors. Previously, these measurements could 
only be inferred from indirect measurements on the machinę casing or by the use of much 
less accurate, often unreliable, mechanical devices (as “shaft riders”), which reąuired direct 
physical contact with the rotating rotors. 

Starting from these fundamental noncontacting eddy-current displacement transducers 
and taking advantage of progress in electronic and Computer technology, Bently Nevada 
gave birth to an entire new industry. Today, this industry produces sophisticated monitoring 
systems for machinery protection, including on-line software tools and embedded-knowledge 



© 2005 by Taylor & Francis Group, LLC 




software capable of analyzing machinę malfunctions, and providing expert advice which 
mimics the thought processes of experienced machinery specialists. The basie eddy current 
transducer, however, remains at the heart of all monitoring Systems of rotating machines. 

Donald E. Bently created BRDRC in 1982, one year after he had hired me as an engineer 
at BNC Mechanical Engineering Services. 1 became, and remained, the BRDRC Research 
Manager for the next seventeen years. In 1999, I left the company and started my own 
consulting business. 

At the beginning, at both BNC and BRDRC, I worked alone, learning experimental 
techniąues which were entirely new to me, and providing analytical results to confront with 
experimental data. Mr. Bently was anxious to keep track of progress (when I was hired, he 
expected frorn me something like a “great symphony in rotordynamics”. . .), and often helped 
personally by means of experiments demonstrating various physical phenomena, which he 
had previously observed using his proximity transducers, newly introduced to the world. 
Smali portable rotor rigs imitating rotating machines, which Mr. Bently himself designed, 
madę a career of their own. During the past 25 years, Mr. Bently has donated hundreds of 
such rigs to universities and research centers around the world, as basie learning tools 
to demonstrate various rotor dynamie phenomena and to interactively teach about the 
dynamie behavior of rotors under various States of operation and when specific malfunctions 
were introduced. 

During my first years at work, Mr. Bently and I had many discussions about the subject 
of mathematical modeling. His electronic engineering background often challenged my own 
strong theoretical — mathematical and mechanical — background. For me, everything in the 
laboratory was new and exciting. I had discovered the world of experimentation, fuli of 
undocumented and poorly understood phenomena. Since I was familiar with the world 
literaturę on rotor dynamics, having worked in this area of science for the previous 20 years 
or so, I understood that electronic instrumentation had become available only recently at that 
time. This instrumentation led to new and fresh tools for observing and simulating the 
behavior of mechanical Systems ranging from large rotating machinery to simple rotor rigs. 
These new tools offered unlimited possibilities to access previously unexplored areas. 

Our first paper, coauthored with Don Bently, was presented at the Second Texas A&M 
Workshop on Instability in High Performance Rotating Machinery in 1982, and was later 
published by NASA (see references to Chapter 4, Bently et al., 1982). 

Mr. Bently was always very busy with BNC business matters, but he tried to participate 
personally in all research projects in his spare time, providing invaluable suggestions 
pertaining to the experimental procedures, while I conducted the research and did 
the preliminary writing of the co-authored papers. In the early years, I worked at 
BRDRC, practically alone, consulting daily with Mr. Bently, the president. As time passed, 
we added one, then two, technicians and one, then a couple, of engineers. In the last decade 
the group, while still smali, had grown and reached a peak of 14 people in 1996. This group 
included two technicians and two secretaries (BRDRC’s and Mr. Bently’s personal 
secretary). Yet even so, we became quite famous (or infamous) in the world of rotordynamics 
through an abundance of publications, conference presentations, and lectures. We generated 
some ąuite large controversies, sińce we had dared to shake up the old classical theories by 
our new discoveries and new theories. In particular, our new fluid force model in rotor-to- 
stationary part clearances, known today as the “Bently/Muszyńska (B/M) model,” which we 
identified using specific modal testing procedures, created a lot of discussions (the B/M model 
is presented in Chapter 4). I was always extremely busy with lecturing, writing papers, 
documenting our research results, and creating a uniąue and unprecedented database. 
BRDRC worked together with BNC Engineering and Diagnostic Services, as well as in 
cooperation with BNC customers, to diagnose malfunctions of various machines in the 
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field. We simulated, in our laboratory, many phenomena which were reported to occur in 
machinery. We identified specific machinę signals and then tested them on our rotor rigs to 
associate these signals with particular malfunctions induced in the machines. 

During these times, I never asked Mr. Bently what to do next, nor did he bother to 
assign projects, or work with the customary company bureaucracy. There was always a long 
list of projects in front of my eyes, which I regarded as waiting to be attacked. Each day did 
not have enough hours to accomplish all the tasks, which I assigned for myself. Mr. Bently 
was briefed on the daily progress and was always actively involved in the experiments and in 
the finał stages of paper writing, providing suggestions and alterations. 

Although the BRDRC budget was very limited, I greatly appreciated the minimum of 
beaurocracy and the freedom, efficiency, and elasticity this environment provided for the 
research. New rotor rigs for specific research projects were built in a few days. The necessary 
parts were designed as simple sketches, with details being discussed directly with the 
machinists. For acquisition and processing of vibration data, we used all the newest BNC 
instrumentation every year in the process — evaluating the performance and ąuality of this 
eąuipment and giving suggestions for improvements and additions for next generations of 
instruments. 

Sometimes difficulties occurred, which can be exemplified in the following story. At one 
instance while working in the laboratory with another engineer, we discovered a totally new 
phenomenon — the second modę of fluid whirl and fluid whip instability of the rotor (see 
Section 4.9 of Chapter 4). 1 started working on the matter, but Mr. Bently threatened to fire 
my associate and me. He claimed that these phenomena “would not be interesting to BNC 
customers.” Risking our jobs, we ignored Mr. Bently’s threats and continued to work on the 
project after regular hours, under rather uncomfortable conditions and in spite of our boss’s 
adverse attitude. As a result of these clandestine efforts, we completed the research and 
wrote a paper. A few months later, we were presented with the American Society of 
Mechanical Engineers Award for the best-published paper of the year 1991, which described 
these phenomena! After that, Mr. Bently promptly forgot about his earlier position, and 
thereafter said “WE got an award!,” and he was very proud of it. 

I had intended to write a book on rotordynamics over fifteen years ago. At that time 
there was no single volume available on the subject. I even received contract proposals from 
two publishers. However, Mr. Bently persuaded me to publish a book internally, through 
BNC. Therefore, we started working on that book. Around that time, computers became 
“overwhelming gadgets” so that it seemed nobody would read archaic paper books any 
morę. Our book project was conseąuently suddenly diverted into a CD ROM “Machinę 
Library.” This electronic book on compact disk (CD) was completed in 1995 and in fact 
became a magnificent learning tool for people interested in practical rotordynamics. With 
animation and user-interactive features, it provided and still provides a refreshing new 
dimension in the learning process. 

Even so, a morę traditional paper book was still considered necessary. Last year, Don 
Bently finished his own book Fundamentals of Rotating Machinery Diagnostics (Bently 
Pressurized Bearing Press, 2002). Then I began working on this book. 

Rotors are the most important parts of rotating machinery. Through their rotational 
motion, rotors are designed to perform the primary work of machines. Being the hearts of 
machines, rotors are also most prone to malfunctions. Very high levels of rotational energy 
are accumulated, and this energy may easily be diverted into other unwelcome forms of 
energy: vibratory energy, in particular. If anything goes wrong in the machinę, the 
conseąuences can be catastrophic. Portions of a broken rotor can act as high velocity 
projectiles, causing enormous destruction. Prevention of such occurrences is possible only 
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through an understanding of rotor operation and of all the potential malfunctions that may 
occur. With early recognition, such malfunctions can be corrected quite easily. 

It is my intention that this book present basie rotordynamic problems through the 
application of mathematical models. In particular, these models are based on rotor modal 
behavior. The emphasis is on understanding rotor-dynamic physical phenomena, as descri- 
bed through mathematical models, and their correlation with measured data. Conseąuently, 
this book is designed to be of most interest to readers who are somewhat familiar with the 
theory of mechanical vibration and who have sonie background in linear and nonlinear 
differential equations. Less mathematically confident readers may find useful information 
on rotating machinę monitoring and diagnostics in Chapter 2 and Chapter 7. 

Several of the mathematical models described in the book were first identified through 
modal perturbation tests. Therefore, their further application reflects observable and 
measurable phenomena occurring in rotating machines. A good understanding of the 
physical phenomena which take place in rotating machines permits better, morę educated 
diagnosis and correction of machinę malfunctions. This book sets out the fundamentals of 
vibration monitoring and diagnosis of rotating machines. However, the book is not intended 
to provide information on rotor design for specific applications, nor does it provide Computer 
programs for rotordynamic calculations. Many versions of such software are available on the 
commercial market. Such programs are used routinely, often without adequate under- 
standing of the physical phenomena which stand behind the numbers produced by the 
Computer codes. Consequently, the designer is often unable to check the validity or 
reasonableness of the numbers. This book emphasizes, using simple but adequate models for 
the lowest modes, the understanding of the phenomena taking place in the rotor and its 
environment, thereby providing a tool for qualitatively evaluating the rangę of computer- 
generated numerical results. Multitudes of experiments, described in detail, not only support 
the presented analytical materiał but perhaps may also stimulate an enthusiasm to repeat 
and extend these experiments. 

The book provides an insight into nonlinear vibrations of rotor Systems. Complex 
equations are often solved analytically with a certain degree of approximation. The emphasis 
is on qualitative representation of observable physical phenomena. Symbols used in most 
models discussed in the book have physical meaning and are the same throughout the text. 
Only when using the method of smali parameter to solve nonlinear equations, nondimen- 
sional ratios of variables were introduced for convenience (Section 5.7 of Chapter 5). 

Alongside the mainstream of research on mechanical system modeling leading toward 
improved adequacy of models of real Systems and their higher accuracy by trading off 
with the computational burden, there exists an equal need to develop models which, in spite 
of their relative simplicity, reflect basie properties of real Systems within a limited rangę of 
frequencies. These models represent useful tools in qualitative analyses of the system dynamie 
responses to additional, often nonlinear, factors. Their Solutions also better compare with 
practical, limited measurement data. Finally, such models represent useful educational tools 
designed for better understanding of system dynamics. 

One such simple model is the Jeffcott model of a rotor (1919). In spite of its age of over 
80 years, the Jeffcott rotor is still widely used for the above-mentioned purposes. Many 
researchers who base their considerations and results on Jeffcott models are often subject to 
criticism that these models are not realistic enough for analysis. The Jeffcott rotor in its 
original form is, however, nothing less than a simplified version of the one-lateral-mode 
modal model of the rotor (see Chapter 1). 

As applied throughout this book, the extensions of the Jeffcott rotor toward the modal 
models embrace incorporation of rotor support stiffness as parts of the total system stiffness, 
support anisotropy and/or rotor cross-sectional asymmetry and various nonlinearities. 
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Further modifications of models, which include additional masses (such as the mass of the 
journal), are considered as a direct step into multi-mode modeling. 

In spite of being widely used and proving their usefulness in a variety of applications, the 
models based on the Jeffcott rotor suffer from prejudiced opinions about their unrealistic 
simplification and inferior features. This criticism would always be justified if such models 
were not appropriately linked to the modal behavior of rotors. With the modal adeąuacy 
assured, the lumped mass models have gained a new career. The modal testing, which is now 
extensively used, provides means for identification of multimode parameters. Being directly 
related to the modal characteristics, with practically identifiable parameters, multimode 
models now have a solid base for further application in such areas as stability and post- 
stability self-excited vibrations, sensitivity analysis, active control, solid-fluid interaction, 
local/global dynamie effects, fractional resonances, chaotic vibrations, and many others. 
Several topics from this list are discussed in this book. 

The book is arranged in seven chapters. 

In Chapter 1, the fundamental two-lateral-mode isotropic model of a rotor is introduced. 
In this model, which is based on practical measurements of lateral vibrations of rotors, a very 
important innovation is introduced. The physical models, which form the basis for the 
mathematical models, are not abstract combinations of massless springs and heavy, rigid 
disks (or other elements), but instead correspond to measurable modal parameters for the 
particular Systems under consideration. This modal approach to modeling is applied for most 
mathematical models discussed throughout the book. In the First chapter, instead of limiting 
the analysis of the simplest model of a rotor to consideration of the classical effects of an 
unbalance force, an external non-synchronously rotating force is introduced. This permits 
explanation of the application of basie modal procedures for identification of system modal 
parameters. In these procedures, as generally in vibration measurements, an accurate 
measurement of the vibration phase is highly emphasized. In fact, the phase measurement is 
often morę important than the measurement of the amplitudę. Actually, both of these parts 
are lumped into one measurement parameter, the vibration response vector. 

This chapter also introduces orbits, which represent a magnified path of the actual 
motion of the rotor centerline during rotor lateral vibrations. Machinę rotor orbits can be 
observed Online on an oscilloscope or through a computerized data acąuisition and 
Processing system. From the shape of an orbit, sonie information on forces as primary 
sources of the rotor motion can be obtained. This information is valuable for rotating 
machinę diagnostics. 

During the past several decades, there has been significant progress in mechanical 
vibration measurement and vibration monitoring eąuipment. This progress is reflected on the 
ąuality and sophistication of the available instrumentation and has led to an abundance of 
accumulated results, including the outeome of dedicated research in rotor dynamics and 
evaluation of case histories gathered from malfunctions of various machines. 

Chapter 2 presents an introduction to vibration monitoring and data processing for 
rotating machinery, and reviews trends in machinery management and monitoring programs. 
The presentation is inevitably biased towards Bently Nevada philosophy in vibration 
measurement and surveillance of machinery. However, Bently Nevada Corporation was 
the world pioneer of major vibration measuring instrumentation on machinery, and set a 
number of well-acknowledged standards. 

Chapter 3 presents extended rotor models, which include morę modes and forces than 
were discussed in Chapter 1. This part of the book is essentially classical, although the 
introduction of a nonsynchronously rotating external exciting force is seldom seen in the 
rotordynamics literaturę. In this chapter, the torsional and coupled lateral/torsional 
vibrations and their significant role in rotating machinę dynamics are presented. 
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Chapter 4 is the most comprehensive in the book, and discusses important fluid-related 
problems arising from rotor/fixed structure clearances in rotating machines. The subject 
matter of this chapter is uniąue and original, being based on numerous investigations 
reported by the author and Donald E. Bently and their associates at BRDRC. Fluid-induced 
forces, which act on rotors operating in a fluid environment, have been recognized for over 
70 years. These forces are infamous for their rotor-destabilizing effects. The resulting 
unwelcome rotor vibrations are known by several names, most freąuently associated with 
terms such as “whirl” and “whip” (e.g., “oil whirl/whip”, “steam whirl/whip”, “aerodynamic 
whirl/whip”, etc.), or morę simply known as “rotor fluid-induced instabilities.” Since 
these vibrations can be sustained over a wide rangę of rotational speeds, they may seriously 
perturb normal operation, often causing severe damage to the machinę and even leading to 
catastrophic failure. Until recently, the mechanisms leading to these vibrations were not well 
understood, so that measures taken for their correction, elimination, or prevention were 
often inappropriate, inefficient, or even counterproductive. 

In Chapter 4, dynamie phenomena induced by interactions between the rotor and the 
surrounding fluid, such as in bearings, seals and, morę generally, in any rotor/stator radial 
or axial clearances of fluid handling machines, are modeled with the support of data 
acquired from identification procedures. The B/M model of the fluid forces in rotor 
clearances is based on the strength of the circumferential fluid flow along with its 
representative function, the fluid circumferential average velocity ratio (denoted by X, 
lambda). The B/M model adeąuately represents the observed phenomena and provides 
analytical tools for the control of these undesirable rotor-destabilizing phenomena. The fluid 
whirl and fluid whip were identified as limit cycles of self-excited vibrations, after the 
instability threshold was exceeded. New phenomena such as higher modę fluid whirl and 
fluid whip are discussed, experimentally demonstrated, and adeąuately modeled. The theory 
behind the model, including general-type nonlinearities, is consistent. In practical 
applications, this model helps to predict conditions when the fluid surrounding the rotor 
may cause rotor instability and thus predict conditions of the machinę malfunction. The 
model offers measures to prevent and ultimately cure the fluid-induced instability 
malfunctions in rotating machines. 

The chapter also introduces a formal but uncoiwentional derivation of the fluid forces, 
starting from the classical Reynold’s eąuation. The derivation leads to the extraction of the 
important parameters in the fluid force model, including the parameter X. The presentation 
also clarifies some paradoxes, which are described in the rotordynamic literaturę. 
Comparisons are also presented between the results of the B/M model and the well known 
classical bearing coefficients, thus providing a tool for extracting the value of X and other 
parameters of the B/M model from the bearing coefficient tables. In Chapter 4, the concept 
of dynamie stiffness is extended. It is shown that the ąuadrature part of the dynamie stiffness, 
which in non-rotating structures is limited to damping, in rotors is complemented by the 
fluid-related tangential force component. This is not a new concept, but the latter component 
now has a new, morę adeąuate look. It has been identified in thousands of experimental tests 
and machinery data. 

A large section of Chapter 4 is devoted to identification of rotor/bearing/support Systems 
and identification techniąues. The identification procedures of system parameters are 
extremely important. Any new machinę should be a subject of such identification proce- 
dures, at least at the prototype level and/or acceptance testing stage. The identification 
procedures are also essential as the first step in any experimental research involving dynamics 
of mechanical Systems, and rotors in particular. 

Chapter 5 discuses another rotating machinery malfunction problem, namely rotor-to- 
stator dry contact-related rubbing. In the introduction to the chapter, many occurrences of 
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rotor rub-related dynamie phenomena in machinery are described. Among these is the self- 
excited rotor vibration known as “dry whip,” which is one of the morę serious and 
destructive of the malfunctions that occur in rotating machinery. In seven sections of this 
chapter, experimental results, mathematical models of rubbing rotors, their Solutions, and 
diagnostic recognition patterns are presented. The contents of this chapter materiał are 
original, elaborated at BRDRC. 

Chapter 6 presents a series of selected topics in rotordynamics relating to various other 
meaningful dynamie phenomena occurring in rotating machinery, which have to be 
recognized, predictable, and controlled to protect machinery. Among these topics is an 
introduction to balancing, with emphasis on understanding these often “automatic,” 
computerized procedures. The topie of rotor coupled lateral/torsional vibrations is discussed 
in greater depth than in Chapter 3. 

In Chapter 6, an introduction to multi-mode modal modeling is also presented. The 
modal approach facilitates development of relatively closed-form expressions which are, in 
fact, the lowest order terms of what in generał would be modal expansions having many 
terms, representing a large number of modes of vibration of the rotor system. By truncating 
the expansions to encompass only the lowest order modes, which are usually of most 
practical interest, and transforming modal variables into variables related to measurable 
ones, the analysis can tractably represent a wide variety of physical phenomena that are 
observed in rotating machines. 

Other sections of Chapter 6 include discussions of loose rotating parts malfunction 
and early detection of rotor crack(s) using vibration data. There is also a section on stresses 
in rotating and laterally vibrating rotors, which emphasizes the fact that it is not the 
vibrations — but the stresses and deformations — which break rotors. Measurable vibrations 
may not necessarily directly reflect high rotor stress conditions. The chapter also includes 
sections on dynamics of rotors with anisotropic supports, and discusses the specific role of 
damping in rotating structures. 

Chapter 7 outlines vibration diagnosis of particular malfunctions in rotating machines, 
illustrated by means of basie simplified mathematical rotor models, which were presented in 
morę depth in previous chapters. Machinę vibration data and specific machinę case histories 
complement the discussed subject. 

References and a list of mathematical notations follow each chapter. 

Ten Appendices and a Glossary of terminology complete the book. 

The author realizes that in such long monograph, it is very difficult to avoid mistakes 
and repetitions (although the latter are sometimes intentional for educational purpose). 
In advance, the author apologizes for the mistakes and omissions, and will be pleased to 
communicate with the readers regarding specific problems. 



© 2005 by Taylor & Francis Group, LLC 



The Author 



Agnieszka (Agnes) Muszyńska, Ph.D. is 

a native of Warsaw, Poland. She received 
her B.S. and M.S. degrees in Mechanical 
Engineering from the Technical University 
of Warsaw (M.S. in March 1960). Two 
years of her undergraduate studies were 
completed in Moscow, USSR, at Bauman 
Technical University. Dr. Muszyńska 
received her Ph.D. in technical Sciences 
(October 1966) and the second level Ph.D. 

(habilitation, May 1977), both from 
the Polish Academy of Sciences. In 1998, 
she was awarded the highest professional 
degree, Professor of Technical Sciences, by 
the President of Poland, Aleksander 
Kwaśniewski. Dr. Muszyńska is fluent in 
Polish, English, Russian, and French. 

In February 2000, Dr. Muszyńska 
started her own business — she created 
“A.M. Consulting.” From October 2000 
through April 2001, she worked on a 
contract at the Institute of Robotics of 
the Swiss Federal Institute of Technology 
in Zurich, Switzerland. Her consulting 
work there concerned rotor/retainer bear- 
ing dynamics. In August 2001, Dr. Muszyńska presented a keynote address on rotor/fluid 
interaction problems to the participants of the International Conference ISCORMA-1 
(Lakę Tahoe, August 20-24, 2001). From September through December 2001, Dr. 
Muszyńska worked as a visiting professor and consultant at the Laboratory of Applied 
Mechanics of the University of Franche Comte in Besanęon, France, lecturing on rotor 
dynamics. 

From 1981 to 1999 Dr. Muszyńska worked as a senior research scientist and research 
manager at Bently Nevada Corporation (BNC) and its subsidiary, Bently Rotor Dynamics 
Research Corporation (BRDRC). During these 18 years, Dr. Muszyńska conducted 
theoretical and experimental research on rotating machinę dynamics, participated as 
a lecturer in BNC technical training programs, and was a mernber of BRDRC Board 
of Directors. In 1997, she served also as a mernber of the BNC Board of Directors. 

Bently Nevada Corporation, created in 1961 by Donald E. Bently, is a manufacturer 
of electronic hardware and software instrumentation for vibration monitoring on machinery. 
Its subsidiary, BRDRC, was created in 1982 to enhance theoretical knowledge on machinę 
dynamie behavior leading to mechanical vibrations. The vibrations occur as side effects of 
the main machinę processes. The enhancements developed by Dr. Muszyńska’s contributions 
led BNC instrumentation to morę efficient technological definition: today the instrumenta- 
tion not only serves for measuring machinę vibration, but also as the diagnostic and 
prognostic tool in machinę maintenance. The knowledge-based link between vibration 
causes and effects led to preventive measures, thus to the development of machinę vibration 




© 2005 by Taylor & Francis Group, LLC 




control technology. Dr. Muszyńska brought to BNC an academic excellence in the area 
of mechanical engineering’s dynamics of rotating machinery. Dr. Muszyńska maintains 
friendly relations with BNC and the new company created by Donald E. Bently, Bently 
Pressurized Bearings. 

Prior to joining BNC, Dr. Muszyńska held an associate professorship at the Institute 
of Fundamental Technological Research of the Polish Academy of Sciences, where she 
conducted research on vibrations and machinę dynamics. She also taught postgraduate 
classes on vibration and mechanical system stability from 1967 through 1979. 

From 1975 to 1977, she was visiting professor at the National Institute of Applied 
Sciences in Lyon, France, where she taught mechanics and machinę dynamics and wrote a 
student manuał on this subject. She was a visiting scientist at the University of Dayton, Ohio 
from January 1980 through June 1981, during which tirne she worked on a contract for 
Wright Patterson Air Force Base involving vibration control of turbomachinery blades. She 
also taught the class on dynamics of rotating machinery to the University of Dayton graduate 
students. 

Dr. Muszyńska has authored or co-authored over 250 technical papers on mechanical 
vibration theory, nonlinear vibrations, vibration control, and rotating machinę dynamics and 
vibrational diagnostics. Her major contributions consist of the introduction of modal 
modeling to such Systems as machinery rotors in fluid environment. Her other contributions 
are in stability theory of mechanical Systems, vibration control, and bladed disk dynamics. 
She introduced adeąuate models of such phenomena as rotor-to-stator rubbing, looseness in 
rotor systems, and lateral/torsional vibrations of rotors. Based on experimental results 
obtained together with Donald E. Bently, in 1986 she published the consistent theory of 
instability of machinę shafts rotating in fluid environment. Its simplified version is now 
accepted as Bently Nevada training standard. Also working with Bently, she formalized and 
popularized application of modal testing of rotating systems with fluid interaction, as well as 
the implementation of the solid/fluid system dynamie stiffness concept. The experimental 
discovery and adeąuate modeling of the second and higher modes of the rotor instability 
phenomena, fluid whirl and fluid whip, is one of her significant achievements. 

Several of Dr. Muszyńska’s publications have been nationally recognized. Her paper on 
modal analysis of rotating machines received the Best Paper of the Year 1986 award from the 
American Society for Experimental Mechanics. The report from research on influence of 
rubbing on rotordynamics, on which Dr. Muszyńska was principal researcher, has been given 
an award by NASA in the category of lnvention/New Technology. Dr. Muszyńska’s paper, 
“Stability and Instability of a Two-Mode Rotor Supported by Two Fluid-Lubricated 
Bearings”, co-authored by J. Grant, received the Best Paper of the Year 1991 award from the 
American Society of Mechanical Engineers (ASME) Gas Turbinę Division, Structures and 
Dynamics Committee. 

Dr. Muszyńska has served as the scientific/technical editor of several books, such as the 
Polish Academy of Science’s yearly journal Nonlinear Yibration Problems (1967-1980), 
Machinę Dynamics (PASci, 1974), Yibration Control (PASci, 1978), Instability in Rotating 
Machinery (NASA, 1985), Rotating Machinery Dynamics (ASME, 1987), and Don Bently 
through the Eyes of Other s (Bird Rock Publishing, 1995). 

Dr. Muszyńska has traveled extensively, actively participating in numerous scientific 
conferences, giving lectures at courses and university seminars in Europę, North America, 
Asia, Africa, and Australia. She has also organized or coorganized many international 
scientific meetings, such as the Second and the Sixth International Conferences on 
Nonlinear Oscillations (Warsaw 1962, Poznań 1972, Poland), workshops on machinę 
dynamics (Jabłonna, Poland, 1978, 1979), the International Symposium on Instability in 
Rotating Machinery (Carson City, Nevada, June 1985), the session on rotating machinery 



© 2005 by Taylor & Francis Group, LLC 




dynamics at the llth Biennial ASME Design Engineering Dhńsion Conference on Yibration 
and Noise (Boston, Massachusetts, September 1987), the Second, Tliird, Fourth, Fifth, and 
Sixth International Symposia on Transport Phenomena, Dynamics, and Design of Rotating 
Machinery (Honolulu, Hawaii, 1988, 1990, 1992, 1994, 1996), and the rotor dynamie 
session at the ASME Turbo Expo 1994 Land, Sea, and Air (Hague, The Netherlands, 1994). 
In 1996, Dr. Muszyńska became the chairperson of the organizing committee for the 
Seventh International Symposium on Transport Phenomena and Dynamics of Rotating 
Machinery , Honolulu, Hawaii, 1998. She organized a well-received and very successful 
symposium for over 200 international participants, and was the scientific editor of the morę 
than 1800-page symposium proceedings (print and CD ROM versions). In 2002 and 2003, 
she was a member of the organizing committee of the Second International Symposium on 
Stability of Rotating Machinery (ISCORMA-2), Gdańsk, August, 4-8, 2003. She was 
co-editor of the proceedings of the ISCORMA-2. Currently she is a member of the Scientific 
Committee and Organizational Commitee of ISCORMA-3. 

In 1985, she was a part-time associate professor at the University of Nevada in Reno 
(UNR) and a faculty member of the UNR College of Engineering (1985-1989). In 1985, she 
lectured to UNR students on mechanical system vibrations. 

Dr. Muszyńska is a member of the ASME, the Polish Institute of Arts & Sciences of 
America, and Rotary International Club. From 1986 to 1988, she was a member of the 
ASME Technical Committee on Vibration and Sound. From 1988 to 1994, Dr. Muszyńska 
served as an associate editor of the Transactions of the ASME Journal of Yibrations and 
Acoustics. In 1994, Dr. Muszyńska received the prestigious grade of Fellow in the American 
Society of Mechanical Engineers. 

Dr. Muszyńska received the 1996 Distinguished Research Award for research 
achievements in the field of rotating machinery from the Pacific Center of Thermal- 
Fluid Engineering. 

Dr. Muszyńska was honored as the Woman Entrepreneur of the Year 1997 by the 
Douglas County Republican Womeńs Club. 

Dr. Muszyńska was honored by the International Biographical Centre, Cambridge, UK, 
as an International Woman of the Year 1999/2000. Dr. Muszyńska is also listed in the 
publications Marąuis Who’s Who in American Women, Who’s Who in Polish- American, 
Marąuis Who’s Who in America: Science and Engineering, and Marąuis Who’s Who in the 
World and in American Registry of Outstanding Professionals 2004. In 2004, three significant 
perpetual foundations for permanent Endowed Chair Professorship were created at the 
three following universities: Cleveland University, Cleveland, Ohio, entitled “Donald Bently 
and Agnes Muszyńska Endowed Chair in Rotordynamics” (one million dollars); Korea 
Advanced Institute of Science and Technology (KAIST) in Daejeon (Korea), entitled "Bently 
and Muszyńska Endowed Chair in Energy” (one million dollars); and Korea University 
in Seoul (Korea), entitled “Bently and Muszyńska Endowed Chair in Life Sciences” 
(500,000 dollars). 

Dr. Muszyńska has one son and two grandchildren. 



© 2005 by Taylor & Francis Group, LLC 




Acknowledgment 



I would like to thank Donald E. Bently for creating a wonderful research environment at 
Bently Rotor Dynamics Research Corporation, the subsidiary of the Bently Nevada 
Corporation, and for his continuom friendship. I am also very grateful for his recently 
provided assistance through the Bently Pressurized Bearing Company. I am also indebted to 
Jeff Jarboe, Neil Bishop, and Tom Frey. 

1 extend my thanks to all my colleagues at Bently Rotor Dynamics Research Corporation 
and Bently Nevada Corporation, with whom I worked during 18 years. In particular, I am 
indebted to Jeanette Cox, who was my administrative assistant for 13 years and helped me 
reduce my English language handicap considerably, while typing my technical papers. 
Thanks to Bob Grissom, who is always very helpful in solving a multitude of problems. 
I would like to thank Bently Nevada Diagnostic Services and Bently Nevada Training 
Department for very fruitful and efficient cooperation throughout the years. 

My sincere gratitude is also extended to Dr. David I.G. Jones, who was always very 
supportive, and who recently read the manuscript of this book and provided me with 
extremely valuable and helpful suggestions. 

Most sections of this book are adapted from my previously published papers. I would like 
to extend my thanks to a number of technical societies for permission to reprint some figures. 
In particular, warm thanks go to the American Society of Mechanical Engineers, to the 
Institute of Mechanical Engineers in the United Kingdom, and to the Pacific Center of 
Thermal-Fluid Engineering. 

Finally, I would like to thank my family and friends for their morał support and 
forbearance during over a year of intensive work on this book, when I did not have so much 
time for them. 



Agnieszka (Agnes) Muszyńska 



© 2005 by Taylor & Francis Group, LLC 




Contents 



Chapter 1 Basic Rotordynamics: Two Lateral Modę Isotropic Rotor 1 

1 . 1 Introduction 1 

1.2 Mathematical Model of Two Lateral Modę Isotropic Rotor 8 

1.3 Eigenvalue Problem — Rotor Free Response — Natural 

Freąuencies 13 

1.4 Rotor Static Displacement 14 

1.5 Rotor Nonsynchronous Vibration Response 15 

1.5.1 Forced Response to Forward Circular Nonsynchronous Excitation 15 

1.5.2 Complex Dynamie Stiffness Diagram Based on Eąuation (1.15) 17 

1.5.2. 1 Low excitation frequency, co *=» 0 17 

1.5. 2. 2 Response at direct resonance, co — y/K/M. Case of low 

damping, £ < 1 18 

1.5. 2. 3 Response at high excitation freąuency, co — > oo 20 

1.5. 2. 4 Rotor response for the case of high damping, £ > 1 21 

1.5. 2. 5 Rotor nonsynchronous amplification factor 21 

1.6 Unidirectional Harmonie, Nonsynchronous Excitation 22 

1.7 Rotor Synchronous Excitation Due to Unbalance Force 23 

1.7.1 Rotor Response to Unbalance Force 23 

1.7.2 Differential Techniąue 25 

1.8 Complex Dynamie Stiffness as a Function of Nonsynchronous Perturbation 

Freąuency: Identification of the System Parameters. Nonsynchronous and 
Synchronous Perturbation 26 

1.9 Closing Remarks 28 

References 29 

Chapter 2 Vibration Monitoring of Rotating Machinery 31 

2.1 Trends in Machinery Management Programs 31 

2.2 Trends in Vibration Monitoring Instrumentation 34 

2.3 Trend in the Knowledge on Rotating Machinę Dynamics 37 

2.4 Rotating Machinę Vibration Monitoring and Data Processing Systems 39 

2.4.1 Vibration Transducers 39 

2.4. 1.1 Accelerometers 39 

2. 4. 1.2 Velocity transducer 40 

2. 4. 1.3 Applicability of accelerometers and velocity transducers on 

rotating machinery 40 

2. 4. 1.4 Displacement transducer 41 

2. 4. 1.5 Dual transducer 44 

2. 4. 1.6 Keyphasor® transducer 44 

2.4.2 Transducer Selection 47 

2.4.3 Machinę Operating Modes for Data Acąuisition and Data 

Processing Formats 48 

2.4.4 Modal Transducers — Virtual Rotation of Transducers — Measurement 

of Rotor Torsional Vibrations 56 

2.4.5 Application of Fuli Spectrum and Complex Variable Filtering in 

Rotor Health Diagnostics 62 



© 2005 by Taylor & Francis Group, LLC 



2.4.6 Measurement and Documentation Conventions 69 

2.4.7 Recommendations for Monitoring of Rotating Machines 71 

2.4.8 Instruments for Data Processing and Displaying in Real Time 71 

2.4.8. 1 Oscilloscope 72 

2. 4. 8. 2 Monitors 72 

2.4.8. 3 Filters 73 

2. 4. 8. 4 FFT Spectrum Analyzer 73 

2.4.9 Computerized Data Acąuisition and Processing Systems 74 

2.4.10 Incorporation of Machinę Modeling into Data Processing Systems 74 

2.5 Closing Remarks 76 

References 76 

Chapter 3 Basic Rotordynamics: Extended Rotor Models 79 

3.1 Introduction 79 

3.2 Rotor Modes 79 

3.2.1 Introduction 79 

3.2.2 Lateral Modes of a Two-Disk Isotropic Rotor 81 

3.2.3 Modes of a Flexible Rotor in Flexible Supports 88 

3.2.4 Modes of an Overhung Rotor in Flexible Supports 89 

3.2.5 Modes of a Multi-Rotor Machinę: Example — A Turbogenerator Set 89 

3.2.6 Other Modes of Rotor Systems 90 

3.3 Model of the Rotor with Internal Friction 90 

3.3.1 Introduction: Role of External and Internal Damping in Rotors 90 

3.3.2 Transformation to the Rotating Coordinates Attached to the Rotor 92 

3.3.3 Rotor Response 95 

3.3.3. 1 Rotor free response, natural freąuencies, instability threshold 95 

3. 3. 3. 2 Rotor static displacement 98 

3. 3. 3. 2.1 Experimental demonstration of the attitude angle 99 

3. 3. 3. 3 Rotor nonsynchronous vibration response: forced response 

for forward circular excitation 100 

3. 3. 3.4 CDS diagram 102 

3.3.4 Isotropic Rotor Model with Nonlinear Hysteretic Internal Friction 107 

3.3.5 Rotor Effective Damping Reduction Due to Internal Friction 109 

3.3.6 Internal Friction Experiment 110 

3.3.7 Instability of an Electric Machinę Rotor Caused by Electromagnetic 

Field of Rotation 113 

3.3.8 Summary 115 

3.4 Isotropic Rotor in Flexible Anisotropic Supports: Backward Orbiting 117 

3.4.1 Rotor Model and Rotor Forced Response to External Nonsynchronous 

Rotating Force Excitation 117 

3.4.2 Constant Amplitudę Rotating Force Excitation 121 

3.4.3 Rotating Force Excitation with Freąuency-Dependent Amplitudę 123 

3.4.4 Finał Remarks 124 

3.5 Anisotropic Rotor in Isotropic Supports 124 

3.5.1 Anisotropic Rotor Model 124 

3.5.2 Eigenvalue Problem: Rotor Natural Freąuencies and Stability 

Conditions 125 

3.5.3 Rotor Response to a Constant Radial Force 129 

3.5.4 Rotor Yibration Response to a Rotating Force 134 



© 2005 by Taylor & Francis Group, LLC 



3.5.4. 1 A generał case of nonsynchronous freąuency excitation 134 

3. 5. 4. 2 Excitation by rotor unbalance force 135 

3.6 Angular Momentum Model of an Isotropic Rotor 140 

3.6.1 Rotor Model Derivation 140 

3.6.2 Eigenvalue Problem and Resonance Speeds in Case without Damping 143 

3.6.3 Rotor Response to Unbalance 144 

3.7 Angular Momentum Model of an Anisotropic Rotor with Anisotropic Disk 147 

3.7.1 Rotor Model Derivation 147 

3.7.2 Eigenvalue Problem, Rotor Free Vibrations, and Stability Conditions 148 

3.7.3 Rotor Response to Skewed Disk Unbalance-Related Excitation 149 

3.8 Model of Coupled Transversal and Angular Motion of the Isotropic 

Rotor with Axisymmetric Disk and Anisotropic Supports 151 

3.8.1 Rotor Model 151 

3.8.2 Eigenvalue Problem and Rotor Free Vibrations 152 

3.8.3 Rotor Response to Constant Unidirectional Force 154 

3.8.4 Rotor Forced Response to Unbalance 155 

3.9 Model of Coupled Lateral Transversal and Lateral Angular Motion of 

an Anisotropic Rotor with Unsymmetric Disk 155 

3.9.1 Rotor Model 155 

3.9.2 Eigenvalue Problem: Natural Freąuencies and Stability Conditions 156 

3.9.3 Rotor Response to Unbalance 159 

3.10 Torsional and Torsional/Lateral Vibrations of Rotors 160 

3.10.1 Introduction: Role of Damping in the Torsional Modę 160 

3.10.2 Model of Pure Torsional Vibrations of Rotors 161 

3.10.3 Model of Pure Torsional Vibrations of a Two-Disk Rotor 

and its Solution 164 

3.10.4 Model of Coupled Lateral and Torsional Vibrations of an Anisotropic 

Rotor with One Massive Disk 166 

3.10.4.1 Rotor model 166 

3.10.4.2 Eigenvalue problem: natural freąuencies and stability 

conditions 169 

3.10.4.3 Rotor forced response to unbalance 171 

3.10.4.4 Rotor forced response to gravity force 171 

3.10.4.5 Rotor forced response to a variable torąue 173 

3.10.5 Torsional/Lateral Cross Coupling due to Rotor Anisotropy: 

Experimental Results 175 

3.10.5.1 Experimental rotor rig 176 

3.10.5.2 Experimental results 176 

3.10.5.3 Discussion 180 

3.10.6 Summary and Conclusions 181 

3.11 Misalignment Model 184 

3.11.1 Introduction 184 

3.11.2 Mathematical Model of Misaligned Rotor 185 

3.11.2.1 Rotor nonlinear model 185 

3.11.2.2 Harmonie balance solution for the rotor forced response 186 

3.11.2.3 Approximate solution 189 

3.11.3 Case History on Nonlinear Effects of a Side-Loaded Rotor Supported 

in One Pivoting Bronze Bushing and One Fluid Lubricated Bearing 191 

3.11.3.1 Introduction 191 

3.11.3.2 Description of the rotor rig 192 



© 2005 by Taylor & Francis Group, LLC 



3.11.3.3 Static load testing 193 

3.11.3.4 Rotor lateral response rata during start-up with 

concentric journal 193 

3.11.3.5 Rotor lateral response data during start-up with 

side-loaded journal 195 

3.11.3.6 Discussion 202 

3.11.4 Closing Remarks 203 

References 205 



Chapter 4 Fluid-Related Problems in Rotor/Stator Clearances 209 

4.1 Introduction 209 

4.1.1 Some Personal Remarks 209 

4.1.2 What This Chapter Presents 210 

4.2 Fluid Whirl and Fluid Whip: Rotor Self-Excited Vibrations 214 

4.2.1 Description of the Startup Vibration Behavior of a 

Rotor/Bearing System 214 

4.2.2 Fluid-Related Natural Freąuency of the Rotor/Fluid System 222 

4.2.3 Stability versus Instability. Practical Stability of a 

Rotating Machinę 226 

4.2.4 Fluid Whirl and Fluid Whip in Seals and in Fluid-FIandling 

Machines 226 

4.2.5 Summary 227 

4.3 Mathematical Model of Fluid Forces in Rotor/Stator Clearances 227 

4.3.1 Fluid Force Model 227 

4.3.2 Experimental Results 235 

4.3.2. 1 Impulse testing: fluid circumferential average velocity ratio 

as a decreasing function of journal eccentricity 235 

4. 3. 2. 2 Fluid starvation lowers the fluid circumferential average 

velocity ratio value 236 

4. 3. 2. 3 Conclusions from experiments 242 

4.3.3 Summary 246 

4.4 Response of Two Lateral Modę Isotropic Rotor with Fluid Interaction to 

Nonsynchronous Excitation. Introduction to Identification of Rotor/Fluid 
Characteristics 247 

4.4.1 Introduction 247 

4.4.2 Rotor Model 247 

4.4.3 Eigenvalue Problem: Rotor Free Response. Natural Freąuencies and 

Instability Threshold 249 

4.4.4 Rotor Response to a Constant Radial Force 253 

4.4.5 Rotor Response to a Nonsynchronously Rotating Perturbation Force 256 

4.4. 5.1 Forced response of the rotor to forward circular excitation force 256 

4.4. 5.2 Complex dynamie stiffness diagram based on Eqs. (4.4.23) 258 

4. 4. 5. 2.1 Low excitation freąuency co « 0 259 

4. 4. 5. 2. 2 Response at direct resonance, co — y/K/M. 

Case of low damping, £<1 259 

4. 4. 5. 2. 3 Response at ąuadrature resonance co — k£2(l + D s /D). 

Case of high damping, f > 1 260 

4. 4. 5. 2. 4 Response at high excitation freąuency co — > oo 264 



© 2005 by Taylor & Francis Group, LLC 



4. 4. 5. 3 A particular case: both direct and ąuadrature dynamie 

stiffnesses nullified 264 

4.4. 5.4 Rotor response to a baekward (reverse) rotating exciting force.. 265 

4. 4. 5. 5 Rotor response to a unidirectional harmonie nonsynchronous 

excitation 267 

4.4. 5.6 Rotor response to the excitation by its unbalance mass 270 

4.4. 5.7 Results for the rotor conjugate model (4.4.6) 270 

4.4.6 Complex Dynamie Stiffness as a Function of Freąuency. Identification 

of the System Parameters 270 

4.4.6. 1 Dynamie stiffness vector 270 

4. 4. 6. 2 Stability margin 272 

4. 4. 6. 3 Nonsynchronous amplification factors 273 

4.4.7 Fuli Rotor Response: General Solution of Eqs. (4.4.1), (4.4.2) 275 

4.4.8 Rotor Model Extensions 275 

4.5 Two Lateral Modę Nonlinear Fluid/Rotor Model Dynamie Behavior 276 

4.5.1 Rotor Model 276 

4.5.2 Linear Model Eigenvalue Problem: Natural Freąuency and Threshold 

of Instability 277 

4.5.3 Role of Fluid Circumferential Average Velocity Ratio and Fluid Film 

Radial Stiffness in the Instability Threshold 278 

4.5.4 Self-Excited Vibrations — Fluid Whip 279 

4.5.5 Static Eąuilibrium Position 281 

4.5.6 Eąuation in Variations around the Static Eąuilibrium Position 284 

4.5.7 Linearized Eąuation in Variations and the Threshold of Instability for 

Eccentric Rotor: Anisotropic Fluid Force 286 

4.5.8 Self-Excited Vibrations for an Eccentric Rotor 288 

4.5.9 Eąuation in Variations — A Formal Derivation 288 

4.5.10 Effects of Fluid Inertia and Damping Nonlinearity 291 

4.5.11 Experimental Results — Anti-Swirl Techniąue 292 

4.5.12 Influence of Fluid Circumferential Flow on the Rotor 

Synchronous Response 294 

4.5.13 Proof of the Lyapunov’s Stability of Self-Excited Vibrations 297 

4.5.14 Experimental Evidence of a Decrease of Fluid Circumferential Average 

Velocity Ratio with Rotor Eccentricity 299 

4.5.15 Transition to Fluid-Induced Limit Cycle Self-Excited Vibrations 

of a Rotor 301 

4.5.15.1 Introduction 301 

4.5.15.2 Rotor/fluid environment model 303 

4.5.15.2.1 Rotor model 303 

4.5.15.2.2 Eigenvalue problem: natural freąuencies and 

instability threshold 303 

4.5.15.2.3 Rotor self-excited vibration 304 

4.5.15.3 Transient process starting at the instability threshold 305 

4.5.15.4 Transient process around the limit cycle 307 

4.5.16 Summary 308 

4.6 Model of a Flexible Rotor Supported by One Pivoting, Laterally Rigid and 

One Fluid-Lubricated Bearing 310 

4.6.1 Rotor Model 310 

4.6.2 Eigenvalue Problem of the Linear Model (4.6.1), (4.6.2): Natural 

Freąuency and Threshold of Instability 311 



© 2005 by Taylor & Francis Group, LLC 



4.6.3 Experimental Results: Threshold of Instability 314 

4.6.4 Rotor Self-Excited Vibrations: Fluid Whirl and Fluid Whip 314 

4.6.5 Synchronous Solution — Rotor Forced Vibrations Due to 

Unbalance (lx) 320 

4.6.6 Stability of Synchronous Vibrations 321 

4.6.7 Fluid Nonbnear Radial Damping Force 326 

4.6.8 Experimental Evidence of Decrease of Fluid Circumferential Average 

Velocity Ratio with Journal Eccentricity 326 

4.6.9 Experimental Evidence of an Increase of the Threshold of Instability 

with Increasing Oil Pressure in the Bearing 326 

4.6.10 Summary 328 

4.7 Simplified Rotor/Seal and Rotor/Bearing Model and its Solution 330 

4.7.1 Rotor/Seal and Rotor/Bearing Mathematical Model 330 

4.7.2 Eigenvalue Problem 331 

4.7.3 Post-lnstability Threshold Self-Excited Vibrations 334 

4.7.4 Identification of Instability Source along the Rotor 335 

4.7.5 Summary 336 

4.8 Modal Perturbation Testing and Identification of Rotor/Fluid Film 

Characteristics 336 

4.8.1 Introduction 336 

4.8.2 Comparison of Two Freąuency-Swept Rotating Input 
Perturbation Techniąues Used For Identification of Fluid Forces 

in Rotating Machines 339 

4.8.3 Perturbation Testing of Fow-Mass, Rigid Rotor/Bearing System 
by Applying Force at the Input: Identification of Fluid 

Dynamie Forces 344 

4.8.4 Rotor/Fluid System Stability Margin 352 

4.8.5 Perturbation Testing of a Flexible Two-Complex Modę Rotor: 

Identification of Rotor/Bearing System Parameters 355 

4.8.6 Parameter Identification of a Rotor Supported in a Pressurized 

Bearing Fubricated with Water 362 

4.8.6. 1 Introduction 362 

4. 8. 6. 2 Experimental test rig 362 

4. 8. 6. 3 Constant force amplitudę perturbator 363 

4. 8. 6. 4 Water delivery system 364 

4. 8. 6. 5 Mathematical model 365 

4. 8. 6. 6 Experimental test results 366 

4. 8. 6. 7 Conclusions 369 

4.8.7 Identification of the Backward Fluid Whirl Resonance in an 

Anisotropic Rotor System with Fluid Interaction 372 

4.8.7. 1 Introduction 372 

4. 8. 7. 2 System model and anisotropy algorithm 372 

4. 8. 7. 3 Experimental test rig and test results 374 

4. 8. 7. 4 Discussion and conclusions 386 

4.8.8 Identification of Characteristisc of Rotor/Bearing System with 

Flexible Rotor and Flexible Bearing Support 387 

4.8.8. 1 Introduction 387 

4. 8. 8. 2 Parameters of experimental rig 387 

4. 9. 8. 3 Stability of rotor with a soft casing 393 

4. 8. 8. 4 Conclusions 396 



© 2005 by Taylor & Francis Group, LLC 



4.8.9 Stabilizing Influence of Gyroscopic Effect on Rigid Rotors 

Under Fluid Interaction 396 

4.8.9. 1 Introduction 396 

4. 8. 9. 2 Experimental setup 397 

4. 8. 9. 3 Mathematical model 398 

4. 8. 9. 3.1 Eigenvalue problem: natural freąuencies and 

stability condition 399 

4. 8. 9. 3. 2 Forced solution due to nonsynchronous 

rotating force 403 

4. 8. 9. 4 Perturbation procedurę and Identification of rotor parameters. 403 

4. 8. 9. 5 Conclusions 408 

4.8.10 Identification of Fluid Force Nonlinear Functions 409 

4.8.11 Historical Outlook on Applications of Rotor Perturbation Systems 412 

4.8.12 Other Results on Identification of the Fluid Force Models in 

Rotor/Bearing/Seal Systems and Fluid-Handling Machines 416 

4.8.13 Summary of Results of Numerical and Analytical Studies on 

Fluid Dynamie Forces in Seals and Bearings 419 

4.8.14 Closing Remarks 422 

4.9 Multimode Fluid Whirl and Fluid Whip in Rotor/Fluid Systems 423 

4.9.1 Introduction 423 

4.9.2 Model of the Rotor 425 

4.9.3 Eigenvalue Problem: Natural Freąuencies and Instability Thresholds 426 

4.9.4 Sensitivity of Instability Thresholds to System Parameters 430 

4.9.5 Reduced Models 433 

4.9.6 Fluid Whirl and Fluid Whip — Self-Excited Vibrations 434 

4.9.7 Rotor Model with Four Complex Degrees of Freedom: Two-Mode 

Isotropic Rotor Supported by Two Fluid-Lubricated Bearings 436 

4.9.7. 1 Rotor model 436 

4. 9. 7. 2 Eigenvalue problem: natural freąuencies, thresholds of 

instability, and modes 437 

4. 9. 7. 3 Symmetric case 441 

4. 9. 7. 4 Self-excited vibrations 443 

4. 9. 7. 5 Radial constant force effect 444 

4.9.8 Experimental Results: Simultaneous Fluid Whip of the First and 

Second Modę. Stabilizing Effect of Constant Radial Force 445 

4.9.9 Closing Remarks 450 

4.10 Parametric Study of Stability of Rigid Body Modes of a Rotor Supported 

in Two Fluid-Lubricating Bearings with Different Characteristics 453 

4.10.1 Introduction 453 

4.10.2 Rotor Model 454 

4.10.2.1 Assumptions 455 

4.10.2.2 Eąuations of motion 456 

4.10.3 Stability of the Mirror Symmetric System — Uncoupled Modes 456 

4.10.4 Rotor Axial Asymmetry: Coupling of the Modes 460 

4.10.4.1 Coefficient of geometrie asymmetry, a 460 

4.10.4.2 Coefficient of stiffness asymmetry, b 460 

4.10.5 Conclusions 466 

4.11 Comparison between “Bearing Coefficients” and “Bently/Muszyńska” 

Model for Fluid-Lubricated Bearings 467 

4.11.1 Introduction 467 



© 2005 by Taylor & Francis Group, LLC 



4.11.2 Bearing and Seal Coefficients 468 

4.11.3 Fluid Force Model for Anisotropic Bearings 471 

4.11.4 Rigid Rotor Stability Analysis 473 

4.11.4.1 Isotropic case without external damping 

(S D = S K = S DK = D s = 0, M f ± 0) 475 

4.11.4.2 Fluid inertia neglected {Mf — 0) 475 

4.11.5 Characteristic Parameters and Stability Analysis Based on 

Existing Bearing Coefficient Data 476 

4.11.6 Summary of Results 489 

4.11.7 Method of Rotor Elliptic Orbit Construction 490 

4.11.8 Anisotropic Fluid Film Force in a Bearing 491 

4.11.9 Transformations between Parameters of the Anisotropic B/M 

Model and Classical Bearing Coefficients 493 

4.11.10 Conclusions 494 

4.12 Rotor Supported in a Poorly Lubricated Bearing: Experiments and 

Numerical Simulation of The Fluid/Dry Contact Interaction 495 

4.12.1 Introduction 495 

4.12.2 The First Experimental Setup 496 

4.12.3 Rotor Lateral Response Data 496 

4.12.3.1 Rotor response with bearing oil pressure 1 psi. 

Run #1 496 

4.12.3.2 Response of the rotor with bearing oil pressure 0.7 psi. 

Run #2 498 

4.12.3.3 Balanced rotor lateral response data during a shutdown, 

oil pressure 0.7 psi 501 

4.12.3.4 Response of the rotor with bearing oil pressure of 

0.65 psi. Run #4 503 

4.12.3.5 Response of the rotor with bearing oil pressure 0.65 psi 

and 1.78 g unbalance. Run #5 506 

4.12.4 Discussion 506 

4.12.5 The Second Experimental Setup 513 

4.12.6 Results of the Experiment and Discussion 513 

4.12.7 Mathematical Modeling 517 

4.12.8 Simulations Based on the Response Models 518 

4.12.9 Finał Remarks 522 

4.13 A Novel Analytical Study on the Rotor/Bearing or Rotor/Seal System 

Based on Reynolds Eąuation 523 

4.13.1 Introduction 523 

4.13.2 Solution of Reynolds Eąuation 525 

4.13.3 Calculation of Fluid Forces 526 

4.13.4 Dynamie Parameters of Rotor/Bearing or Rotor/Seal Systems. 

Case of Rotating Exciting Force 527 

4.13.5 Case of Radial Unidirectional and Rotating Exciting Forces 529 

4.13.6 Discussion and Conclusions 530 

4.14 Physical Factors That Control Fluid Whirl and Fluid Whip and Other 

Pertinent Results of Research 531 

4.14.1 Radial Side-Load Force 531 

4.14.2 Attitude Angle 532 

4.14.3 Stability of Synchronous Vibrations in the lx Resonance 

Rangę of Speeds 533 



© 2005 by Taylor & Francis Group, LLC 



4.14.4 Higher Bearing Fluid Pressure Leads to Instability? 533 

4.14.5 Fluid Temperaturę 533 

4.14.6 Fluid Circumferential Average Velocity Ratio, X. Anti-Swirl 

Techniąue 534 

4.14.7 Rotating Bearing around a Stationary Post. Effect of Rough 

Journal Surface 535 

4.14.8 Case of Two Rotating Bodies with a Smali Clearance 

between Them 535 

4.14.9 Flow Pattern Effect on the Fluid Circumferential Average Velocity 

Ratio: Bearing Fuli and Partial Lubrication Cases 535 

4.14.10 Lubricant Starvation during Fluid Whip 536 

4.14.11 Bearing/Seal Geometry 536 

4.14.12 Floating Ring Bearing 537 

4.14.13 Rotor Configuration 537 

4.14.14 Larger Mass — A Morę Stable Rotor? 538 

4.15 Fluid Force Model Adjustments 538 

4.15.1 Tangential Components 538 

4.15.2 Two Fluid Circumferential Velocity Ratios 538 

4.15.3 Nonsymmetrical Fluid Force and Modification of the Fluid 

Dynamie Force Model for Fligh Eccentricity of the Rotor 539 

4.15.4 Higher Order Terms 542 

References 545 



Chapter 5 Rotor-to-Stationary Part Rubbing Contact in Rotating Machinery 555 

5.1 Major Phenomena Occurring during Rotor-to-Stationary Part Contacts 

in Roating Machines and Pertinent Literaturę Survey 555 

5.1.1 Physical Phenomena Involved during Rotor-to-Stationary Part 

Rubbing in Rotating Machines 555 

5.1.2 Rotor Dynamie Behavior Due to Rubbing against a Stationary Part 559 

5.1.3 Summary 572 

5.2 Rotor/Seal Fuli Annular Rub Experimental Results 572 

5.2.1 Introduction 572 

5.2.2 Test Rig 575 

5.2.3 Rotor Unbalance-Excited lx (Synchronous) Response 

Modified by Rub 576 

5.2.4 Reverse Fuli Annular Rub Self-Excited “Dry Whip” Vibration 

of the Rotor 577 

5.2.5 Analysis and Parameter Identification for the Dry Whip Case 580 

5.2.6 Summary 586 

5.3 Rotor-to-Stationary Part Fuli Annular Contact Modeling 588 

5.3.1 Introduction 588 

5.3.2 Mathematical Model of an Isotropic Rotor in a Susceptible 

Stator Annular Clearance 589 

5.3.3 Rotor Fuli Annular Rub Synchronous Response 590 

5.3.3. 1 Solution for \z\ <c 590 

5. 3. 3. 2 Solution for \z\ > c 591 

5. 3. 3. 3 A Particular Case: Solution for |z| > c and f s — fd — 0 591 

5. 3. 3. 4 Discussion 592 



© 2005 by Taylor & Francis Group, LLC 



5.3.4 Rotor Synchronous Response Stability 594 

5.3.5 Rotor Dry Whip Self-Excited Vibrations 596 

5.3.5. 1 General Case 596 

5. 3. 5. 2 Simplified Case 597 

5.3.6 Role of Rotor Unbalance during Dry Whip 599 

5.3.7 Conclusions 600 

5.4 Rotor/Seal Fuli Annular Rub: Analysis 601 

5.4.1 Introduction 601 

5.4.2 Mathematical Model of the Rotor Rubbing against the Seal 601 

5.4.3 Rubbing Rotor Synchronous, lx Response due to 

Unbalance: “Dry Friction Whirl” 602 

5.4.4 Rotor Self-Excited Vibrations: Reverse Dry Whip 606 

5.4.5 Model Extension 620 

5.4.6 Conclusions 622 

5.5 Iinpact of a Free Rotor against a Retainer Bearing 623 

5.5.1 Retainer Bearing Reąuirements for Emergency and Foad-Sharing 

Applications 623 

5.5.2 Model Assumptions 625 

5.5.3 Rotor Impacting against the Retainer Bearing: 

Algorithm Development. Introduction of Coefficients 

of Radial and Tangential Restitution 626 

5.5.4 Algorithm Summary for the Impact of a Rotor Originating from the 

Retainer Bearing Center 630 

5.5.5 Algorithm for a Case of Rotor Initial Displacement Position and/or 

Its Initial Fateral Vibration (Orbital) Motion 631 

5.5.6 Other Generalizations: Energy Eąuation, Rotational Speed Decay, 

Tangential Restitution Coefficient Decay 633 

5.5.6. 1 Impact energy 633 

5. 5. 6. 2 Rotational speed decrease 634 

5. 5. 6. 3 Tangential restitution coefficient decay 634 

5.5.7 Numerical Simulation Results 634 

5.5.8 Closing Remarks 639 

5.6 Partial Lateral Rotor-to-Stationary Part Rub 641 

5.6.1 Introduction 641 

5.6.2 Model of a Rotor Partially Rubbing against a Stationary Part 646 

5.6.3 Modification of Rotor System Stiffness 649 

5.6.4 Impact and Friction-Related Vibrations of a Partially Rubbing 

Rotor 650 

5.6.5 Effect of Radial and Friction Force-Related Oscillatory Terms 656 

5.6.6 Experimental Results 657 

5.6.7 Conclusions 660 

5.7 Chaotic Responses of Unbalanced Rotor/Bearing/Stator Systems with 

Looseness and/or Rubs 661 

5.7.1 Introduction 661 

5.7.2 Rotor/Bearing/Stator Model 663 

5.7.3 Summary of Analytical Results: Rubbing Impact Model 673 

5.7.4 Results of Numerical Simulation 675 

5.7.5 Experimental Results 681 

5.7.6 Finał Remarks 689 



© 2005 by Taylor & Francis Group, LLC 



5.8 Thermal/Mechanical Effect of Rotor-to-Stator Rub 690 

5.8.1 Mathematical Model 690 

5.8.2 Spiraling/Oscillating Modę — A Simplified Model and Its Solution 694 

5.8.3 Rotor Excited Vibrations Due to Thermal Rub 699 

5.8.4 Evaluation of Thermal Bow 700 

5.8.5 Finał Remarks 701 

References 702 



Chapter 6 Selected Topics on Rotordynamics 711 

6.1 Introduction to Balancing 711 

6.1.1 Purpose of Balancing 711 

6.1.2 Rotor Unbalance and Rotor Fundamental Response 712 

6.1.3 One-Plane, Two-Plane, and Multi-Plane Balancing 716 

6.1.3. 1 One-plane balancing 716 

6. 1.3. 2 Two-plane balancing 721 

6. 1.3. 3 Multi-plane balancing 722 

6.1.4 Rotor Bow Unbalance 723 

6.1.5 Effect of Runout on Vibration Data 724 

6.1.6 Use of lx Polar Plots for Balancing 726 

6.1.7 Multi-Plane Balancing with an Option to Retain Calibration 

Weights 727 

6.1.8 Choice of Rotational Speed for Balancing 728 

6.1.9 Least Sąuare Error Method of Balancing 729 

6.1.10 Constrained Balancing 731 

6.1.11 Elnified Approach to Balancing. Discussion — Modal Balancing 

versus Influence Coefficient Method 732 

6.1.12 Finał Remarks — Best Approach to Balancing of a Machinę 

Train 734 

6.2 Dynamics of Anisotropically Supported Rotors 736 

6.2.1 Introduction 736 

6.2.2 Mathematical Model of a Two-Mode Anisotropic Rotor with 

Fluid Interaction 738 

6.2.3 Forced Response of the Anisotropic Rotor — Use of Forward 

and Backward Components 742 

6.2.4 Vibration Data Processing for Modę Decoupling — Transducer 

Rotation Simulation 750 

6.2.5 Finał Remarks 753 

6.3 Specifics of Damping Evaluation in Rotating Machines 754 

6.3.1 Introduction 754 

6.3.2 Classical Measures of Damping in Mechanical Structures 757 

6.3.3 Measures of “Effective Damping” or “Quadrature Dynamie 

Stiffness” in Rotating Structures Based on Rotor Fateral Modes 760 

6.3.3. 1 Fogarithmic Decrement (Fog Dec) 762 

6. 3. 3. 2 Foss Factor 763 

6.3. 3. 3 Eigenvalue Angle 763 

6.3.4 Nonsynchronous Amplification Factor for Direct Resonance at 

Forward Perturbation 764 



© 2005 by Taylor & Francis Group, LLC 



6.3.5 Response Phase Slope at Direct Resonance 766 

6.3.6 Nondimensional Stability Margin 769 

6.3.7 Ampliflcation Factor for Direct Resonance at Backward Perturbation 
and Phase Slopes for Quadrature and Direct Resonance at 

Backward Perturbation 770 

6.3.8 Finał Remarks 771 

6.4 Stress in Rotating and Laterally Vibrating Machinery Rotors 771 

6.4.1 Introduction 771 

6.4.2 Vibration versus Stress 772 

6.4.2. 1 A horror story 772 

6. 4. 2. 2 Rotor stress 772 

6. 4. 2. 3 The least damaging modę: rotor lateral synchronous 

yibration around a neutral axis 772 

6. 4. 2. 4 Radial constant force effect — periodically variable stress 773 

6.4.2. 5 Other cases of rotor stress 774 

6. 4. 2. 6 Rotor modes versus yibration data 776 

6.4.3 Stress Concentrating Factors 778 

6.4.4 Rotor Stress Calculation Using Vibration Data 778 

6.4.5 Example — Synchronous Vibration of the Rotor 781 

6.4.6 Numerical Example — Overhung Vertical Anisotropic Rotor 781 

6.4.7 Discussion 784 

6.4.8 Finał Remarks 785 

6.5 Rotor Crack Detection by Using Vibration Measurements 785 

6.5.1 Introduction 785 

6.5.2 Model of a Cracked Rotor Supported by Isotropic 

Elastic Supports 790 

6.5.3 Solution of the Linear Eąuations (6.5.1) without Breathing 

Crack (e = 0) 793 

6.5.3. 1 Forced (lx) yibrations due to unbalance (e = 0) 794 

6. 5. 3. 2 Forced lx yibrations due to elastic unbalance (fi = 0) 798 

6. 5. 3. 3 Combined action of the mass unbalance and displacement of 

stiffness axis on forced yibrations 800 

6. 5. 3. 4 Forced yibrations due to gravity (e = 0) 801 

6.5.4 Approximate Solution of the Eq. (6.5.1) with Breathing Crack (e^ 0) 806 

6.5.4. 1 1 x approximate solution 806 

6. 5. 4. 2 2x approximate solution 807 

6. 5. 4. 3 Fuli approximate forced solution of the Eq. (6.5.1) 808 

6.5.5 Sensitivity of the lx and 2x Rotor Response Amplitudes to the 

Stiffness Ratio Variations 808 

6.5.6 Cracked Rotor Model with Anisotropic Supports 808 

6.5.7 Solution of the Linear Eqs. (6.5.51) without Breathing Crack (e = 0) 810 

6.5.8 Methods of Rotor Crack Detection by Monitoring lx and 2x 

Vibration Components 820 

6.5.8. 1 Monitoring 2x yibrations 820 

6. 5. 8. 2 Monitoring lx yibrations 821 

6. 5. 8. 3 Detecting a crack by a controlled unbalance — introduction to 

active detection of cracks 822 

6. 5. 8. 4 On-line machinę monitoring and start-up/shutdown 

yibration data 824 



© 2005 by Taylor & Francis Group, LLC 



6.5.9 Early Detection of Rotor Cracks by Using Rotor Lateral 

Vibration Analysis 824 

6.5.9. 1 Response of anisotropic rotor to a constant radial force 825 

6. 5. 9. 2 Effect of natural freąuencies on the response 832 

6. 5. 9. 3 Application of complex variable filtering 833 

6.5.10 Application of Perturbation Methodology and Directional 

Filtering for Rotor Crack Detection — Experimental Results 834 

6.5.10.1 Experimental setup 834 

6.5.10.2 Experimental results 836 

6.5.10.3.1 Results from lateral nonsynchronous perturbation. 836 

6.5.10.3.2 Results from torsional nonsynchronous excitation . 836 

6.5.11 Closing Remarks 839 

6.6 Application of Multi-Mode Modal Models in Rotor Dynamics 841 

6.6.1 Introduction 841 

6.6.2 Multi-Mode Modal Model 842 

6.6.3 Three-Dimensional Multi-Mode Modal Model of a Rotor 845 

6.6.4 Finał Remarks 849 

6.7 Rotor Lateral/ Torsional Vibration Coupling due to 

Unbalance — Free, Forced, and Self-Excited Vibrations 850 

6.7.1 Introduction 850 

6.7.2 Mathematical Model 851 

6.7.2. 1 Kinetic energy and related calculations 851 

6. 7. 2. 2 Potential energy and related calculations 852 

6. 7. 2. 3 The dissipative energy in terms of Rayleigh function and 

related calculations 853 

6.7.3 Linearization around an Unbalance-Related Particular 

Solution of the Nonlinear System and Synchronous solution 854 

6.7.4 Variational Eąuations around the Synchronous Solution 860 

6.7.5 Rotor Self-Excited Vibrations 862 

6.7.5. 1 Self-excited vibration solution 862 

6. 7. 5. 2 Procedurę of analytical and numerical calculation of 

self-excited vibration parameters 866 

6. 7. 5. 3 Numerical results 871 

6. 7. 5. 4 Summary 872 

6.7.6 Free Vibration Responses Due to Impact Impulses 873 

6.7.6. 1 Governing eąuations 874 

6. 7. 6. 2 Single impulse 878 

6. 7. 6. 3 Multiple impulses 880 

6. 7. 6. 4 Infmite number of impulses 882 

6.7.7 Interpretation of Eigenvectors for Lateral /Torsional 

Coupled Modes 883 

6.7.7. 1 Eigenvalue problem 888 

6. 7. 7. 1.1 Discussion on individual responses 889 

6. 7. 7. 1.2 Discussion on the overall response 891 

6. 7. 7. 2 Numerical examples 894 

6.7.8 Conclusions 895 

6.8 Effect of Loose Rotating Parts on Rotor Dynamics 898 

6.8.1 Introduction 898 

6.8.2 Mathematical Model 898 



© 2005 by Taylor & Francis Group, LLC 



6.8.3 A Particular Solution — Loose Part Steady Rotation and 

Free Vibrations of the Rotor 900 

6.8.4 Case of Constant Normal Force and Constant Friction Force 903 

6.8.5 Experimental Results 904 

6.8.6 Steady-State Beat Vibrations 906 

6.8.7 Finał Remarks 908 

6.9 Forward and Backward Orbiting of a Vertical Anisotropically 

Supported Rotor 911 

6.9.1 Introduction 911 

6.9.2 Experimental Results 911 

6.9.3 Mathematical Model 914 

6.9.4 Rotor Stress 919 

6.9.5 Numerical Simulation Results 921 

6.9.6 Summary and Finał Remarks 927 

References 930 

Chapter 7 Vibrational Diagnostics of Rotating Machinery Malfunctions 

Illustrated by Basic Mathematical Models of the Rotor System 937 

7.1 Introduction 937 

7.2 Diagnosis of Particular Malfunctions of Rotating Machines Illustrated 

by Basic Mathematical Models of the Rotor 940 

7.2.1 Unbalance: Residual and Controlled 941 

7. 2. 1.1 Rotor unbalance 941 

7. 2. 1.2 Synchronous and nonsynchronous perturbation testing 

for system identification 944 

7.2.2 Misalignment and Radial Load on the Rotor 946 

7.2.3 Rotor-to-Stator Rubbing 949 

7.2.4 Fluid-Induced Instabilities 955 

7.2.5 Loose Stationary Part Malfunction 961 

7.2.6 Oversize, Poorly Lubricated Bearing Malfunction 963 

7.2.7 Loose Rotating Part Malfunction 964 

7.2.8 Cracked Rotor 967 

7.2.8. 1 Model of cracked rotor 967 

7. 2. 8. 2 Rotor crack diagnosis 968 

7. 2. 8. 3 Estimation of the rotor breakage time using APHT plot 969 

7. 2. 8. 4 Role of torsional/lateral coupled vibrations in rotor 

crack detection 973 

7. 2. 8. 5 Recommendations for rotor crack detection in 

rotating machinery 975 

7. 2. 8. 5.1 Rotational speed: effect on lx vibration 977 

7. 2. 8. 5. 2 Rotational speed: effect on 2x vibration 978 

7. 2. 8. 5. 3 Transient processes: start-up and shutdown 979 

7. 2. 8. 5. 4 Rotor crack-related split of natural freąuencies 980 

7. 2. 8. 5. 5 Decrease of values of the rotor natural 

freąuencies 981 

7. 2. 8. 5. 6 Choice of operational speed 981 

7. 2. 8. 5. 7 Role of misalignment in rotor crack development.... 982 

7. 2. 8. 5. 8 Balancing when rotor is cracked 982 



© 2005 by Taylor & Francis Group, LLC 



7. 2. 8. 5. 9 Horizontal versus vertical machines 982 

7.2.8.5.10 Torsional vibration data 984 

7.2.9 Finał Remarks: Internal/Structural Friction, Interactive Malfunctions, 

Extended Models 985 

7.3 Advancement Trends in Vibration Monitoring and Diagnostics of 

Rotating Machinery Malfunctions 985 

References 986 

Appendix 

Appendix 1 989 

Appendix 2 993 

Appendix 3 995 

Appendix 4 999 

Appendix 5 1001 

Appendix 6 1015 

Appendix 7 1017 

Appendix 8 1019 

Appendix 9 1023 

Appendix 10 1027 

Glossary 1031 



© 2005 by Taylor & Francis Group, LLC 



CHAPTER 1 



Basic Rotordynamics: Two Lateral 
Modę Isotropic Rotor 



1.1 INTRODUCTION 

Since the invention of the wheel, rotors* have been the most commonly used parts of 
machines and mechanisms (Figurę 1.1.1). Rotational motion is employed to achieve transla- 
tion, as from the wheel to the axle; to storę energy, as in the ancient sling or modern 
flywheels; to transfer power from one point to another by using belts, cogwheels, or gear 
trains; to obtain kinetic energy from other kinds of energy, such as thermal, Chemical, 
nuclear, or wind energy. Rotors used in machines and mechanisms provide numerous 
advantages as regards efficiency, wear, and easy adjustments. 

While fulfilling very important roles in machinery, the rotors are, at the same time, 
the main source of perturbation of normal operation of the machines. Rotational motion 
around an appropriate axis, at rated, design-imposed, rotational speed, represents the 
crucially reąuired dynamical State for rotors. In all practical cases in rotating machinery, 
the accumulated rotational energy cannot, however, be fully used for the design purpose. 
This energy has a potential for serious leaks and can easily be transformed into other forms 
of energy. Naturally, as in all other mechanical elements, some energy loss due to dissipative 
mechanisms always occurs, irreversibly transforming the rotor rotational energy into thermal 
energy, which eventually gets irreversibly dissipated. Except for this type of side effect, in 
rotors there exist additional sources of energy leaks, transforming the rotor rotational 
energy into other forms of mechanical energy. In other words, the rotational motion of 
rotors, associated with useful work that it is supposed to accomplish, is accompanied by 
“mechanical side effects” (Figurę 1.1.2). Due to several factors, which contribute to the 
energy transfer — from rotation to other forms of motion — the rotor rotation may be 
accompanied by various modes of vibrations (Figurę 1.1.3). First, vibrations of the rotor 
itself occur. They may have diverse forms of varying intensity. All three main modes of rotor 
vibrations — lateral, torsional, and axial modes — may be present during rotor operation. 
Among these modes, the lateral modes of the rotor are of the greatest concern. Most often, 



*In this book the word "rotor" is used to describe the assembly of rotating parts in a rotating machinę, including 
the shaft. bladed disks, impellers, bearing journals, gears, couplings, and all other elements, which are attached to 
the shaft. 
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ROTORDYNAMICS 



Rotor rotation 




Figurę 1.1.1 Main required performance of the rotor: Torque to load through rotational speed. 



Dynamics 



Rotating machinery 
^£7 Main performance 






Side effects 



V 

Variable processes I I 

in time; it involves V 

inertia and Vibrations 

velocity-related effects 



Figurę 1.1.2 Energy flow in rotating machinę during its operation; vibrations result as side effects of the main 
dynamie process. 






Torsional vibration 



Longitudinal (axial) vibration 




Figurę 1.1.3 Rotor vibration modes as side effects of dynamie process of energy transfer from the source to 
work. 



they represent the lowest modes of the entire machinę structure. Next, through the 
supporting bearings and through the fluid encircling the rotor (unless the rotor operates in 
vacuum), the rotor lateral vibrations are transmitted to the nonrotating parts of the machinę. 
Eventually, the vibrations spread to the machinę foundation, to adjacent eąuipment, building 
walls, and to the surrounding air in the form of acoustic waves. 
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Since main operation of rotors is related to its rotational motion and sińce strength 
reąuirements are related to the torąue, carried by the driving rotor, and the relationship 
between the torąue and rotational speed is inverse — for a given level of transmitted power 
there has been a continuing trend toward higher and higher rotational speeds of machinery. 
The high speeds allow for large energy densities in relatively smali machinę packages. 
Unfortunately, with the increase of the rotational speed and rotational energy, the above- 
mentioned “mechanical side effects” accompanying the main, rated regime of a machinę, has 
become morę and morę pronounced, and morę dangerous for the integrity of the machinę 
and safety of the environment (Figures (1.1.4) and (1.1.5)). 

There is a long list of factors which contribute to the energy transfer from rotation 
to these “side-effect” vibrations. The First and best known among them is rotor unbalance. 
When the rotor mass centerline does not coincide with its rotational axis, then mass 
unbalanced inertia-related rotating forces occur. They rotate together with the rotor and 
are oriented perpendicularly to the rotational axis. The rotor unbalance acts, therefore, in 




Figurę 1.1.4 How severe is the problem? (Drawing by Norm Scott.) 




Figurę 1.1.5 Rotating machinę catastrophic failure due to excessive vibrations. (Courtesy of Bently Nevada 
Corporation.) 



© 2005 by Taylor & Francis Group, LLC 



4 



ROTORDYNAMICS 



Input 



Output 




Rotor 



(Periodic, 

random, ■ ■ ■ external 
forces, F) 



(Excited vibrations) 
X = X (time) 



F 



X 




Time 



Phase lag 

F: unbalance, torque pulsation, fluid forces, etc. 



Figurę 1.1.6 Input/output relationship for forced (excited) vibrations. 



the lateral vibration modę, like an external exciting centrifugal force. As a result, the 
rotor responds with lateral vibrations with freąuency, synchronous to rotational speed. Since 
rotor unbalance is an almost inevitable element of the rotor system, it is important to assure 
that during operating conditions unbalance-related synchronous vibration amplitudes are 
acceptable, and that during starts-ups and shutdowns a high-speed turbomachine should 
be able to smoothly pass several lateral balance resonance speeds (“critical speeds”). Since 
rotor unbalance is not the only force that would excite rotor vibrations, the other periodic 
force-excited vibrations of rotors (for example, blade-passing freąuency periodic excitations) 
have to be recognized and kept under control. 

The above-mentioned type of vibrations that are excited by the unbalance force or 
any other periodic force, external to the lateral modę, or any other modę, belongs to the 
“excited” or “forced” category of vibrations (Figurę 1.1.6). The word “external” emphasizes 
here the fact that there is no feedback link between the lateral vibrations and the exciting 
force. The freąuency of the response vibrations to an exciting force corresponds to the 
freąuency of this force. The freąuency of the rotor lateral vibrations due to unbalance will be 
the same as the rotational speed. In industry, the freąuency of vibrations is usually related as 
ratios of the rotational speed; thus, the unbalance-related synchronous lateral vibrations are 
referred to as (lx) vibrations. If the rotor system is nonlinear, which is usually the case to 
a certain degree, then, in the system, morę freąuency components can be generated in 
response to an exciting force of a single freąuency. The corresponding freąuencies usually 
represent multiples of the excitation freąuency. A nonlinear rotor synchronous (lx) response 

to unbalance will then be accompanied by higher harmonie components 2x,3x, 

Additionally, often a single-freąuency force can excite rotor responses with fractional 
freąuencies, such as l/2x, l/3x, . . . (see Section 5.6 of Chapter 5). Then, these responses 
are also accompanied by their corresponding higher harmonie components. Excitations 
of nonlinear Systems by several forces, with different freąuencies, usually results in responses 
with freąuency bands of fractional/multiple sums and differences. 

Parallel to excited vibrations described above, there is the second category of vibrations 
in mechanical systems, called “free vibrations” or “transient vibrations”, which occur when 
the system is excited by a short-lasting impact, causing instantaneous changes in system 
acceleration, velocity, and/or position (Figurę 1.1.7). The system responds to the impact 
with free vibrations, with “natural” freąuencies, characteristic for the system. These two 
categories of yibrations of rotors will be discussed in this Chapter and following chapters. 
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Figurę 1.1.7 Input/output relationship for free transient vibrations. 




Figurę 1.1.8 Input/output relationship for self-excited vibrations. 



There exists also a third category of vibrations in physical Systems, known as self-excited 
vibrations. These vibrations are steady, usually with constant amplitudę, phase, and fre- 
ąuency. They are sustained by a constant source of energy, which may be external, or is a part 
of the system. In this type of vibrations, through the feedback mechanism, the constant 
energy is “portioned” by the oscillatory motion (Figurę 1.1.8). The freąuency of self-excited 
vibrations is close to one of the system natural freąuencies. Weil known are aerodynamic 
flutter vibrations of wings or blades, or transmission lines sustained by unidirectional 
wind. Also well known are self-excited acoustic vibrations of string and blown musical 
instruments. In the phrases above, the expression “external to the system” reąuires sonie 
morę explanation. Usually in Naturę everything is somehow connected. In the modeling 
process of a chosen physical system, this system is isolated front any possible links with the 
enyironment. The forces external to the system may excite it, causing the system to vibrate, 
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Figurę 1.1.9 Energy feedback transfer mechanism in rotating machines. 



but these vibrations would not be connected to this exciting force through feed-back 
links; thus, by no means would vibration affect the magnitude and other parameters of this 
exciting force. If the motion of the system does affect the exciting force, then this force 
must be considered a part of the system. The system model must then be extended and 
adjusted. 

Rotating machinery belongs to the self-exciting category. The constant supply of energy 
comes from the rotor rotation. Usually, in steady-state operation of a rotating machinę, 
the rotational energy is high, and most often it must be constant. If there is a strong 
feedback mechanism, this energy can easily be used to sustain self-excited vibrations. In fact, 
several such feedback mechanisms exist around rotors (Figurę 1.1.9). One of them is internal 
friction in the rotor materiał (subject discussed in Section 3.3 of Chapter 3). Another 
mechanism is related to the rotor-surrounding fluid (subject discussed in Chapter 4). Yet, 
another mechanism is due to rotor-to-stationary part rubbing (subject discussed in 
Chapter 5). Notę that some mechanisms, leading to rotor self-excited vibrations, do not 
reąuire a large amount of energy, thus at a constant rotational speed these vibrations can be 
sustained during a prolonged time (another obvious ąuestion is whether such self-excited 
vibrations should be tolerated, from machinę efficiency and health standpoints; the answer is 
“no”). This possible prolonged time of self-excited vibrations means that the energy source is 
powerful enough to sustain both self-excited vibrations of the rotor and the constant 
rotational speed; thus the balance between the driving and load torąues is not disturbed. This 
is not always the case. While rotor self-excited vibrations due to fluid interactions can be 
sustained during a long time (again, this is “unhealthy” for the main process of the rotating 
machinę), the self-excited yibrations due to rotor-to-stator rub, called “dry whip”, reąuire 
much morę energy. (See Section 5.2 of Chapter 5; for instance, during experiments on this 
devastating dry whip phenomenon, we burned out several electric motors, whose limited 
power was not able to withstand the added load). 

As bad as all side-effect yibrations are — from the machinę efficiency standpoint — the 
good part is that they also positively carry Information on what caused them to occur. This 
information must, however, be decoded. First, yibration should be measured as close 
to the source as possible and by an appropriate nurnber of transducers (see Chapter 2). 
All other pertinent data on rotating machinę operation must also be collected. Obviously 
there are limitations regarding the placement of transducers, and various other limitations 
of physical as well as economic naturę. The signals obtained from transducers should be 
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processed, and the most important information extracted and cross-correlated. Finally, 
a technician should be able to diagnose the problem and a corrective action should follow 
(see Chapter 7). 

Notę that vibratory motion is not always condemned as a parasite. It can also be 
used as a principal working process (for instance, vibration transporters of smali parts or 
soil). Then, this process may also be accompanied by unwanted modes of vibration. Most 
often, therefore, vibrations in mechanical Systems occur as side-effects of the main reąuired 
process of the machinę or mechanism, taking and wasting energy from this main process. 
Figurę 1.1.10 presents a chart on what unwelcome vibrations may cause in mechanical 
Systems. In any case, the knowledge on the vibration process helps in preventing vibrations 
from occurring. 

In the following, this introductory Chapter presents the basie linear isotropic two 
lateral modę model of the rotor. Because of lateral isotropy, this model can be treated as a 
one-complex-lateral-mode model (using complex number formalization). Its solution 
describes rotor lateral vibration responses. The modal approach is used in the rotor modeling, 
thus the rotor mass, stiffness, damping, and unbalance force are considered in the modal 
sense. The considered rotor lateral vibrations consist of free response of the rotor, and its 
two forced responses: one response is due to an external constant radial force applied to 
the rotor and the second is due to a nonsynchronously rotating external exciting force, with 
freąuency independent of the rotor rotational freąuency. The constant radial force can be 
due to rotor misalignment, or fluid flow action in fluid-handling machines, and/or gravity 
force in nonvertical machines. The rotating force may, in particular, be synchronous when 
it is generated by rotor unbalance. In this case, the unbalance force is considered external 
to the lateral modę. Entirely separated from the rotor motion, the external nonsynchro- 
nous excitation case, discussed below, is a morę generał case, as the rotor parameters 
are usually functions of its rotational speed. In the following Chapters, these functions 
will be explicitly introduced to the models. Throughout this book, the nonsynchronous 
excitation of rotors will appear many times. The nonsynchronous exciting forces, specifi- 
cally applied to rotors, serve for the purpose of identification of rotor dynamie 
characteristics (see Section 4.8 of Chapter 4). The notion of Dynamie Stiffness and an 
introduction to practical parameter identification techniąues will be presented in this 
introductory Chapter. 
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As mentioned above, in particular, the rotating exciting force can be synchronous, 
i.e. its freąuency eąual to the rotor rotational freąuency, like the rotor unbalance-related 
exciting force. In the latter case, the considered one mode-modal model of the rotor is 
similar to the popular “Jeffcott Rotor Model”. Discussion of this model is given in Section 
1.2 of this Chapter. 

With the modal approach, the description “two lateral modę isotropic rotor” or “one 
complex lateral modę rotor” applies to the lowest lateral modę of the rotor with isotropic 
characteristics. “One complex lateral modę” is meant here in the complex number sense, 
thus it includes its two isotropic orthogonal lateral modes, without distinction, whether the 
first lateral modę is rotor bending modę or rigid body modę. Morę problems related to 
the rotor modes are discussed in Section 3.2 of Chapter 3. The rotor model introduced 
in the present Chapter is the fundamental model of the rotor lateral modę. In the next 
Chapters, this model will successively be complemented by morę modes (“degrees of 
freedom”) and morę forces acting on the rotor. 

Finally, one word of commentary on a linguistic subject should be added. Throughout 
the technical literaturę, there often exist various names for the same object or phenom- 
enon. Also, one name has been used in different applications, virtually having numerous 
meanings. One set of these multiple names in rotordynamic area contains “rotation” and 
“spin”, or “spinning”. The latter originated from the theory of the gyroscope. In this book 
only “rotation” and its derivative, “rotational speed” will be used. Another set contains such 
words as “whirling”, or “whirl”, “precession” or “precessing”, and “orbiting” or “orbital 
motion”. Ali of them express just rotor lateral (or “radial” — sorry, again morę versions . . .) 
vibrations, which occur in two lateral directions, perpendicular (or rather close to perpen- 
dicular, to be strict) to the rotational axis, without specification as regards their naturę. 
Standard measuring Systems of rotor lateral vibrations, based on displacement noncontacting 
transducers (see Chapter 2), mounted in orthogonal, XY configuration, together with the 
simple oscilloscope time-base and orbital motion convention, suggest that the name 
“orbiting,” or “orbits,” or “rotor orbital motion” would be most appropriate for rotor 
lateral motion, in order to avoid misunderstandings. The denomination “precession”, intro- 
duced in gyroscopes, will not be applied. The word “whirl” will be used in this book only in 
association with an attribute, such as “fluid whirl”, describing a specific form of the rotor 
self-excited vibrations (see Section 4.2 of Chapter 4). With another attribute, the expression 
“dry whirl” will appear in Chapter 5, just for comparison of phenomena and names used by 
other authors. Several other expressions, existing in the rotordynamic literaturę, are 
mentioned in the text, again just for information. These few explanations may help in better 
understanding the text. This is not the place, though, to solve the linguistic problem. 



1.2 MATHEMATICAL MODEL OF TWO LATERAL MODĘ ISOTROPIC ROTOR 

In this section, the fundamental model of rotor lateral vibrations will be introduced. 

In the rotor modeling process, the following assumptions have been madę: 

• The lateral translational modę of the isotropic rotor, rotating at a constant speed, Q , is the 
lowest modę of the basie machinę structure. The assumption on rotor constant rotational speed 
corresponds to the assumption that the driving and load torąues of the rotor are in balance 
and that the driving torque has sufficient power (see Section 3.10 of Chapter 3). 

• Due to similar constraints (isotropy) in all lateral directions, perpendicular to the rotor rota- 
tional axis, and isotropic shape of the rotor, its behavior in two chosen lateral orthogonal 
directions, embracing the rotor axial coordinate, is similar (Figurę 1.1.11). Two similar 



© 2005 by Taylor & Francis Group, LLC 



BASIC ROTORDYNAMICS: TWO LATERAL MODĘ ISOTROPIC ROTOR 



9 



Figurę 1.1.11 




lateral motions of the rotor in two orthogonal planes can be reduced to “one complex modę”, 
by applying complex number formalism (see Appendix 1). 

• The lateral modę of the elastically supported elastic isotropic rotor without gyroscopic effect is 
considered (for gyroscopic effects see Sections 3.6 to 3.9 of Chapter 3). 

• The mathematical model of the rotor represents the balance of forces acting on the rotor in 
lateral directions. The model is linear, which means that considered forces in the rotor system are 
either constant or are functions of time, or are proportional to either rotor lateral acceleration, 
or velocity, or displacement. 

• Ali coefficients in the mathematical model are considered in modal (generalized) sense. 

• External exciting force applied to the rotor has a rotating character with nonsynchro- 
nous freąuencies (in a particular case, the force can be synchronous, such as in the case of an 
unbalanced rotor). A unidirectional, radial, perpendicular to the rotor axis, nonsynchronous 
periodic force excitation is also discussed, as a particular case. 

• The rotor is a subject of a radial load by a constant force perpendicular to the rotor axis. 
Such load can be generated by the gravity force on horizontal machines, radial force compo- 
nent due to rotor or transmission system misalignment, and/or working fluid-related side-load 
in fluid-handling machines. As examples — the radial force may occur in pumps and in turbines 
(for instance, during a partial admission of steam), or can be induced by wicket problems in 
hydromachines. 

The eąuations below represent the balance of forces acting on an isotropic rotor within its 
first lateral modę (Figurę 1.1.11). The rotor rotates at a constant rotational speed, Q, but in 
this introductory model, the rotational speed is not explicitly present. It will appear, though, 
in morę complex tnodels (see Chapter 3). 



Mx + 


D s x 


+ 


Kx 


= Fcos(a>t + <5) + Pcos y 


(l.i) 


My + 


D s y 


+ 


Ky 


= Fsm(cot + <5) + Psiny, •= d/d? 




inertia 


damping 




stiffness 


rotating external constant radial 


(1.2) 


force 


force 




force 


exciting force l° a d force 



(Eqs. (1.1) and (1.2)) have typical form of linear differential eąuations, as models of 
vibrating physical Systems, known as oscillators, from the classical theory of vibrations. 
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Figurę 1.1.12 Synchronous circular orbit and two time-base waveforms of an isotropic rotor response at 
a constant rotational speed. The time-base waveforms are directly measured; the orbit is 
reconstructed by eliminating time from two waveforms. The smali circles are ‘cut’ from the rotor 
cross-section around the centerline. The high spots correspond to the most stretched fibers of 
the rotor. Keyphasor notch marks are depicted for reference (see Section 2.4.1 in Chapter 2). 



In Eqs. (1.1), (1.2), which represent a balance of forces acting on the rotor, x(t) and y(t) 
are rotor centerline lateral displacements (measured units of meters [m] or [inches]; see 
Glossary for measurement units) in two lateral orthogonal directions, as functions of time, 
t, measured in seconds [s]. The motion of a particular point of the rotor centerline is, 
therefore, performed in two directions within the piane perpendicular to the rotor axis. 
Since this motion is planar, performed in two directions, this motion will later on be referred 
to as “orbiting”. The name “orbiting” is related to measurements of the rotor lateral 
vibrations. In each lateral direction, x and y, the rotor motion versus time would represent a 
complex waveform versus time (in the simplest case — a sinusoid, see Figurę 1.1.12). Two 
vibration transducers mounted in XY orthogonal configuration can capture and measure this 
motion (see Section 2.2.1 of Chapter 2). For each separate transducer the measurement result 
can be displayed on an oscilloscope, as a time-base waveform. Usually, oscilloscopes also 
have an “orbital motion” feature. With a click of a button, two time-base waveforms from 
two orthogonal transducers can be transformed into an orbit (a particular case of the 
Lissajoux curve) that represents the rotor centerline motion in the piane of the measure- 
ment. The time is eliminated, and remains only as a parameter on the orbit, especially 
important direction-wise: sińce the orbit is a path of the motion performed in time, it is 
essential to know in which direction on this path the time goes. If, for example, the orbit 
has a closed shape (repeatable in time, when measured on-line at a constant rotational 
speed), for instance a circle, the time on this orbit may go clockwise or counterclockwise. 
The orbit, as observed on the oscilloscope, provides very important information: the 
orbit represents the actual path of the rotor centerline during lateral vibrations. Notę that 
the orbit itself does not provide any information on the rotor rotation and its direction. 
The direction of time on the orbit must be confronted with the time-base waveforms and 
with direction of rotor rotation versus transducer orientation, in order to identify whether 
the orbit, and thus the rotor lateral vibrations, are “forward” (in the direction of rotation), 
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or “backward” (in opposite direction). This information is very important for rotor mal- 
function diagnostic purposes. Morę materiał about measurements of rotor vibrations is 
presented in Chapter 2. 

In Eqs. (1.1), (1.2), the coefficients M, K. D s denote respectively rotor generalized (modal) 
mass, lateral isotropic stiffness, and lateral external damping (see also Notation to this 
chapter). The mass, M, is measured in [kg] or [lb s 2 /in.] (1 kg = 5.71 lb s 2 /in.), damping, D s , is 
measured in [kg/s] or [lbs/in.]. The stiffness K , measured in [N/m = kg/s 2 ] or [lb/in.], includes 
contributions from the isotropic (laterally symmetric) elastic rotor, K s and isotropic elastic 
support, K h (see Figurę 1.1.11) which are connected in series: 



(1 /K s ) + (1 /K b ) 

Both stiffness and damping are considered in the modal sense. In Eqs. (1.1), (1.2) co, 
which is measured in rpm, rad/s, or Elz ( 1 Hz =l/s = 60 rpm = 2 tt rad/s) is the frequency 
of the externally applied to the rotor, nonsynchronously rotating force with magnitude F, 
measured in newtons [N = kgm/s 2 ] or pounds [lbs] (IN = 0.225 lbs) and phase S [degrees] or 
[radians] (180° ~it radians). This force may be generated by the rotor unbalance (in this 
particular case co — Q), or by an operational periodic load of the rotating machinę, or process 
fluid-related periodic action in fluid-handling machines, or by a mechanical "perturbation 
attachment” mounted specifically on the rotor for the modal parameter identification 
purpose (see Section 4.8 of Chapter 4). This force magnitude may be constant (see Section 
4.8.6 of Chapter 4) or, like rotor unbalance, may depend on frequency. If this rotating force 
is due to unbalance attached to the rotor (see Section 1.7 of this Chapter) its frequency will 
be synchronous, thus co = (2, where Q, being the rotor rotational speed, is also the frequency 
of the rotor unbalance excitation. 

In Eqs (1.1), (1.2), P is the magnitude and y is the phase (measured in a counter- 
clockwise direction from the horizontal axis) of a unidirectional radial constant force. This 
force is the second exciting force applied to the rotor, which is external to its lateral 
modę. In particular, this force may be related to gravity. In case of horizontal rotors, 
the force of gravity will have magnitude proportional to the acceleration of gravity, g, and 
phase y — 270°. 

Notę again that the simplest rotor model (Eqs. (1.1) and (1.2)) does not explicitly include 
the rotational speed £2; thus, during rotation or at rest, the results provided by this model 
will be the same. Of course, this model, being the simplest first step to morę sophisticated 
niodels, is not able to reflect all possible physical phenomena that machinery rotors may 
get involved with. Morę complex models of rotors will be discussed in the next Chapters. 

An even morę simplified model (1.1), (1.2), with P = 0, co = Q, F — Mr Q 2 (r — unbalance 
radius) is known as “Jeffcott Rotor”. (Actually, prior to H.H. Jeffcott, the Dublin Trinity 
College Professor, who published his work on the rotor model in 1919, a similar, but simpler 
model was introduced by Foppl in 1895). At the time Jeffcott developed his model, the 
concept of modes and modal analysis/testing were not yet established in the mechanical 
engineering area. Many researchers who are using this model today still refer to this model 
as a “Jeffcott Rotor” or “modified Jeffcott Rotor”. Certainly, without any discrimination 
or underestimation to the achievement of this model”s author, it is morę appropriate 
nowadays to refer to this model as to a “modal model”. The “Jeffcott Rotor” remains an 
abstract mathematical model, which has nothing in common with the dynamics of real 
machinery rotors. Yet, following the concept of modes, this model is imaluable. In the 
mathematical expressions of the modal model and the “Jeffcott Rotor”, there exists an 
important difference. It consists in the definition of the coefficients: The mass M and stiffness 
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K, as well as damping, D„ are modal (generalized) mass, stiffness and damping of the first 
lateral modę and not, as in the “Jeffcott Rotor”, the mass of the undeformable heavy disk, 
and the stiffness of the mass-less elastic shaft. That is why the unbalanced, classical, “Jeffcott 
Rotor” contains the unbalance mass M (exactly the same as the mass of the disk) as a part of 
the synchronous excitation force amplitudę. In the modal model, the modal unbalance mass 
differs from the rotor modal mass (in Eqs. (1.1) and (1.2) notations m and M respectively). 
This is an important difference, which eventually allowed elaborating practical balancing 
procedures for rotors (see Section 6.1 of Chapter 6). 

The rotor model, described by Eqs. (1.1) and (1.2), is applicable in the case of non- 
synchronously (or synchronously, in particular) excited machines with isotropic rotors, 
rotating at relatively Iow speed (below the second balance resonance). Following the modal 
concept, the rotor models can become morę complex, including morę modes, morę 
coupling, and external forces. In the next Chapters, these various morę complex discrete 
models of rotors are discussed. 

Eqs. (1.1) and (1.2) have the similar format and they are not coupled. Based on the 
rotor isotropy feature and using the complex number formalism (see Appendix 1), Eqs. (1.1) 
and (1.2) can easily be transformed by combining rotor horizontal and vertical displacements 
in two complex conjugate variables: and its complex conjugate “z*(?)”, as follows: 

z = x+jy (1.3) 

z*=x-jy, ,/=\/ r I (1.4) 

Multiplying Eq. (1.2) by “y ” and first adding it to, then subtracting it from, (Eq. (1.1)), 
provides two following equations: 



Mź + D s ż + Kz = Fe Am,+S) + Pe jy ( 1 . 5) 

Mź* + DJ* + Kz* = Fe~ Ao>t+s) + Pe~" (1.6) 

Eqs. (1.5) and (1.6) are not only decoupled from each other, but they also have 
almost identical form (they are complex conjugate equations). The only differences are 
in orientations of the external exciting forces. Eqs. (1.5) and (1.6) can be referred to, 
respectively, as rotor “forward” modę (lateral vibration orbiting in the direction of the rotor 
rotation) and “backward” modę (in the direction opposite to rotation) equations. Notę 
that by using the complex number formalism, the external exciting forces have forms of 
“vectors” in the complex number sense; they represent a combination of the magnitude and 
phase (angular orientation), F= Fe j(lot+ ^ , P = Pe jy . This combination is vital in measure- 
ments of rotor vibrations, which are discussed in Chapter 2. 

An advantage of linear differential equations is the fact that the external excitations 
do not interfere with each other and particular Solutions corresponding to individual 
excitations can just be added to each other. When added, they represent the fuli response of 
the rotor. In the considered case, the generał solution of the rotor equations of motion 
consists of three elements: 

• Rotor free lateral motion, governed by its natural freąuencies, 

• Rotor forced static displacement due to the external radial constant force, 

• Rotor forced nonsynchronous lateral vibration response. 

These three elements will be discussed in the next sections. 
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1.3 EIGENVALUE PROBLEM — ROTOR FREE RESPONSE — NATURAL 

FREOUENCIES 

Consider the rotor model in the format (Eqs. (1.5) and (1.6)) without external excitation 
forces (F — 0, P = 0). The eigensolution for Eqs. (1.5) and (1.6) is as follows (the first 
component of rotor response): 



z = Ae st , z* = Ae sr 



(1.7) 



Where A is a constant of integration and s is a complex eigenvalue. Substituting the 
first solution (1.7) into Eq. (1.5), and solving it for s, provides the characteristic eąuation: 

Ms 2 + D s s + K— 0 

There are two Solutions of this equation, representing two rotor eigemalues : 



D lK D] 
Sl ’ 2 2M ± v M AM 2 



( 1 . 8 ) 



A similar procedurę applied to the complex conjugate, Eq. (1.6), provides two morę 
eigenvalues, identical to (1.8): 



__D [K Df 
53,4 2 M ±J \ M AM 2 



(1.9) 



Eqs. (1.8) and (1.9) represent the fuli eigenvalue set of four for the original system, Eqs. (1.1), 
(1.2). The imaginary (or “quadrature”) parts of the eigenvalues (Eqs. (1.8) and (1.9)) stand 
for two dampetl natur al freąuencies of the system, u >„ : 







Dl 

AM 2 



( 1 . 10 ) 



The exponential function of imaginary numbers can be transformed into trigonometric 
functions (see Appendix 1). Since the roots 5 of the characteristic equation are complex 
numbers, the Solutions (Eq. (1.7)) will appear as follows: 

z = z* = q~ {Ds/ 2M) \A\ cos ca n t + j A2 sin&>„t) 



where A\,A 2 are constants of integration (complex numbers), related to modes of vibration 
and m n is the positive natural frequency (Eq. (1.10)). The trigonometric functions emphasize 
the oscillatory character of the rotor response. 

In Eq. (1.10), the “+” sign corresponds to the forward (in the direction of rotation) 
modę natural frequency, ” to the backward (in the direction opposite to rotation) modę. 
The attribute “damped” in natural frequencies is used here to emphasize that damping 
is present in the natural frequency formula (1.10). In eigenvalue analysis of morę complex 
mechanical Systems, damping is usually neglected, as it often causes problems in calcula- 
tions. In this case, the results of eigenvalue calculation are limited to “undamped natural 
freąuencies”. Actually, sińce damping is usually smali, the numerical differences between 
“undamped” and “damped” natural freąuencies are not significant, although obviously these 
differences depend on the actual values of damping in the system. In the stability analysis, 
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however, which represents the second part of the eigenvalue problem solution, the damping is 
vital and must not be neglected. 

Notę that if damping is high enough, the expression under the radical (Eq. (1.10)) may 
become negative. This happens when D s > 2V KM. In this case, all eigenvalues will be real 
and negative. This case, rather unlikely to occur in rotors, is called in vibration theory an 
over-damped case. The free response (1.7) will not have the “vibration-related” imaginary, 
trigonometric terms, only real roots in the exponential functions. The response will, there- 
fore, be nonoscillatory. The damping value, D s = 2 KM, is called “critical”, as it sets 
a border between two qualitatively different dynamie behaviors of vibrating Systems. This 
value served also to introduce a nondimensional measure, a “damping factor”, 
ę — D S /(2*J KM), defined as a ratio of the actual damping in the system to critical damping. 
Thus, the Systems with £< 1 (smali damping) are characterized by oscillatory free responses. 
The Systems with £ > 1 are over-damped and respond exponentially to impulse excitation. 

The real (or “direct”) parts of the eigenvalues (Eqs. (1.8) and (1.9)) are responsible for 
the stability of the rotor free vibrations. If the real parts are positive, the rotor is unstable, 
if they are nonpositive, the stability of the system is assured. Since in the considered 
case the real parts are negative, the rotor is stable. Practically, the stability can be verified 
by perturbing the rotor: if the rotor static equilibrium position is suddenly changed, or if 
the rotor is excited by an impulse force, the responding free vibration amplitudes of the 
rotor will decay in time. 

The generał Solutions of Eqs. (1.4) and (1.5) for the rotor free vibration are: 

2 4 

z(t) - J2 z *(t) - E A ' eJS “ 

/=1 i=3 

where A, are constants of integration, which depend on initial conditions and are related to 
modal functions (see Section 3.2 of Chapter 3). 

The importance of the analysis of the rotor eigenvalue problem and free vibrations 
lies in two aspects: finding natural frequency values and evaluating stability conditions. Both 
natural frequencies and stability parameters, related to damping, result from the eigenvalues, 
the roots of the characteristic equation. 



1.4 ROTOR STATIC DISPLACEMENT 

The external constant radial load force causes the static lateral displacement of the 
rotor. Assuming no rotational excitation (F— 0), the rotor static displacements, in response 
to the constant radial force vector, P — Pe ±jY , in Eqs. (1.4) and (1.5), are as follows (the 
second component of rotor response): 

z = C'e # , z* = Ce - ^ (1.11) 

where C and 0 are, respectively, rotor constant deflection response amplitudę and its angular 
orientation. Notę that the force was presented as an input vector, with a bar (or sometimes 
an arrow) above. Again, the combination of the response amplitudę and phase is called 
a “response vector”. By substituting Eqs. (1.11) into Eqs. (1.5) and (1.6), the following 
relationships are obtained: 

KCe M ‘ = Pe jY , KCe~ j,p = Pe~ JY (1.12) 
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From here: 



Pe ±jy P 

CC =~K~ aild C= K ’ (P=Y ( I13) 

The rotor static displacement depends, therefore, on the ratio of the constant force 
magnitude to the rotor stiffness. The response vectors (1.11) are determined by the ratio 
of the input static force vector to rotor static restraints vector. The latter here contains 
only the real (or “direct”) part, thus the displacement follows the same direction as the 
applied force. 



1.5 ROTOR NONSYNCHRONOUS VIBRATION RESPONSE 

1.5.1 Forced Response to Forward Circular Nonsynchronous Excitation 

The third component of the rotor response is determined by the circular rotating exciting 
force. Assuming no radial force (P — 0) the Solutions of Eqs. (1.5) and (1.6) are respectively 
as follows: 



z = Be jlcot+fi \ z* — Be~ Aco,+f>) 



(1.14) 



where B and fi are amplitudę and phase of the forced responses respectively. Notę 
that the response freąuency is the same as the freąuency of the external nonsynchronously 
rotating force. If a force rotating in the forward direction (the same direction as its rota- 
tion) excites the rotor then its response, in the form of an orbit, will also be forward. If the 
external force is rotating backward to the direction of rotor rotation, the response will also 
be a backward orbit. 

Substituting Eq. (1.14) into, respectively, Eqs. (1.5) and (1.6) yields: 



{ K - Mm 2 + jD s m}Be Jfi = Fe jS 
{A- Mm 2 - jD s m}Be~ Jfi = Fe~ jS 



(1.15) 



Calculating further, the corresponding response vectors are obtained: 



Be jf> = 



Fe jS 

K— Mm 1 + jD s m 



(1.16) 



Be~ Jfi = 



Fe -js 

K — Mm 2 — jD s m 



(1.17) 



The rotor responses, Eq. (1.14), can also be written in the traditional trigonometric format: 
x = Bcos(mt + P), y — Bsin(mt + /3) 

Notę that for the isotropic rotor system the response amplitudę and phase for x and 
y components are the same if the functions cosine and sine are used as above. The rotor 
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lateral vibrations represent, in this case, a circular orbit with amplitudę B (Figurę 1.1.12). 
Notę also that the rotor lateral vibrations are measured using vibration transducers 
mounted in XY orthogonal configuration (see Section 2.4.1 of Chapter 2), and usually 
both transducers provide measurement results as cosines. To comply, therefore, with 
measurement convention, the second eąuation (Eq. (1.18)) should be rewritten as (see 
Appendix 6): 



y = Bcos(cat + yS — 90°) 

which illustrates 90° phase difference between the ,r and y measurements. 

Eqs. (1.16), (1.17) are traditional Solutions, responses of the system with known 
parameters to a known external input force. These equations can also be interpreted as 
follows: 



INPUT FORCE 

RESPONSE > 

COMPLEX DYNAMIC STIFFNESS 

Notę that all components of the above equation are vectors, marked conventionally by 
arrows, in the complex number sense, i.e., they contain amplitudes and angular orienta- 
tion. Similarly to the first Eq. (1.13), where the static response vector was determined by 
the ratio of the input static force vector to rotor static restraints, the vibrational response 
vector here is equal to the ratio of the dynamie excitation force vector to the rotor dynamie 
restraint vector. The expression 



K - Mar ±jD s ca = CD S (1.18) 

in Eqs. (1.16) and (1.17) is called Complex Dynamie Stiffness ( CDS ) with the direct 
(real) part ( DDS ): 



DDS = K- Ma? 



(1.19) 



and quadrature (imaginary) part (QDS): 

QDS = ±Dco s (1.20) 



Changes in the rotor response (Eq. (1.14)) may occur due to changes either in the external 
input force or in the complex dynamie stiffness of the system (for example, a crack in the 
rotor would reduce stiffness K, thus reducing CDS value). 

Both Eqs. (1.16) and (1.17) provide the same expressions for the nonsynchronous 
vibration response amplitudę and phase: 



B = 



F 

yj(K- Mca 2 f+D]ca 2 



( 1 . 21 ) 



OS, + -D s co D s 0) 

jS = ^ + arctan r- = 8 — aretan — 1.22) 

H K-Ma ? K-Mca 2 ’ 

Notę that for ca — 0 (zero frequency; thus the same as the constant radial exciting 
force), Eqs. (1.21) and (1.22) coincide with the last two Eqs. (1.13), with B = C, F= P, 
8 — y, fi — ej), respectively. Notę also that the response phase contains the minus sign in front 
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of the expression, which denotes the actual difference between the force phase, <5, and 
response phase. The total (measurable) response phase, fi, is a decreasing function of 
the freąuency, a>, starting at zero freąuency with the angle 8, and tending to 8 — 180° when 
the freąuency tends to infmity. The phase decrease, or what is often called “phase lagging”, 
is an obvious conseąuence of the physical “cause” and “effect” scenario: the external force 
represents a cause; the response, an effect, which follows with a time delay, represented by 
the lagging phase. 

In practical measurement applications, the “minus” sign of the response phase is often 
omitted and replaced by “phase lag” statement; various vibration-measuring instruments 
may, however, have different conventions. 



1.5.2 Complex Dynamie Stiffness Diagram Based on Equation (1.15) 

Transform Eq. (1.15) to the following form: 

[K- Ma? ± jD s co}B = Fc j{h - pi ( 1 .23) 



Eq. (1.23) represents the balance of all forces in the rotational modę. They can be illustrated 
in the complex piane (Re, Im) (Figurę 1.1.13). One morę transformation, and Eq. (1.23) 
yields the complex dynamie stiffness: 



CDS = K— Ma? ±jD s a) = - e 1 ^"® ( 1 .24) 

B 

The diagram of the dynamie stiffness vector is illustrated in Figurę 1.1.14. In the follow- 
ing subsections it will be shown how the complex dynamie stiffness vector varies in three 
ranges of the excitation freąuency. 

1.5.2. 1 Low Excitation Frequency, <» % 0 

For low excitation freąuency the dominant component of the complex dynamie stiffness 
Eq. (1.24) is the static stiffness K (Figurę 1.1.15). The response amplitudę B 0 and phase 
/i 0 at low freąuency o> practically do not differ from the response amplitudę and phase 
for the static radial force, Eq. (1.13). The response phase lags the force phase, but their 
differences are not large. 



B 0 




Po *8 



(1.25) 



Im 




Ma> z B 






A/ 

\8-P 


W ' 

► 


i 

+ D s coB 



KB 



Re 



Figurę 1.1.13 Vector diagram: Balance of forces at freąuency a>. 



© 2005 by Taylor & Francis Group, LLC 



18 



ROTORDYNAMICS 



Complex dynamie stiffness ( CDS ) 





(b) 



Response 

motion 

Effect 

(symptom) 




Figurę 1.1.14 Complex dynamie stiffness diagram (a) and the role of dynamie stiffness (b). The output, motion, 
can result from changes either in the input force or in dynamie stiffness. 



Mm 2 



1 a . 

K 



Figurę 1.1.15 Complex dynamie stiffness diagram at Iow freguency oj. 



Moj 2 




<5-/8 = 90° K 



D s oj 



Figurę 1.1.16 Complex dynamie stiffness diagram at direct resonance, that is when <u = ± / KjM , in case of Iow 
damping. 



1. 5.2.2 Response at Direct Resonance, co = pK/M. Case of Low Damping, £ < 1 

When the system damping is low, (D s <2\jKM; thus f<l, where ę is damping factor, 
ę = D s /2\fKM), a specific situation in rotor response takes place, when the direct dynamie 
stiffness becomes zero: K— Mo? — 0 (see Eq. (1.19)). This means that the correspond- 
ing mass and stiffness vectors cancel each other. It occurs when co — ±?K/M\ thus, 
the excitation freąuency is equal to the undamped natural freąuency of the system. The 
complex dynamie stiffness diagram (Figurę 1.1.16) illustrates this case. The resulting com- 
plex dynamie stiffness vector becomes smali, as it contains only a smali damping term. 

As an “effect” to the “cause”, the response phase lags the input force phase: At 
co — sfKjM, the rotor response phase, /I = Pd, lags actually f the input force phase by 90°: 

p D = S — aretan^j^ = S — 90° (1.26) 

which is characteristic for the classical mechanical resonance. While at the beginning 
of frequency inerease the phase decreased slowly, in the narrow band around the natural 
frequency the phase fi drops down dramatically. At co — yJKjM the phase slope is the 
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highest. This slope can be calculated as the flrst derivative of the phase as function 
of freąuency: 



PHASE SLOPE = 



d l 

du 



1 d 

1 + (( D s u)/(K - Mur)) 2 d® 



/ D s u> \ 
\K - Mur ) 



D S (K - Mu 2 ) - D s u(—2Mu) _ D S (K + Mu 2 ) 
(K- Mu 2 ) 2 +D 2 u 2 ~~ (K - Mu 2 ) 2 +D 2 oj 2 



At u = *JK/M the phase slope is equal to: 



PHASE SLOPE 



-2 M 

~d7 



(1.27) 



The slope is the steepest at u = V K/M , as it is inversely proportional to smali damping. 

At u — ±*JK/M, the response amplitudę (1.21), B=B D , exhibits a peak value, referred 
to as a “resonance”, as it is limited by the smali value of the ąuadrature stiffness only: 



b = b d = 



F 

D S ^K/M 



(1.28) 



Figures 1.1.17 (a) and (b) illustrate the rotor response amplitudę and phase as functions 
of excitation force freąuency in the Bodę and polar plot formats, for the cases of the force 
amplitudę proportional to freąuency sąuared, F=mru 2 , which is unbalance-like non- 
synchronous excitation. At a Iow freąuency, the phase decreases slowly, while the amplitudę 
B 0 (Eq. (1.25)) increases from zero, proportionally to u 2 , as the freąuency u increases. 
Figurę 1.1.17 illustrates also the peak response amplitudę and a sharp phase shift in the 




Figurę 1.1.17 Bodę and polar plots of the rotor response (Eq. (1.14)), phase (Eq. (1.22)) and amplitudę 
(Eq. (1 .21 )) to perturbation force for lower and higher damping cases versus excitation frequency. 
External unbalance-like excitation with F = mrco 2 . (a) Qualitative presentation. (b) Rotating 
machinę data captured by a vertical proximity displacement transducer. The vibration data was 
filtered to the component synchronous to excitation freguency. 
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Figurę 1.1.17 Continued. 




90° <ó -[) < 180° K 



Figurę 1.1.18 Complex dynamie stiffness diagram at high freguency co. 



resonance freąuency band. Figurę 1.1.17 (a) provides a qualitative illustration of the rotor 
response and phase and amplitudę to the external periodic unbalance-like excitation. 
In Figurę 1.1.17 (b), actual machinę data is presented, as seen by the vertical transducer 
(see Section 2.4.1 of Chapter 2). 



1. 5.2.3 Response at High Excitation Frequency, co -> oc 

At high excitation freąuency, the most significant term in the complex dynamie stiffness 
is the inertia term, as it is proportional to the freąuency sąuared. Figurę 1.1.18 illustrates 
the situation. The response phase, p^, differs by almost 180° from the force phase. The 
response amplitudę, tends to zero (if the force amplitudę F is constant) or to a constant 
value (if the force amplitudę is freąuency-sąuared dependent) as for the unbalance excitation 
considered above (Figurę 1.1.19). 



Poc w 5 - 180° 



B 



OO 



F 

Mor 



0 for F — const or 



1 e rr 2 

— lor F — mrco 

M 



(1.29) 
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Figurę 1.1.19 Response amplitudę versus excitation frequency for two cases of the input force amplitudę. 



Notę that in practical rotor measurement cases, when the excitation freąuency increases, 
the response amplitudę may start increasing again when the freąuency approaches the 
next modę natural freąuency of the system (not included in the model considered above). 

1. 5.2.4 Rotor Response for the Case of High Damping, £> 1 

In the case of high, overcritical damping, £ > 1 , the rotor response qualitatively differs 
from the case considered above. The response amplitudę continuously decreases to zero from 
the value B n at co — 0 if the input force amplitudę F is constant, or continuously increases 
from zero to the value if the input force amplitudę is freąuency- sąuared dependent, as for 
the unbalance excitation. There is no peak in response amplitudę. Phase lags uniformly. 



1.5.2. 5 Rotor Nonsynchronous Amplification Factor 



The Amplification Factor, Q, has been introduced to characterize sensitivity to resonances 
of vibration Systems. In rotor Systems there are two Amplification Factors, Nonsynchro- 
nous and Synchronous Amplification Factors in order to distinguish whether the external 
exciting force has nonsynchronous freąuency or synchronous freąuency with the rotational 
speed. The Nonsynchronous Amplification Factor is defined as the ratio between the peak 
response amplitudę at resonance (Eq. (1.28)), to the nonzero amplitudę in nonresonance 
rangę of freąuency. For the excitation by the force with a constant magnitude, this non- 
resonance freąuency rangę is at zero freąuency (while at high rotational speed, the response 
amplitudę tends to zero). For the exciting force with magnitude proportional to the freąuency 
sąuared, the nonresonance rangę is at high freąuency (while at zero freąuency the amplitudę 
is zero). For the case of constant amplitudę of the external force, F=const, the 
Nonsynchronous Amplification Factor, Q, is as follows (Figurę 1.1.19): 



B d _FVM jF _J~KM _ 1 
Bo ~ D , Vk/ K~ D s ~ 2 ę 



(1.30) 



where t; = Zk/(2V KM) is damping factor. If the external force, F, is eąual to mrco 2 , the 
Nonsynchronous Amplification Factor is as follows: 



Bo mr^/K/M Jmr V KM 1 

Boo ~ A / M ~ O, ~ 2 C 
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In both cases, therefore, the Nonsynchronous Amplification Factor is equal to a half of 
the inverse of the damping factor. Notę that sińce the rotor model does not have rotational 
speed explicitly present, the Nonsynchronous and Synchronous Amplification Factors 
are the same. Morę materiał on this subject is in Section 6.3 of Chapter 6. 



1.6 UNIDIRECTIONAL HARMONIC, NONSYNCHRONOUS EXCITATION 

A unidirectional harmonie excitation is a combination of the forward and baekward 
rotating force excitation with the same freąuency. The rotor model (Eqs. (1.1) and (1.2)) with 
a unidirectional nonsynchronous excitation can be presented in the following form: 

Mx + D s x + Kx — F\ cos {cot + 8) 

My + D s y + Ky — F 2 cos (cot + 5) ( 1.32) 

It is assumed that the unilateral radial excitation force acts on the rotor at the angle (aretan 
( F 2 /F 1 )) measured from the horizontal axis. Using the complex number formalism 
(Eqs. (1.30) and (1.32)) can be rewritten as follows: 

Mż + D s ż + Kz — E+JIl + e (1.33) 

Eq. (1.33) contains, therefore, one forward and one baekward rotating force excitation. The 
complex conjugate will be similar, except the force magnitude will be (Fi —jFj)/!. 

The forced solution of Eq. (1.33) is a sum of the forward and baekward Solutions: 

z = Be Awt+li) + F ( _ tt)) e" / H-^-«») ( 1 .34) 

where B^), fy-a) denote the response amplitudę and phase to the baekward portion of 
excitation force in Eq. (1.33). The corresponding amplitudes and phases of the solution 
(Eq. (1.34)) are as follows (see Appendix 3 for details): 



B B ( _ m) 

2 y/(K- Mco 2 ) 2 +D s co 2 


(1.35) 


F 2 D s (i) 

6 = 8 + aretan aretan : T 

Fj K — Mar 


(1.36) 


Fi D s a> 

A-.) = S + aretan + aretan R ^ 


(1.37) 



Obviously, the solution (Eq. (1.34)) can be presented in terms of separate horizontal and 
vertical responses. The latter are very important, as they are directly measurable parameters. 

x — F[cos(&>t + P) + cos (cot — A-m))] = B x cos(cot + p x ) 
y — F[sin(&>? + P) — sin(tt)/ — /S(- w ))] = B y cos(a)? + y6 v ) 
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where 



B x — 2 ByJ 1 + cos [p + P(-ai)) 



y/(K - Mco 2 ) 2 + D]co 2 



(1.38) 



By = 2B^\ -cos( j 6 + j 6(_ w) ) 



yJ(K - Mur ) 2 + D^co 2 



( 1 . 39 ) 



p x — arctan 



sin p - sin p^ a) 



— S — arctan 



a>D s 



(1.40) 



COS P + COS fS(-ffl) 



K-Mar 



p v — arctan 



-cos p + cos y6 ( _ w) 




( 1 . 41 ) 



sin p + sin 



It is easy to conclude that the rotor response vector to a unidirectional excitation is 
much morę complex than the response to rotational excitation. In particular cases, when 
the unilateral excitation is collinear with either x or y axis, the response vectors are 
slightly simplified, as either F 2 or F\ becomes zero. Notę, however, that in the considered 
model the coordinates x and y are not coupled, which is not realistic in the rotor Systems, 
and will be discussed in the next Chapters. The purpose of all the above transformations 
will become elear when the fluid force is introduced to the rotor model (see Section 4.4 of 



In several applications of modal testing of rotor Systems for Identification purposes, 
the unilateral excitation has been used. As can be seen from the above calculation, the 
identification of the system dynamie stiffness, using the unilateral excitation is feasible, 
but is much morę complex than application of a rotating force to the rotor, because in 
the response to unilateral excitation both forward and baekward modes are involved. The 
worst case obviously occurs when the fact that the additional, rotor rotation-related forces 
(which is discussed in Chapters 3 and 4) assume different polarity in the forward and 
baekward modes, is often entirely overlooked in the modeling process. In such a case, the 
identification does not provide any reliable data. This problem is discussed in Section 4.8 
of Chapter 4. 



1.7 ROTOR SYNCHRONOUS EXCITATION DUE TO UNBALANCE FORCE 
1.7.1 Rotor Response to Unbalance Force 

The rotor mass unbalance force is the most common force, which is responsible for 
the transfer of the rotational energy into “parasite” lateral vibrations. Rotor unbalance 
is a condition of uneąual mass distribution in the radial direction at each axial section 
of the rotor system; thus, in an unbalanced condition, the rotor mass centerline does 
not coincide with the axis of rotation. Using the modal approach, when the first lateral modę 
of an isotropic rotor is analyzed, the distributed unbalance can be considered in the average 



Chapter 4). 
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as one lumped force composed of the mass unbalance, m , at radius r, and angle S. This 
force is attached to the rotor and rotates with it at rotational speed Q. 

In machinery rotors, the rotor unbalance is often referred to as “heavy spot”, which 
means the angular location, at the rotor lateral cross-section, where the unbalance is situated. 
Notę that in this "heavy spot” description, the unbalance is considered “in average”, thus 
close to the modal sense. The “heavy spot” angular orientation can be identified using 
standard measurement devices, applicable to measure rotor lateral vibrations and static 
positions. The best instruments are proximity transducers mounted in XY configuration, 
together with phase-measuring transducer (see Section 2.4 of Chapter 2). 

The model of an isotropic rotor excited by unbalance-related inertia force is as 
follows: 



Mi + D s ż + Kz = mrQ 2 e i(a,+s) ( 1 .42) 

This model is the same as model (Eqs. (1.1) and (1.2)) with a change of nonsynchronous 
excitation with freąuency co, into synchronous, unbalance-related excitation with rota- 
tional speed frequency. The rotor free response is identical as discussed in Section 1.5. The 
rotor response to unbalance force does not differ from the response (Eq. (1.14)), except 
the change of the nonsynchronous into synchronous frequency, thus co — Q. Since in the 
considered model the rotor parameters at the left side of Eq. (1.42) do not explicitly depend 
on the rotational speed, all considerations presented in the previous sections are fully valid, 
with the simple change in frequency, co — Q. This Chapter intentionally introduced the 
simplest model of the rotor with the external nonsynchronously rotating force, totally inde- 
pendent from the rotor unbalance, as a morę generał, and often overlooked case. 

The forced solution of Eq. (1.42), thus the rotor response is: 



z = 5e-*o<+0 



(1.43) 



where B, fi are measurable amplitudę and phase of the rotor synchronous response, 
often called a fundamenta! response of the rotor. Notę that the adjective “synchronous” 
relates to the frequency of excitation equal to rotor rotation. Very often rotor synchronous 
vibrations are denoted “lx”, which refers to the ratio of vibration-to-rotation frequency. 
The response amplitudę B and phase fi can be calculated in the same way as presented 
in Section 1.5.1 (Eqs. (1.16), (1.21) and (1.22)). The magnitude of the response amplitudę 
will depend on the rotational speed. The maximum amplitudę occurs at a rotational speed Q res 
close to the rotor undamped natural frequency -J Kf M . Figurę 1.1.20 presents the rotor 
response amplitudę and phase in the form of Bodę and polar plots. 

As mentioned above, the rotor unbalance is often referred to as a “heavy spot”. It 
indicates the angular location of the average mass, displaced from the rotational center- 
line axis. There exists another expression, namely “high spot ”, which is used in industry in 
correlation to the rotor unbalance-related response phase. The high spot is the rotor angular 
location of the rotor surface fiber, which, at a particular constant rotational speed of 
rotor orbiting, is under the highest tension stress. Looking at the rotor orbit with inter- 
posed smali circles, representing circular portions of a rotor cross-section, cut around its 
centerline, the rotor high spots are found at the outside of these smali circles (Figurę 1.1.12). 
If, in its synchronous orbital motion at a constant speed, the rotor accidentally touches 
a stationary part, it would be its high spot which would get the “hit mark” (see Sections 5.6, 
5.7, and 5.8 of Chapter 5). 
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The concern about the rotor fundamental response (Eq. (1.43)) in relation to the rotor 
unbalance, as contributor to lateral mode-exciting force, emerges from the following reasons: 

• Unbalance is one of the most comrnon malfunctions of rotating machines. 

• Analysis of the rotor fundamental response gives an easy insight into the rotor balancing 
procedures (see Section 6.1 of Chapter 6). 

• The knowledge of the rotor fundamental synchronous response is the first step toward under- 
standing morę complex rotor dynamie behavior (synchronous and nonsynchronous responses 
caused by various other malfunctions). 

Although it is the most common rotating machinę malfunction, the synchronous vibra- 
tions of the rotor, thus its fundamental response is, however, least harmful to the rotor. At 
a constant speed of rotation, the bent isotropic rotor is “frozen”, and vibrates without 
variable deformations. During rotation and orbiting at a constant speed, the rotor “high 
spot” does not change the outside position, (Figurę 1.1.12). This situation slightly changes 
if the rotor is anisotropic (see Section 3.4 of Chapter 3 and Sections 6.2 and 6.4 of Chapter 6). 

The mass unbalance, resulting from uneven mass distribution along the rotor, is not 
the only source of unbalance. If the elastic rotor is permanently bent, it also will becorne 
unbalanced. In comparison to the mass unbalance exciting force, which is proportional to 
the sąuare of the rotational frequency, the bent rotor synchronously rotating excitation force 
has a constant magnitude: it is proportional to the rotor stiffness and radius of the rotor 
initial bow. 

The peak of the resonance response amplitudę and sharp phase drop occurs at the rota- 
tional speed Q — or rather at the speed slightly higher. This speed is called “the 

first balance resonance speed” (replacing colloquial expression “critical speed”). During the 
transient process of start-up and shutdown, machinery rotors usually must successfully 
pass through the first and higher balance resonance speeds, unless the machinę operational 
speed is lower than the first balance resonance. 



1.7.2 Differential Technique 

A “controlled unbalance” weight of a known mass and location is often used as an 
additional, externally applied unbalance force to excite the rotor lateral vibrations. In 
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this case, the input force will be known. Based on the relationship between the known 
rotor exciting force and known (measured) response, the Dynamie Stiffness eąuation, (1.23), 
allows one to identify the Synchronous Dynamie Stiffness of the rotor (see also Section 4.8 
of Chapter 4). The best results are obtained when sweep-frequency excitation is used. In order 
to eliminate the effect of the rotor residual unbalance in the system, and inerease accuracy of 
this “controlled unbalance” identification method, a “differential techniąue” is usually 
applied. This techniąue is as follows: After the first run of the rotor with a chosen controlled 
unbalance weight, the same known weight is removed from the chosen position, <5, and 
is inserted into the rotor at the same axial and radial locations, but at the angular position 
8 + 180°. Then the rotor is run again. The response vectors from the first run and from the 
second run at the corresponding seąuences of freąuencies are then vectorially subtracted, 
in order to eliminate the possible effect of the rotor prior residual unbalance (assuming 
that the rotor was previously well balanced and only some residue remained). The obtained 
result, thus a set of rotor response vectors in the rangę of swept freąuencies, corresponds 
to a double magnitude excitation force caused by the mass of the weight placed at the 
location 8. Using the data obtained from the differential techniąue, the Dynamie Stiffness 
of the rotor can then be identified in a very clean way. 

The controlled unbalance, called also “calibration weight” or “trial weight”, is also 
routinely used in the procedures of rotor balancing (see Section 6.1 of Chapter 6). 



1.8 COMPLEX DYNAMIC STIFFNESS AS A FUNCTION OF NONSYNCHRONOUS 
PERTURBATION FREOUENCY: IDENTIFICATION OF THE SYSTEM 
PARAMETERS. NONSYNCHRONOUS AND SYNCHRONOUS 
PERTURBATION 



With the forward rotating exciting force, Eq. (1.23) serves for the calculation of the 
rotor response amplitudę and phase (Eqs. (1.21) and (1.22)), when the input force is given, 
and the system parameters are known. This application is widely known in vibration theory. 
Eq. (1.23) may also serve for the identification of the unknown system parameters, and 
this application becomes extremely important. In this case, the known excitation force must 
be deliberately input to the system, then the output response measured. Now the unknown 
element in the eąuation is the complex dynamie stiffness. It can be calculated from Eq. (1.23) 
as the ratio of the input force vector to the response vector: 

K-Ma? +j D s co = ^ 



The components of the complex dynamie stiffness can easily be obtained using the measured 
data: input force and output response vectors: 



DDS — K — Mco 2 



Fcos(<5 — p) 

B 



(E44) 



QDS — D s co = 



Esin(<5 — P) 
B 



(E45) 



When the input rotating force has sweep freąuency covering the rangę co — — co max to 
co — +co max (perturbation baekward and forward, including zero freąuency), the results 
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Figurę 1.1.21 Direct and quadrature dynamie stiffness components versus perturbation frequency co. 

of the dynamie stiffness component calculation can be presented graphically versus fre- 
ąuency co (Figurę 1.1.21). Notę that the direct dynamie stiffness is a parabola versus o>: 
the ąuadrature dynamie stiffness is a straight linę. The parameters of both components of 
the dynamie stiffness can easily be identified from the measured and processed data using 
Eqs. (1.44) and (1.45). 

Notę the freąuency-related roots of the dynamie stiffness components, the freąuency 
values, at which the component of dynamie stiffness is eąual to zero. The direct dynamie 
stiffness is zero at the following freąuencies: 




which respectively correspond to the undamped natural freąuencies of the baekward and 
forward modes of the rotor. The ąuadrature dynamie stiffness has a zero when the pertur- 
bation freąuency is also zero. It is a positive-slope straight linę. The slope corresponds to the 
damping, D s . In Chapters 3 and 4, it will be shown that the ąuadrature dynamie stiffness 
will acąuire an additional, very important term. 

In this Section, the force excitation external to the rotor, or as further called external 
“perturbation”, was considered. In a particular case, the rotor unbalance may represent the 
very similar excitation force. In the first case, the perturbation is entirely independent of 
the rotor rotation and may be performed on the rotor rotating at different rotational speeds 
for the purpose of identification of the rotor dynamie stiffness components, which depend 
on the rotational speed. The identification results will show effects of the rotational speed on 
the rotor dynamie stiffness changes. This type of excitation is called nonsynchronous pertur- 
bation (see Section 3.3 of Chapter 3 and Sections 4.4 and 4.8 of Chapter 4). If the non- 
synchronous perturbation is applied in sweep-freąuency fashion, then the lowest modę 
parameters of the rotor can easily be identified. 

In the second, less sophisticated case, a controlled unbalance force can be introduced 
directly to the rotor, and its response vectors during rotor start-up and/or shutdown with a 
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smali angular acceleration can be measured, providing enough Information for the rotor 
parameter Identification. This kind of rotor excitation is called synchronous perturba- 
tion. A similar type of procedurę is routinely used in the rotor balancing (see Section 6.1 of 
Chapter 6). In all cases of perturbation techniąues, used for parameter Identification, the 
application of the differential techniąue, described in Section 1.7.2, is advised. The results of 
the synchronous perturbation are not as meaningful as the results of the nonsynchronous 
perturbation, as the effects of the rotational speed on rotor parameters are hidden and cannot 
be explicitly identified. 

Section 4.8 of Chapter 4 presents several practical applications of the perturba- 
tion methods used for parameter identification. This techniąue has brought a multitude of 
meaningful results on rotor dynamics. 



1.9 CLOSING REMARKS 

In this introductory Chapter, the role of rotors in rotating machines has been discussed. 
This main role, which is associated with rotor rotational motion, is not fully accom- 
plished, because a part of the rotor rotational energy is irreversibly dissipated and another 
part gets transformed into other kinds of mechanical energy. The latter is revealed in 
the appearance of various kinds of parasite vibrations. Among these side-effect parasite 
vibrations are lateral modę vibrations of the rotor. 

The fundamental, two lateral modę isotropic, model of the rotor has been presented in 
this Chapter. The model is similar to a classical model known as “Jeffcott Rotor”. A different 
interpretation, however, which allows for further extension of this fundamental model, has 
been offered. The basie philosophy of the “abstract Jeffcott Rotor” has been switched to 
the practical philosophy of rotor modes and modal representation. Each separate modę 
of the rotor can be related to the fundamental model presented in this Chapter. The modal 
approach to rotor modeling allows for appropriate interpretation of measured vibration 
data of the rotor. The modal mathematical models can easily be extended. These extended 
models will be discussed in the subseąuent Chapters of this book. 

From one side, the interpretation of the simplest lateral modę model of the rotor 
highlights the modal representation, from the other it relates to measurable parameters 
of rotor lateral vibrations, thus correlates the theory with practical observations and 
applications. 

In contrast to classical text-books on Mechanical Vibrations, the emphasis here is put 
not only on the problem of model solution (solution of eąuations of motion of a mechanical 
system, the rotor in particular), and thus finding the system vibration responses, but also 
on setting the eąuation in nonconventional formats designed for practical identification 
of rotor system parameters. Nonsynchronous and synchronous perturbation testing 
schemes have been discussed. The folio wing Chapters will present several successful cases 
of practical applications of these schemes for the purposes of rotor parameter identification. 
In particular, by using the nonsynchronous perturbation testing, the identification of 
an adeąuate model of fluid-film forces in rotor/stationary part clearances was possible 
(see Chapter 4). 

Understanding fundamental principles of the rotor system dynamie stiffness and its 
identification is also very important in practical vibration diagnostics of rotating machinę 
malfunctions (see Chapter 7). The next Chapter introduces basie vibration monitoring 
techniąues in rotating machines. 
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NOTATION 



A 

B, P 

C, (j) 

CDS 

DBS , QDS 
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e 

F, 8 

j 

K 

K b 

K s 

M 
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Q 

Re, Im 

S — jcD n 

T 

x(t), y{t) 

z — x +jy 
r* = x — j y 

ę= Ds 
2 VKM 

1 n ^>n2 
CD 

Q 

•— d/d t 



Constant of integration. 

Amplitudę and phase of rotor response to nonsynchronous forward rotating force. 
Amplitudę and phase of rotor response of a constant radial force. 

Complex Dynamie Stiffness. 

Direct and Quadrature Dynamie Stiffness respectively. 

Rotor modal (generalized) external viscous damping coefficient. 

2.718... 

Magnitude and phase of the external exciting rotating force. 

Rotor modal (generalized) lateral stiffness. It includes contributions froni the isotropic 
elastic rotor and isotropic elastic support: K = K s K b /(K s + K b ). 

Bearing fluid film and/or support stiffness. 

Rotor stiffness. 

Rotor modal (generalized) mass for the first lateral modę. 

Amplitudę and angular orientation (measured from the horizontal axis) of the external 
radial constant load force. 

Nonsynchronous amplification factor. 

Real (direct) and imaginary (ąuadrature) part of a complex number. 

Eigenvalue. 

Time. 

Rotor displacements in two orthogonal directions, horizontal, x, and vertical, y, 
directions, in particular. 

Rotor radial displacement expressed by a complex number. 

Complex conjugate of the rotor radial displacement. 

Damping factor. 

Natural freąuencies of the rotor forward and baekward modes. 

Freąuency of the external rotating force. 

Rotor rotational speed. 

Time derivative. 



INDICES 



x, y In directions x, y respectively. 

0, D, oo Subscripts for amplitudę and phase of rotor response to nonsynchronous forward 
rotating force at different freąuencies. 

(— co) Relates to the baekward perturbation freąuency. 
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CHAPTER 2 



Vibration Monitoring of 
Rotating Machinery 



2.1 TRENDS IN MACHINERY MANAGEMENT PROGRAMS 

Vibration monitoring of machinery today represents an important part of machinery 
management programs in most power plants, in Chemical and petrochemical, and in other 
industries (Figurę 2.1.1). Competitiveness of the world market stimulates a plant’s rnain 
goal of increased throughput of high-quality products. This goal is often achieved by 
increased machinę speeds, efficiency, safety, and reduced machinery outages, which, in turn, 
put a great emphasis on machinery health. With critical, un-spared machines in use, there 
are very high penalty costs associated with non-availability and catastrophic failures of 
machines. The unscheduled maintenance and fuel costs, spread over a machine’s life cycle, 
are also important factors. Vibration monitoring as a part of overall machinery manage- 
ment programs helps prevent machinę failures, and greatly assists in achieving the main 
goal of the industry. 

The materiał of this Chapter is based on papers by Laws et al. (1987), Bently et al. (1995), 
and Muszyńska (1995b). 

In the past, the judgment about machinę health relied on the human senses. A touch 
to the machinę would determine the temperaturę and the level of its vibration. A look 
would assess normal or abnormal machinę behavior. A smell would detect product leaks 
or overheating. An audible sound would convey problems in bearings, machinę overloading, 
etc. These very subjective and unreliable tools available to maintenance personnel are now 
greatly enhanced by modern electronic instrumentariom Starting about 40 years ago with 
the design and implementation of basie transducers, during the following decades vibra- 
tion data acąuisition and management significantly evolved, due to unprecedented progress 
in technology, especially in electronics. From expensive, bulky, difficult-to-use instruments 
of the seventies, which were able to detect only a specific machinę problem (thus being 
barely cost effective), today’s machinę condition monitoring systems evolved into afford- 
able, user-friendly, everyday tools in the machinę management programs (Table 2.1.1 and 
Figurę 2.1.2). 

The cost effectiveness of machinę vibration monitoring, implemented into machinę 
management programs has already been proven many times (Figurę 2.1.3.). A study 
performed by Rosen in 1983 came to the conclusion that the annual maintenance cost 
per horsepower of three popular approaches was: U.S. $17 to $18 for correct i ve programs, 
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Preventive/predictive maintenance forthe plant 



Condition monitoring for separate machines 



Vibration monitoring 



Figurę 2.1.1 Maintenance system. 
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Figurę 2.1.2 Condition monitoring parameters. 
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Figurę 2.1.3 Maintenance cost versus type of program. 
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$11 to $13 for preventive programs, and $7 to $9 for predictive maintenance programs. 
Today, these values have increased considerably and the differences between them would be 
even morę drastic. 

The principle of corrective (or “breakdown”) maintenance is to perform traditional 
routine maintenance, and to simply fix something when it breaks. It does not involve 
any instrumentation. The repairs are madę only when the machinę fails. However, this 
program risks letting relatively minor machinę malfunctions become catastrophic and is, 
therefore, expensive. 

The principles of preventive maintenance are based on fixed, planned machinę 
outage schedules, worked out following manufacturer’s recommendations and plant experi- 
ence. During such outages, routine machinę maintenance is performed. However, without 
knowledge of actual machinę conditions, the routine maintenance can result in unneces- 
sary and premature activities, which can sometimes cause morę problems than they correct. 

The principle of predicthe maintenance is an extension of preventive maintenance, 
and is machinę condition directed, as discussed by Mullen (1994a). The program includes 
regular machinę monitoring to determine the actual mechanical condition during operation, 
and to detect early any pending problem. The monitoring technology and its exten- 
sion, the diagnostic technologies, allow modification of the fixed outage schedules by using 
online information from the machines and, by extrapolation, prediction of the futurę. This 
way, unnecessary maintenance work is avoided, and catastrophic failures are minimized. 
Predictive maintenance rationally filters what was scheduled through preventive maintenance 
by using current information from machinery. The costs of such programs are, therefore, 
minimized and balanced by other savings. 

In summary, the benefits from machinę vibration monitoring used in predictive 
maintenance programs include the following: 

• Improved profitability by enhanced efficiency, reliability, availability, and longevity of machines. 

• Increased awareness of machinę opera ting conditions to the extent that a major failure is unlikely 
to occur without forewarning. 

• Reduced production loss and improved product ąuality, as machines operate with lower vibration 
levels. 

• Reduced maintenance costs (duration of downtime and overhead decreased, overtime payments 
for labor reduced, repair expenses minimized, spare parts and stocked inventory costs decreased, 
fuel costs reduced). 

• Improved maintenance resonrce planning , as machinę problems are diagnosed prior to 
disassembly. 



Table 2.1.1 Baseline Data 



What? 


When? 


How? 


Basic geometrical/kinematical/ 


Prototype testing 


Transient data start-ups, shutdowns 


physical parameters 


Analytical (modal) models 


Acceptance testing 


Synchronous perturbation 


Dynamie parameters 


• Natural frequencies 


Commissioning 


(Controlled unbalance) 


• Modę shapes 




Steady-state data at operational speeds 


• Damping 


Normal operation 




• Sensitivity/robustness 


Continuous 


Nonsynchronous perturbation at operational 


• Stability margin 


Monitoring 


speeds 


• Load-to-vibration ratio 




Impact testing at operational speeds 


• Vibration limits 
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• Enhanced safety and compliance with environmental programs and regulations. 

• Maintained or lowered insurance costs by demonstrating well planned machinę condition 
monitoring programs. 



Since the above benefits are well proven, many companies consider predictive mainte- 
nance to be an integral part of their financial business decisions. As the world becomes 
morę globally competitive, the focus is shifting to optimizing the business process rather 
than just machinery costs. Flexibility in machinę outages and maintenance schedules can help 
maximize profit. There are tradeoffs in running a machinę beyond recommended operating 
conditions to take advantage of current market conditions: Why should anybody run a 
machinę to destruction to prevent loss of catalyst, loss of production, or improve safety of 
other parts of the process? When would an increase in production be advisable knowing 
that maintenance cost and risk will likely increase? When would a decrease in production 
extend availability of the machinę and maximize profit? The answers to these ąuestions and 
others will eonie with time and with the next generation of machinery management programs, 
which will go well beyond the capabilities of predictive maintenance. 



2.2 TRENDS IN VIBRATION MONITORING INSTRUMENTATION 

The value that the suppliers of instrumentation for condition monitoring provide to 
machinę users evolved considerably during the last decades, as mentioned by Van Niekerk 
et al. (1993) and Mullen (1994b), and as is discussed in Predictive Maintenance Engineering 
Week Report — Energy, 1994. This is in response to the generał trend that owners 
and operators of machinery are experiencing inereased competition, fewer employees, and 
regulations that are morę restrictive. The early instruments offered by instrumentation 
suppliers were limited to the readings of the vibration lerels , in terms, for instance, of the 
overall vibration amplitudę. Today’s instruments provide specific data , which are meaningful 
for the machinę malfunction diagnosis that pinpoint the actual problem, which often has a 
readily applicable solution. Very generał overall vibration characteristics have been replaced 
by useful Information , in an appropriate format to be used in diagnosis (interpretation 
of information) and prognosis (extrapolation of information) of the machinę condition. 

The communication means have also significantly evolved (Table 2.2.1). The computer- 
based network serves for acąuisition of vibration and process data from many machinę 



Table 2.2.1 Evolution of Means of Communication 



In the Past At Present In the Futurę 



Stand alone monitors Commonly used computers Integrated capabilities 



Limited interface loops 

“Warning” and “Alarm” displays 
Meter readings 
Computers for professionals 



Connectivity through network 
Communications 

Processed data in various formats 
with cross-correlations 

Inereased reliability (redundancy) 

1 5-year lite cycle 
User-friendly assistance software 



Integrated machine/instrumentation 
operation: Information networked to 
active control functions 

Morę features, functions, inereased 
bandwidth, and reliability, due to new 
technology (superconductors, laser, 
fiber optics, . . .) 

Sensor censors (self-evaluation) 



Wider environmental margin 



Dedicated data aeguisition; expert Systems 



3-year life cycle (free upgradable) 
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points, as well as for fast dissemination of processed information to the maintenance 
team, plant management, and, if necessary, to external experts. In the past, only stand-alone 
vibration monitors with basie 4 to 20 mA loop interface were used. Today the connectmty 
through Dynamie Data Exchange and network Communications via serial interface, 
using standard industry communication protocols, allows for instrument networking. 
In the near futurę, interoperable capahility will permit exchange of data without restrictive 
communication channels. 

Vibration information was formerly collected from meter readings and displayed on 
monitors in terms of “warnings” and “alarms”, and/or alarm lights and sounds. Today, data 
is electronically processed and offered as formatted plots with appropriate cross-correlations. 
In the futurę, the data serves as information input to active control functions on machinery, 
as well as to provide information to plant management to optimize business decisions. 

Traditionally, monitors, as the end-collectors of the transducer-transmitted information, 
were used to observe the machinę performance-related parameters, and to announce the 
alarm, leading to an automatic shutdown of the machinę, if a critical parameter exceeded an 
accepted value. This value was usually established based on experience in order to prevent 
a catastrophic failure. Very often, the machinę alarms were attached to several param- 
eters, such as bearing lubricant temperatures, high overall lateral yibration, or axial posi- 
tion. Any of these parameters could trigger the machinę shutdown. Since economic 
conseąuences of any machinę shutdown are significant, the reliahility of the information 
leading to shutdown becomes a crucial factor. 

In an effort to improve the reliability of the shutdown decision, many users have 
resorted to redundant sensors and electronic circuitry. Redundancy means that usually 
two signal paths are monitored. If either one indicates a fault, a shutdown is initiated. 
There are two issues involving redundancy. First, if the two signals differ, very advanced 
diagnostics is reąuired to determine which one is right. Second, voting the signals with 
“or” logie provides improvement in not missing a shutdown, but inereases the chance of 
a false shutdown. 

Another approach to improve reliability is to apply 2 out of 3 voting logie. The “majority 
rule” has the advantage of not caring which sensor is wrong. This optimizes the system 
with fewer missed trips as well as fewer false trips. The danger is that there may exist 
one common fault, such as moisture in the proximity transducer eiwironment, which would 
affect two transducer signal paths in a similar way. It also leads to a higher complexity of 
the system, and inereases the cost of instruments. 

To improve the machinę shutdown decision, better sensors are anticipated in the 
futurę. These new sensors (Sensor Censors) will be provided with additional capability 
to ensure that the transmitted information is an accurate representation of the measured 
parameter. Sensor censors will have the ability to calibrate, diagnose, and correct themselves, 
and will provide processed information in new formats. In addition to better sensors, 
the futurę Systems will allow correlation of different variables based on known faults and 
operational modes. From this correlated data, morę reliable and accurate information 
will be produced, and adeąuate shutdown decisions will be madę. 

Various assistance software, developed in the decades of seventies and eighties, 
which helped with specific diagnostic or machinę corrective tasks, is now being replaced 
by condensed and dedicated data acąuisition and processing Systems, including the expert 
systems. The latter fulflll an additional, previously unavailable mission: they are excel- 
lent training tools , available on demand for teaching the maintenance and operations 
personnel. 

Expert systems , used in machinery monitoring and diagnostics, are interactive and sophis- 
ticated Computer programs that incorporate logical judgment rules based on experience 
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and common sense, and other expertise. An expert system consists of a set of rules 
that embodies the knowledge of human experts, and so provides nonexperts with the 
benefits of that knowledge. The rules are structured in the symbolic, heuristic form 
of “if/then/else” statements, strung together in a network of logical associations to find 
Solutions. 

Expert systems are playing an increasingly important role in industry because they 
can serve as vehicles for the distribution of high-level engineering expertise to a wide rangę 
of users. Expert systems can significantly improve access to the knowledge and experience 
of human experts, resulting in performance, cost, and ąuality improvements. It is neces- 
sary, however, to recognize what the expert systems are not. They are neither a quick fix nor 
a panacea for complex synergistic problems encountered in machinery. 

Many expert systems currently in use rely upon the freąuency of vibration as the primary 
indicator of the type of machinę malfunction. Freąuency of the vibration at a single 
measuring point is an important piece of information, but is not sufficient. Additional 
information must be acąuired to produce an accurate diagnosis. Cross-correlation of 
freąuency patterns as a function of time, or process, and cross-correlation of vibration 
spectra at different points on the machinę train, such as one end to another, or vertical to 
horizontal, also is an improvement. However, the use of freąuency spectrum only yields 
very limited results. Many morę vibration measurements, followed by data presentation 
in meaningful fonnats, are needed for good assessment of machinery performance by a 
diagnostic engineer or an “expert” system. For rotating machinery, among these important 
measurement data are rotor motion at various locations, along XYZ axes, from zero 
freąuency “static” position measurement to very high freąuencies, especially when the 
machinę contains gears and/or bladed disks. The data presentation and correlation include 
trends of vibration data from several locations of the machinę versus time or versus a 
process parameter, rotor vibration time-base wave-forms and orbits at different rotational 
speeds, Bodę and polar fonnats of various freąuency components filtered to single-freąuency 
versus rotational speed or versus time. Briefly, the information needed for a proper expert 
system is thousands of times larger than the basie spectrum plot. 

In the past, expert systems have been “ session driven\ where the user must answer a list of 
ąuestions about the machinę, including its current vibration characteristics. Most systems 
cannot check for the validity of the input data. This could result in the system producing 
wrong information, without any indication if an error was madę in answering any of 
these ąuestions in the input. Session-driven systems may ask ąuestions that are subjective, 
reąuiring conclusions or opinions from the user. Thus, system performance is based, in part, 
on the user’s level of knowledge. 

In an otiline expert system, data is available automatically from the machinę. The data 
can originate from many locations, such as machinery monitoring system, distributed control 
system, as well as from reference information, and calculated parameters. The benefits 
and value of online monitoring systems are well established; accurate, detailed informa- 
tion available for immediate evaluation, including trend, transient, and current operating 
conditions. 

The expert system executes a logie path by using Knowledge Bases and Rule Sets 
specific to a machinę class. A Knowledge Base contains the information reąuired to detect 
a potential malfunction condition. A machinę class Rule Set combines and integrates 
the information assembled by the Knowledge Base. The rules are structured so that the 
information is conditionally tested to verify the presence of a malfunction. The logie 
path demands that the reąuired information be contained in the Knowledge Base and that 
the Rule Set uses all available information to yield an accurate assessment of a potential 
faulty condition of the machinę. 
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Figurę 2.2.1 Basic components of the Preventive/Predictive maintenance Systems. 



The key to creating a successful system capable of detecting machinę malfunctions 
resides in the data available at the Knowledge Bases. The Knowledge Bases and Rule 
Sets should routinely be revised and updated by human experts. Inadeąuate or incomplete 
data restricts the comprehensive development of Rule Sets. This often gives rise to answers 
or results with a weighting or confidence factor regarding the probability of the answer 
being correct. User confidence in the system is ąuickly eroded if the results have a Iow 
probability of being accurate. Experience teaches that fuzzy logie and neural networks, 
recently popular in theoretical considerations, are not at all good when applied to rotating 
machinery expert systems, which are designed to identify a specific machinę malfunction 
from a long list of possible ones. 

In the machinery diagnostics field, a true expert online system must be able to recog- 
nize the early signs of any potential problem by analyzing real-time data front the 
vibration monitoring and process control network. Then it must be able to hypothesize 
all possible causes of the problem, construct a series of parametric perturbation tests (see 
Section 4.8 of Chapter 4), and develop a data acąuisition strategy to gather the reąuired 
additional information to prove or disprove each hypothesis. It must then conduct the tests, 
collect the data, analyze the results with respect to specifics of the machinę operation, 
and form a reliable conclusion. An expert system capable of performing all these func- 
tions should be able to handle most typical problems reflected by elear symptoms on 
“well-behaved” traditional machinery. Human experts with a wide area of knowledge 
and intuitive abilities will always be reąuired to provide Solutions for less freąuently 
encountered problems, or almost all malfunctions, which exhibit any asymptomatic 
characteristics (Figurę 2.2. 1 ). 



2.3 TREND IN THE KNOWLEDGE ON ROTATING MACHINĘ DYNAMICS 

During the past 40 years, a significant change also occurred in the area of knowledge 
on machinę dynamics. Traditionally, specialists in fluid mechanics designed the rotating 
machines, such as turbines, compressors, and pumps, with help from mechanical engineers, 
presumably skillful in rotor dynamics. Looking, however, through curricula of univer- 
sities and colleges in the world, one would hardly fmd any rotating machinę dynamics 
and rihrational diagnostic courses offered. Practically, rotor dynamics does not exist as 
an engineering college discipline. Even a mechanical rihration course is seldom taught, and, 
if so, it is usually limited to classical beam theory and mechanical oscillators. As a result 
of this situation, mechanical engineering graduates, hired eventually as designers of rotating 
machinery, have to acąuire the knowledge on rotor dynamics by themselves. A significant 
variety of seminars and short courses are offered worldwide, some of them even distributing 
impressive certificates proudly stating that the course graduate is a “vibration specialisf ’ or 
“machinę dynamics specialisf ’. 

Such courses try desperately to fili the gap. The fact, however, is that there are a lot 
of machines operating in the field which perform inadeąuately because they are poorly 
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designed. Instead of directing the fuli energy input into the useful process of the machinę, 
that is to the machinę product, a part of the input energy becomes diverted, and transformed 
into machinę mechanical vibrations. “Vibrations” is not of itself a problem. It is a symptom. 
That is, it is an indicator of a problem, which has a cause and, therefore, a solution, 
which should be sought in machinę design improvements. 

During the last decades, the vibration monitoring instruments all over the world 
have provided a rich database of actual machinę behavior. The research in the area of 
analyzing this database, enhanced by laboratory simulation and modeling, is in progress. 
Since machinę mechanical “vibration” is only a symptom, an effect of changes either in 
applied “force” or in the machinę structure “dynamie stiffness” this results in two unknowns 
in one matrix eąuation. Additional information has to be acąuired to properly diagnose the 
problem and determine appropriate corrective actions. 

Engineering research has brought a new, nontraditional look on machinę dynamics. 
One very important part of the research is devoted to investigation of fluid-solid interaction 
effects, the area — being strictly interdisciplinary — which apparently is very weak among 
machinę designers. With accumulated field experience, and with an abundance of results 
from laboratory simulation, some progress in fluid-induced machinę vibration theory 
has been achieved, and vibration control measures pinpointed. The information is being 
transmitted to end-users who are struggling with poor performance of machines. It is very 
slowly reaching machinę designers. 

Generally speaking, all knowledge is useless if no one has access to it, or the access 
is not fast enough to meet the needs. The knowledge must also eonie in a form that people 
can easily interact with. The traditional method of providing access to the knowledge, 
books, has advantages, as well as many disadvantages, in the world today. In order to 
overcome the disadvantages, modern technology, along with proven communication methods, 
is being used. The developments in electronic Communications, Computer display, and 
storage technology, are providing faster, easier, morę timely, and more-friendly access to 
machinę dynamics and vibrational diagnostic knowledge. Spread and speed of distribu- 
tion is enhanced when all information is maintained in an electronic format. Revisions 
and updates to the programs become readily available worldwide through a variety of 
Communications channels. Easy access to these Communications channels, including private 
bulletin board Systems, wide area networks, connnercial information services, such as 
Internet, is provided by private and public Communications links via cable, radio, and 
satellites. The timely response to someone”s need for information to solve a problem is 
a result of the easy access and speed of Communications. Timeliness is also the result of 
the electronic format, which allows the volumes of information to be searched and filtered 
to meet the specific needs of the user (information overload can have the same conseąuences 
as information scarcity.) Timely feedback from the field provides a useful error correction 
routine that inereases the usefulness of the information. 

Friendliness is a product of the large capacity and high-speed storage offered by 
today”s computers. Information can now be presented so that it is interesting, convincing, 
compelling, and even fun. The Computer is able to morę closely simulate the environment 
of the user (virtual reality) using video, animation, sound, color, and, if trends continue, 
perhaps smell. These multi-media characteristics help bring the information to life, 
especially when presented interactively, involving as many of the senses of the user, 
including connnon sense, as much as possible. 

All of this means a morę efficient, effective use of the developed base of machinę 
dynamics knowledge and information for the benefit of the designer and user of machinery 
and its end-produets. 
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2.4 ROTATING MACHINĘ VIBRATION MONITORING AND 
DATA PROCESSING SYSTEMS 

Rotating machinę vibration monitoring and diagnostics starts with implementation of 
basie transducers into machinę Systems. Vibration transducers provide important informa- 
tion about the dynamie process taking place within the machinę. Additional transducers 
measure other specific important physical parameters of the machinę, such as process 
fluid parameters and/or electromagnetic characteristics. The basie data acąuired from the 
transducers is then processed, in order to puli out the most important information regard- 
ing machinę operation and health. This information is used in machinę malfunction 
diagnostics and corrective actions. 

This section briefly discusses application of most popular vibration transducers in 
rotating machinery, as well as useful formats for vibration data processing. 



2.4.1 Vibration Transducers 

2.4.1. 1 Accelerometers 

Accelerometers measure mechanical vibration signals in terms of acceleration. The most 
popular accelerometer consists of an inertial mass mounted on a force-sensing element, 
such as a piezoelectric crystal (Figurę 2.4.1). The latter produces an output proportional 
to the force exerted on the inertial mass, which is, in turn, proportional to the acceleration 
of a machinę component, to which the transducer is attached. Typical sensitivity of an 
accelerometer is 0.1 V/g (g = gravity acceleration). Accelerometers are smali, lightweight 
transducers that operate over a broad freąuency rangę, as well as temperaturę rangę. They 
can withstand high vibration levels. Accelerometers do not reąuire power supplies, and 
they are externally installed. They are, however, sensitive to method of attachment and the 
surface condition. They are also sensitive to noise and spurious vibrations (some models 
contain an integrally mounted amplifier). Accelerometers serve the best for high freąuency 
vibration measurements in the ranges from 1500 cpm to 1200 kepm. 

Accelerometer is the most traditional transducer in structural mechanical vibration 
measurements. Sturdy, relatively inexpensive, and easy to use due to its external mounting 




Figurę 2.4.1 Piezoelectric accelerometer. 
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Figurę 2.4.2 Electromagnetic velocity transducer. 



on the structure or machinę casing, it is a perfect tool for assessing high freąuency vibrations. 
In machinę vibration monitoring, accelerometers are invaluable tools for diagnosing 
problems in gear train teeth, rolling element bearings, and/or in observing blade-passing 
activities. The vibrations generated in these cases are characterized by high frequencies, 
for which the accelerometers are designed. 

2.4. 1.2 Velocity Transducer 

The principle of operation of the most popular velocity transducer is based on inertia 
(seismic) property of a heavy mass suspended by springs on a vibrating body to remain 
motionless. In the electromagnetic transducer design, the mass carries a coil of wire and 
is elastically suspended by soft springs in a case containing, in the rniddle, a pennanent 
magnet (Figurę 2.4.2). The case, attached to a vibrating structure (such as a bearing cap 
or machinę casing), transmits its vibration. The relative motion between the coil and the 
magnet generates an output voltage proportional to the instantaneous velocity of vibration. 
The transducer is self-generating, and does not reąuire external power supplies. Velocity 
transducers have good sensitivity, typically 0.1 to 1 V/in/sec (4 to 40mV/mm/s). Their 
freąuency rangę is from 500 cpm to 1000 kcpm. Velocity transducers are externally installed, 
and serve for overall vibration measurements of general-purpose machinery and mechan- 
ical structures. Disadvantages of velocity transducers comprise difficulties in calibration 
checks, sensitivity to magnetic interference, sensitivity to mounting orientation, and cross- 
axis vibration. The moving parts increase the risk of damage by a sudden shock or by fatigue 
process. 

Morę modern velocity transducers, which do not contain moving parts, are based on 
the same principle as accelerometers, and they include an electronic integration circuit. 

Both accelerometers and velocity transducers provide absolute values of acceleration 
or velocity of vibration, when properly calibrated. 



2.4. 1.3 Applicability of Accelerometers and Velocity Transducers 
on Rotating Machinery 

The major vibration problems in rotating machines occur at Iow freąuencies, in the 
rangę from zero to 200 Hz. Accelerometers either cannot detect the very Iow freąuencies at 
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all, or provide signals of poor resolution in the low-frequency rangę. Both accelerometers 
and velocity transducers are, therefore, unable to read the slow roli vibrations of a rotor 
(called sometimes “turning gear of the rotor”, meaning Iow rotational speed) or its centerline 
static position (colloąuially called “dc gap”, meaning a position of the rotor centerline at 
rest), both of which are invaluable data. The accelerometers and velocity transducers 
cannot detect major malfunction symptoms of rotating machines, such as, for instance, the 
low-frequency subsynchronous vibration of fluid whirl (see Chapter 4). 

In rotating machines, the rotors fulfill the major operational functions of transmit- 
ting energy through their rotational motion. For numerous reasons, as a side effect of the 
useful work performed by the rotor, a part of the rotational energy becomes converted 
into vibrational energy of various modes. The rotor itself, as a relatively soft element 
of the en tire machinę structure, is most prone to vibrate. As mentioned in Chapter 1, 
the modes of rotor vibration may be lateral, axial, and/or torsional, creating stresses 
and deformations superposed on the rotating, torsionally stressed, power-transmitting 
rotor. The modes of rotor vibrations are usually the lowest modes of the entire machinę 
structure. Vibrations of the rotor are eventually transmitted to other parts of the machinę 
and to the environment. The rotor is always the source of machinę vibration. It is evident that 
measuring vibrations “at the source” becomes vital for correct evaluation of the machinę 
health. Measuring casing vibrations by using accelerometers or velocity transducers, as a 
simple, but indirect, way to assess the machinę condition, brings nothing morę than 
information on an “unacceptable” or “acceptable” level of vibration. They provide neither 
the possibility to diagnose what are the causes of vibration, if the vibration level is unaccept- 
able, nor assessment on how long the machinę would continue to operate without failure, 
if the vibration level is acceptable. Accelerometers and velocity transducers are, therefore, 
recommended only for noncritical, easily replaceable rotating machines, or as supplemental 
transducers for critical machines. 



2.4.1. 4 Displacement Transducer 

The true diagnosis and prognosis of rotating machinę health must be based on Online 
continuous monitoring of the rotor behavior, the vibration source for the entire machinę. 
The eddy current noncontacting proximity transducers are the best basie tools to fulfill 
the task. They are the most reliable and useful transducers to measure rotor vibrations 
relatire to stationary elements of the machinę (Figurę 2.4.3). The principle of proximity 
transducer operation is based on a modification of electromagnetic field, due to eddy 
currents induced in a conductive solid materiał in the proximity of the transducer tip. The 
output voltage is proportional to the gap between the transducer and the observed materiał 
surface. Typical sensitivity is 0.2V/mil (8 mV/pm). High sensitivity (2V/mil) proximity 
transducers are used in rolling element malfunction diagnostics: the transducer observes 
outer ring specific patterns in elastic deformations every time when a rolling element passes 
through the outer ring where the transducer is installed. In time, these specific patterns, 
recognized as wear-related damages, develop due to flaws in rolling elements or in bearing 
rings. 

Proximity transducers provide not only dynamie components of the rotor motion, namely 
the rihrations , but also the quasi-static and static data: the very Iow frequency “slow roli” 
data, and invaluable zero frequency position of the rotor centerline (“dc gap”). These 
transducers cover the frequency rangę from zero to about 600 kepm (10 kHz). The proximity 
transducer requires an external power supply (usually —18 to — 24 V dc) for operation. 
For signal accuracy, the rotor surface must be conditioned. The proximity transducer is 
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Figurę 2.4.3 Eddy current proximity displacement transducer system: When a conductive materiał (rotor) 
approaches the transducer tip the voltage output becomes morę positive. 



Vertical 



Horizontal 




Figurę 2.4.4 Two displacement transducers mounted in orthogonal configuration measure rotor lateral vibration. 
Notę that ‘vertical’ and ‘horizontal’ directions do not have to be true vertical and horizontal. 



considered the best for measuring rotor lateral and axial ribrations and positions on rotating 
machinery. It is prized for easy calibration check, reliability, and robustness in the indus- 
trial environment. During the last two decades, the proximity transducers successfully 
replaced obsolete and unreliable shaft riders. 

The American Petroleum Institute has adopted a recommended practice (RP) entitled 
“Vibration, Axial Position, and Bearing Temperaturę Monitoring System” (RP#670). 
It outlines the system reąuirements for installing proximity transducers in the XY configu- 
ration on compressors and their driving Systems to observe rotor centerline lateral motion 
(Figures 2.4.3 and 2.4.4). In addition to these lateral transducers, this recommended practice 
calls for two axially oriented noncontacting proximity transducers. They are used to monitor 
and warn about machinę thrust problems, and are often tied to automatic trip, when a 
dangerous condition occurs. Both these transducer installation practices are also appro- 
priate for the monitoring and protection of turbogenerators, pumps, fans, and other rotating 
machines. 
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On sonie machines, the installation of proximity transducers in orthogonal orientation 
is not possible. In this case, the angle between two transducers may have any value exclud- 
ing 180°; best being close to 90°. Appropriate software will reduce the obtained data to 
signals corresponding to true 90° difference. 

The proximity transducers, mounted in orthogonal {XY) configuration, observing 
the rotor, provide two unilateral vibration signals, which by simple processing produce a 
magnified image of the rotor centerline actual lateral motion path, in the form of an orbit. 
Using an oscilloscope, the signals from two proximity transducers may be displayed on 
the screen in the time-base waveforms (x and/or y versus time) or in the orbital modę, when 
time is eliminated. Notę that the proximity transducers usually provide amplitudę signals 
in terms of “peak-to-peak” (abbreviation “pp”), not “zero-to-peak”, as used in mathematical 
models. 

Figurę 2.4.5 presents typical characteristics of three basie vibration-measuring trans- 
ducers versus vibration freąuency. It can be seen that the displacement transducer provides a 
linear constant relationship with freąuency and is reliable from zero freąuency to slightly over 
lOkFIz. Accelerometer characteristic is proportional to freąuency sąuared. Accelerometers 
are perfect for high freąuency vibration measurements, starting at about 20 Hz. Velocity 
transducers place between the other two transducers on the freąuency scalę. Velocity trans- 
ducer characteristics are proportional to vibration freąuency. 

Figurę 2.4.6 provides a sample of sensitivity of accelerometers and proximity transducers. 
It presents four spectrum Cascade plots of rubbing rotor vibration response during start-up 
of the machinę. Rotor lateral vibrations were measured by a displacement transducer ((A) 
and (C)) and an accelerometer ((B) and (D)) in the case of “heavy” rub ((A) and (B)) and 
“light” rub ((C) and (D)) conditions (see Chapter 5). Notę that the accelerometer data 
measures well all higher harmonics of basie rub-caused Iow freąuency vibrations, but almost 
does not “see” these original subharmonic rub-related yibrations, especially in the case 
of “light rub”, where nonlinear effects are smali and do not generate pronounced higher 
harmonics. 




Figurę 2.4.5 Typical characteristics of vibration-measuring transducers. Notę that the velocity transducer 
characteristic is linearly dependent on vibration freąuency and accelerometer characteristic is 
proportional to vibration freąuency sąuared. The freąuency logarithmic scalę has been used here 
for convenience. 
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Figurę 2.4.6 Spectrum Cascade plots of rubbing rotor vibration response during start-up, measured by a 
displacement transducer ((A) and (C)) and a casing accelerometer ((B) and (D)). The plots (A) and 
(B) correspond to ‘light rub’ and (C) and (D) correspond to ‘heavy rub' conditions for two cases of 
casing transmissibility values (see Chapter 5). Notę that the accelerometer measures well higher- 
frequency components, but is useless for detecting low frequency ones, which actually are the 
source-vibrations, causing higher harmonics to occur. 



2.4.1. 5 Dual Transducer 

A combination of velocity and proximity transducers are designed to measure the 
absolute motion of the rotor in space, as well as its motion relative to the machinę 
housing (Figurę 2.4.7). These transducers provide also the measurement of absolute motion 
of the housing. If the movement of the latter is larger than 30% of the rotor motion, the 
absolute vibration of the rotor should be known to adeąuately assess the machinę health. 
In the dual transducer, the velocity transducer signal represents the housing absolute motion. 
This signal is electronically integrated and summed with the signal from the proximity 
transducer to provide the rotor absolute displacement. Dual transducers are often mounted 
inside fluid-lubricated bearings to observe the relative and absolute lateral motion of the 
journal. 

2.4.1. 6 Keyphasor' Transducer 

One of the very important transducers called for in the Recommended Practices, RP#670, 
is the Keyphasor® transducer, which provides a rotor once-per-turn signal. The Keyphasor 
represents a radially mounted proximity transducer that observes a key, keyway, or other 
once-per-turn discontinuity on the rotor surface. During rotor rotation, the transducer 
generates a once-per-turn on/off-type signal (Figures 2.4.8 to 2.4.10), which is superimposed 
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Figurę 2.4.7 Dual transducer measuring casing absolute motion and rotor absolute and relative motion. 




on the time-base waveforms and orbits produced by two other rotor-observing proxim- 
ity transducers mounted in XY configuration. These rotor time-base waveforms or orbits 
displayed on the oscilloscope have, therefore, a seąuence of blank/bright or bright/blank 
discontinuities. The Keyphasor once-per-turn on/off signal is fed to the oscilloscope Z-axis, 
the beam intensity axis, and results in a bright spot on the wavefonn or orbit, followed by the 
signal “depression” (blank spot). The seąuence of blank/bright depends on the Keyphasor 
installation, observing either notch, a keyway, or a projection on the rotor, and on a 
particular instrument convention. These matters should be carefully checked at the beginning 
of observation using oscilloscope display of time-base waveforms produced by the XY 
transducers. 

The Keyphasor signal provides two very important data items: the rotational speecl 
measurements and the reference for measurements of filtered vibration signal phase : rotor 
1 x (synchronous) response, as well as phases of fractional vibrations and/or the rotational 
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Figurę 2.4.9 Three rotor-observing proximity transducers: two rotor lateral vibration-measuring transducers in 
orthogonal orientation and one Keyphasor® transducer. Oscilloscope screen showing lateral 
vibration time-base waveform data from two lateral transducers. Keyphasor dots are super- 
imposed on the waveforms. The Keyphasor transducer provides the sequence ot blank/bright dots 
at each rotor rotation. Identification ot the direction ot orbiting on the oscilloscope screen: Since the 
amplitudę peak ot the signal X occurs earlier (in time) than the peak ot amplitudę Y, the rotor 
orbiting is in direction from X to Y, independently ot the direction ot rotor rotation. The displayed 
signal provides also absolute phases, as well as relative phases ot vertical versus horizontal 
motion, relative vertical freguency versus horizontal and versus rotational speed. 




Figurę 2.4.10 Oscilloscope screen with the rotor orbital motion display. The unfiltered orbit is a magnified path ot 
the rotor centerline lateral motion. Its shape is a reflection ot what happens to the rotor. Notę that 
if the oscilloscope is set on direct current (dc) then the orbit center indicates the rotor centerline 
position (for instance within the bearing clearance, which can be marked on the oscilloscope 
screen). If the oscilloscope is set on ac (alternating current) then the orbit center will always occur 
in the middle ot the screen. From the sequence of ‘blank’ ‘bright’ spots, created by superposed 
Keyphasor signals, the direction of rotor orbiting versus the direction of rotation can be 
determined. Notę that there is no established convention about this sequence; in each particular 
case it has to be investigated individually on the corresponding time base waves (the clues are 
related to rotor Keyphasor notch versus projection and to oscilloscope convention). 

freąuency-multiple vibration components. The absolute pliase on a filtered time-base 
signal, provided by a rotor-observing proximity transducer, is measured as a phase “lag” 
(conventionally with positive sign) from the start of a blank (or bright) Keyphasor dot to 
the fiest positire peak of the signal. The phases of filtered components of rotor lateral 
vibration represent one of the most important diagnostic tools in rotating machinery. The 
Keyphasor transducer ties the rotor lateral vibration data to its rotational motion: it serves 
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Figurę 2.4.11 Using rotor orbits with Keyphasor marks to determine orbiting-to-rotation frequency ratios. Notę 
that between two consecutive Keyphasor marks there is one rotation of the rotor. 



for the evaluation of vibration-to-rotation freąuency rafio (Figurę 2.4.11). The informa- 
tion provided by the Keyphasor transducer is extremely valuable for rotor balancing 
procedures (see Section 6.1 of Chapter 6), and is priceless in diagnosing various other 
machinę malfunctions, such as rotor-to-stationary part rubs or rotor cracking. 



2.4.2 Transducer Selection 

The set of transducers installed on a machinę is the heart of today’s sophisticated 
computerized monitoring Systems. A selection of transducers for the machinę monitoring 
system depends on the machinę construction, estimated types of vibrational malfunctions 
and parameters, which assess the malfunction, machinę internal and external environ- 
ment, rotational speed rangę, and the expected machinę dynamic/vibrational behavior. 
The machinę structure imposes limitations on the transducer installation. The emironmental 
parameters, such as temperaturę, working fluid pressure, corrosiveness, and/or radiation 
indicate the transducer operational conditions. The expected machinę dynamie beharior and 
its possible malfunction types answer the ąuestions regarding what parameters to measure, 
and what are vibration signal levels, signal-to-noise ratio and freąuency rangę. 

It has to be well understood that the rotor of any rotating machinę represents a source 
of vibration. By measuring the rotor vibrations, direct information is obtained. When 
measuring casing vibrations using velocity transducers or accelerometers, the vibrational 
information is indirect, distorted by casing transmissibility. It is also incomplete, as rotor 
orbits and centerline positions within clearances cannot be obtained, and the signal resolution 
in the Iow freąuency rangę is poor. 
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A selection of transducers and further data management Systems can be madę on a 
broad basis, generally, by dividing rotating machinery into categories, such as “critical”, 
“essential”, and “balance-of-plant” (generał purpose machines). Large and expensive 
machines, which cannot be spared, as well as those machines which would create a major 
hazard or production loss if they suddenly became inoperative, are classified as critical 
machines. The main factor is, therefore, a vulnerability of production to failure of a given 
machinę. The critical machines have to be carefully instrumented with the best on-line 
systems. On the other hand, the easily replaceable general-purpose machines may be 
periodically monitored with acceptable results, using portable instruments. The latter may 
represent simple collectors of vibrational data from proximity transducers incorporated into 
the machinę, or they may be velocity transducers or accelerometers periodically installed on 
the machinę housings. 



2.4.3 Machinę Operating Modes for Data Acquisition and Data 
Processing Formats 

The online monitoring systems installed on rotating machines include transducers and 
data acąuisition and processing hardware and software. The end product of such moni- 
toring systems should be user-friendly, and adeąuately formatted for easy interpretation in 
terms of the machinę health. There exist a variety of informative presentation formats of the 
machinę vibration and process data, which should be collected during five different machinę 
operational States as follows: 

1. At rest: The data, which is referred to as static data, provides the rotor static position within the 
bearings, and may also reveal the presence of any external source of vibration. At rest, the 
structural resonances of various machinę elements and adjoining constructions, such as pipelines, 
can be tested, using modal analysis methods. 

2. At slow roli , i.e., at Iow speed (typically less than 10% of the first balance resonance speed). In 
this condition, the rotor dynamie response is mainly due to rotor bow and/or electric and 
mechanical runout. The slow roli data serves for the rotor straightness check, and for the 
transducer/rotor surface conditioning check-up. The slow roli data are vital in rotor crack 
diagnosis and in the machinę balancing process (see Sections 6.1 and 6.5 of Chapter 6). At the 
slow roli speed, the 1 x slow roli vector can be identified and then used to compensate Bodę and 
polar plots obtained during startup or shutdown of the machinę (Figurę 2.4.12). 

3. At start-up: Vibrational data captured during this transient State is extremely important. It helps 
to identify slow-roll speed rangę, resonance speeds, vibration modes, presence of self-excited 
vibrations, and provides information on modal effective damping and synchronous amplification 
factors. The best data is obtained if the start-up angular acceleration is smali enough for good 
resolution of data versus rotational speed and Iow contamination by transient processes. Notę, 
however, that if the machinę exhibits high vibrations the slow acceleration may even morę 
jeopardize its health; the source of vibrations have to be eliminated. 

The data display formats for transient processes are overall lateral vibration amplitudes, 
polar and Bodę plots of filtered lx and filtered other freąuency components (Figures 2.4.13 
to 2.4.16), rotor centerline position versus rotational speed (Figurę 2.4.17), spectrum Cascade 
(Figures 2.4.18 and 2.4.19), and rotor lateral vibration fuli spectrum cascades (Figurę 2.4.20; see 
subsection 2.4.5). The fuli spectrum is an improvement over simple independent spectra from 
two XY transducers (see Section 2.4.5). It provides better insight into the rotor orbital path 
and orbiting direction of vibration freąuency components. This information helps in 
identification of the root cause of a malfunction generating a specific response pattern. The 
fuli spectrum plots may be accompanied by a seąuence of rotor orbits and/or time-base 
wavefonns for complete display (Figures 2.4.21 and 2.4.22). 
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Figurę 2.4.12 Polar plots of rotor uncompensated (a) and compensated (b) synchronous (1x) vibration data 
during start-up provided by one lateral proximity displacement transducer. In the compensated 
plot, the slow roli vector has been vectorially subtracted. The beginning of the plot has been 
moved to zero point. The numbers on the plots represent rotating speed measured in rpm. 
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Figurę 2.4.13 Typical Bodę plot rotor of synchronous (1 x) filtered uncompensated vibrations. 



4. At operating speed, i.e., at dynamie eąuilibrium of the machinę: The vibration infonnation 
referred to as steady-state data is most meaningful when processed using time-trend formats 
in order to assess any deterioration in the dynamie behavior. The data monitored at the operating 
speed can be displayed in the time-base waveform, orbit (Figurę 2.4.23), overall maximum and 
minimum amplitudę (Figurę 2.4.24), waterfall spectrum (Figurę 2.4.25), and in trend formats. 
The trend formats include rotor centerline position (Figurę 2.4.26), rotor amplitudę and phase 
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Figurę 2.4.14 
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Uncompensated 




0 500 1000 1500 2000 2500 3000 3500 4000 

Rotational speed [rpm] 

Typical Bodę plot of rotor synchronous (1 x) filtered compensated and uncompensated vibrations. 




CL 

CL 

_ę/> 

I 

CD 

-a 



CL 

E 

< 




Inboard 

horizontal 



Inboard 

vertical 



Rotational speed [rpm] 




Split resonances 



Rotor vertical and horizontal synchronous 1 x response Bodę plots indicating support anisotropy 
(‘split’ resonance) and structural resonances at Iow rotational speed. 
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Figurę 2.4.16 Polar plots of rotor 1x vibrations, measured at inboard and outboard locations, covering two 
modes of the rotor: translational and pivotal. 




Figurę 2.4.17 Rotor centerline position measured by two proximity transducers in XY configuration and plotted 
versus time, marking rotor rotational speed and machinę load. Courtesy of Bently Nevada 
Corporation Diagnostic Services. 




Figurę 2.4.18 Spectrum analysis of vibration time-base signal obtained from one transducer. 
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Figurę 2.4.19 Spectrum Cascade plot ot rotor vibrations exhibiting 1x and fluid whip vibrations. Odd higher 
harmonics and sum/difference harmonics are also present in the spectrum. 




Frequency: 20 Hertz/div 

REV VIB components CCW rotation FWD VIB components 

Figurę 2.4.20 (a) Fuli spectrum Cascade ot a rotor vibrations including fluid whirl (see Section 4.2 ot Chapter 4). 

(b) Fuli spectrum Cascade ot a lightly rubbing rotor during coastdown accompanied by some rotor 
orbits (see Section 5.6 of Chapter 5). 
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Figurę 2.4.20 Continued. 



of filtered to 1 x (synchronous) and other filtered vibration components, versus time in "Bode”- 
type, and/or polar formats Amplitude-PHase-Time (APHT) (Figurę 2.4.27); see also subsection 
7.2.8 of Chapter 7. Vibration spectra, filtered vibration component vectors (amplitudes and 
phases), such as lx, 2x, and others, trended in process parameter formats, also provide 
meaningful information. The synchronous lx filtered orbits with Keyphasor rnarks at operating 
speeds measured at several locations of the machinę train can give information on the rotor 
lateral modę (Figurę 2.4.28). 

At operating speed, the nonsynchronous perturbation testing can be performed, in order 
to identify rotor Nonsynchronous Dynamie Stiffness, modal parameters, nonsynchronous 
amplification factors, and stability margins. This testing reąuires special additional devices (see 
Section 4.8 of Chapter 4). 
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Figurę 2.4.21 Seguence of direct orbits of the rotor at different rotational speeds. 
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Figurę 2.4.22 Seguence of 2x filtered orbits, corresponding to the seguence in Figurę 2.4.21. 



5. The shutdown is, for some machines, the only practical modę for transient-state data acąuisition. 
The shutdown data differs from the start-up data by the driving torąue effects (absence/ 
presence), and often by thermal and alignment conditions of the machinę. The data can be 
displayed using the same formats as for the start-up data. During start-up and shutdown, 
the synchronous perturbation testing can be performed in order to identify the observed 
Synchronous Dynamie Stiffness and lowest modę modal parameters of the rotor (see Section 4.8 
of Chapter 4). The data may also serve as "historical” data for comparison of possible changes in 
the machinę dynamie behavior from run to run. 

Ali above information provides sufficient data to assess the correctness of the machinę 
operation and, in case of abnormalities, it helps in identification of the root cause of 
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Figurę 2.4.23 Unfiltered and 1 x filtered time-base waveforms and orbits of a rubbing turbinę rotor. 



Turb-gen 1 HP turbinę Trend 

Begin: 22 Nov 1996 10:40 am End: 29 Nov 1996 10:40 am 

Point: bearing #9 vertical Type: recorder 





© 2005 by Taylor & Francis Group, LLC 









Figurę 2.4.26 Rotor centerline position trend plot in time provided by XY displacement transducers as 
average dc gap. 



the rotating machinę malfunction, which generates a specific response pattern revealed by 
the collected data. 



2.4.4 Modal Transducers — Virtual Rotation of Transducers — 

Measurement of Rotor Torsional Vibrations 

The basie rotor lateral transducer measurements should be supplemented by “modal” 
transducers installed at other axial locations of the rotor. While producing redundancy 
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0 ° 




Figurę 2.4.27 Amplitude/PhaseATime (APHT) polar plot of a rotor 1 x filtered vibration component. 

During 12 weeks, the synchronous vibration response vector drifted away from the acceptance 
region. 




Figurę 2.4.28 Using rotor orbits with Keyphasor marks at a constant rotational speed to determine modę shape 
of the rotor centerline during synchronous vibrations. Notę that this plot can be correctly done, 
if the orbit’s dc component is measured. 



for monitor alarm sets, these transducers provide useful additional data for diagnostic 
purposes. Without these transducers, the long, high-speed, machinę train rotor modal shape 
cannot be adeąuately identified (Figures 2.4.28 and 2.4.29). The modal transducers also 
help to locate in the axial direction a source of rotor instability (as discussed in subsec- 
tion 4.7.4 of Chapter 4 and by Bently et al., 1990), thus providing important information 
for further corrective actions. 

The information from “modal” transducers is also successfully used for O kser ve cl 
Synchronous Dynamie Stiffness ( OSDS ) identification. The matrix of system synchronous 
dynamie stiffness is an inverse of the influence vector matrix, which is the transfer function 
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Figurę 2.4.29 254 MW turbogenerator rotor centerline modę shape Identification by using additional vibration 
Information from ‘modal’ transducers installed at bearings 3, 5, and 6. 



routinely generated during balancing procedures and, unfortunately, routinely under- 
estimated as useful information. The term “observed” refers to dynamie stiffness measured 
at a rotor specific axial location, thus related to the modal dynamie stiffness with some 
coefficient of proportionality (see Section 6.1 of Chapter 6). The importance of the Observed 
Synchronous Dynamie Stiffness ( OSDS) lies in its trended values for diagnostic purposes. 
An inerease of OSDS may signify system stiffening, for instance, due to rotor-to-stator 
rubbing (see Case history #5 in Section 7.2 of Chapter 7); a decrease of QSDS usually 
signifies some looseness in the system or a pending crack on the rotor (see Case history #3 
in Section 7.2 of Chapter 7). 

The lateral characteristics of rotor supporting structures usually exhibit some degree 
of anisotropy, mainly in stiffness. This results in lx and other freąuency response ellip- 
tical orbits, and in slightly different values of natural freąuencies for pairs of orthogonal 
lateral modes, revealed in lx Bodę and polar plots as “split resonances” (Figurę 2.4.30). 
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Figurę 2.4.30 (a) 1 x filtered and compensated shutdown Bodę and polar plots of rotor vibrations measured by 
transducers mounted at ±45° on an industrial gas turbinę, (b) The same data rotated by -29°. 
Two lateral modes are optimally decoupled; two phases at Iow speed differ now by 90". Notę 
differences in the resonance amplitudę appearances. For morę materiał on this topie, see Section 
6.2 of Chapter 6. 



The data in such plots comes from orthogonal, XY proximity transducers, located at a 
specific angular orientation, for example, for horizontal rotors, at ±45° from the vertical 
axis. The transducer location rarely coincides with a major or minor direction of the structure 
lateral stiffness. In addition, these directions may be non-orthogonal. From the transducer 



© 2005 by Taylor & Francis Group, LLC 



60 



ROTORDYNAMICS 



data of strongly anisotropic rotors, it is difficult to identify the unbalance heavy spot 
angular orientation at Iow speed, and to evaluate appropriately the amplification factors at 
resonances. To improve the situation, the data from orthogonal transducers can be processed 
to simulate transducer rotation. This way the stiffness major axis can be identified, and 
one lateral modę can be optimally decoupled from another one (Figurę 2.4. 30b). The XY 
transducer rotation simulation option should be included in all vibration data processing 
Systems. 

Often overlooked, but very important, is information from torsional ribration trans- 
ducers measuring irregularity of the rotational speed and rotor torsional vibrations. The 
machinę operators often do not realize the existence of rotor torsional vibrations in their 
machines. Torsional vibrations are “ąuiet”, they do not propagate to the other elements of 
the machinę. Only dedicated transducers can detect the torsional vibrations. The torsional 
activity almost always accompanies the rotor lateral vibrations, as the simple mechanism of 
energy transfer is quite effective through most connnon, even residual malfunctions, such as 
unbalance and misalignment. If the machinę operating speed is higher than at least the rotor 
first torsional modę natural freąuency, and especially if it is close to that freąuency, the ąuiet 
torsional vibrations may cause a lot of damage, contributing greatly to rotor overall stress 
during each startup and shutdown, and possibly continuously at the operating speed. 
Due to nonlinear character of the torsional/lateral modę coupling, the torsional vibration 
resonances occur when the rotational speed coincides not only with the torsional natural 
freąuency, but also when it coincides with any even fraction of this freąuency. The resonance 
vibrations have very high amplification factors, ranging over 50 (Figurę 7.2.36 in Chapter 7), 
as damping in the torsional modę is provided only by rotor materiał damping, which is 
usually very Iow, as discussed in Section 3.10 of Chapter 3 and by Muszyńska et al., 1992. 

Proximity transducers may serve in on-line measurements of rotor torsional ribrations. 
This reąuires, however, special additional hardware and data-processing software. At a 
constant rotational speed, two proximity transducers (usually in 180° transducer configura- 
tion) observe two sides of a special disk, mounted on the rotor. This disk has eąually 
spaced, tooth-like, markers, typically 36 markers (Figurę 2.4.31). The “teeth” may be real 
notches and projections or it may be a strip of white/black bars, attached circumferentially 




Proximity transducer 



O 






JTJTJTJTJTrLTL 



Observation ol real-time signal wilhout torsional oscillation (no lateral vibration) 





Observation ol real-time signal with torsional oscillation 



Figurę 2.4.31 Gear tooth system for rotor torsional measurement at a constant speed. A proximity transducer 
measures torsional vibrations as irregularity of rotational speed (a). Compensation of the torsional 
signal for lateral motion using two proximity transducers (b). 
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Figurę 2.4.32 (a) Data Processing for obtaining torsional twist in one piane of the rotor, (b) Signal output without 
and with rotor torsional vibrations. 



to the rotor surface. In the latter case, optical transducers are used. Instantaneous phases 
of each “tooth” provide on/off signals, similar to the one Keyphasor signal. The data 
Processing of the obtained signals is as follows: The signals from the two transducers, 180° 
apart, are first vectorially added and divided by 2, in order to eliminate possible errors 
resulting from the rotor lateral motion (Figurę 2.4.32). The obtained signal is then vecto- 
rially subtracted from the “ideał” phase, based on the rotor constant rotational speed. This 
signal represents the linear velocity of torsional twist at the disk surface. In order to 
assess rotor torsional vibrations it is necessary to install another similar toothed disk, at a 
different axial location of the rotor, with two proximity transducers 180° apart. A subtraction 
of signals from the two disks provides rotor torsional vibrations in terms of torsional 
relative velocity of the rotor in the axial section between the disks. In order to obtain 
torsional vibrations in terms of angular displacements, this signal has to be integrated. 
If a machinę train is long, two toothed disks usually are not sufficient to provide infor- 
mation on the rotor torsional modes higher than two. Morę toothed disks together with 
instrumentation are reąuired to be installed along the rotor train. 
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The described measurement of torsional vibrations and data processing may seem 
awkward, but the advantage is to obtain priceless information on the rotor on-line torsional 
vibrations. Hopefully, the progress in technology will result in some better Solutions for very 
important rotor torsional vibration measurements. The first step is a replacement of the 
geared disks by bar coded tapes, which can be glued directly to the rotor. The computer- 
ized data acąuisition system will recognize the codę (similarly to the gear teeth) and will 
recognize the possible bar mismatch at two overlapping ends of the tape. Additionally, 
sonie attempts in designing morę sophisticated instruments, such as a laser measuring system 
for rotor torsional vibrations, have already been undertaken. 



2.4.5 Application of Fuli Spectrum and Complex Variable Filtering 
in Rotor Health Diagnostics 

The generał objective of data processing is to extract and display the maximum amount 
of significant diagnostic information from the original signals generated by the transducers. 
In 1993, Bently Nevada Corporation introduced the “ fuli spectrum ’ plot, as contrasted 
to the traditional spectrum plots from a single transducer, now called in rotor lateral 
vibration monitoring application, in a visibly depreciatory way, “half” spectrum plots (see 
publications by Southwick, 1993, 1994; Laws, 1998; Goldman et al., 1999). Bently Nevada 
pioneered application of fuli spectra to rotating machinery monitoring and diagnostics. 
The meaning, use, and benefits of the fuli spectrum will be conveniently explained by an 
example of what the “half” spectrum is not. 

The process of creating the traditional “half” spectrum starts from digitizing vibra- 
tion waveforms captured by a vibration transducer. Based on Fourier (FFT, or similar) 
transformation, the waveform is then analyzed from the point of view of its freąuency 
contents. Traditional spectrum displays one-transducer data in form of amplitudes of the 
corresponding freąuency components. If the vibration information is provided from two 
proximity transducers mounted in XY configuration to observe lateral motion of a rotor, 
two independent traditional “half” spectrum plots will be produced (Figurę 2.4.33). There 
is no correlation between the obtained data. In addition, during the data processing, 
a part of the information contained in the waveforms is lost. In particular, the relative 
phase correlation between X spectrum and Y spectrum components is neither used nor 
displayed. Thus, both filtered and original unfiltered orbits cannot be reconstructed using 
corresponding freąuency components from X and Y half spectrum information. In addition, 
the “half” spectrum information shows no relationship of the freąuency components to 
the direction of the rotor rotation. An attempt to base vibration diagnostics of rotor 
malfunctions exclusively on the spectrum data is doomed to failure. 

The rotor orbit, reconstructed from the signals provided by two rotor-observing proxim- 
ity transducers, mounted in XY configuration, is the magnified path of the actual motion 
of the rotor centerline. Together with the static position of the rotor centerline (“probe dc 
gap” — a center of the orbit) the orbit represents the most meaningful information on the 
rotor behavior, because the motion is a result of a specific cause of either changes in 
rotor dynamie stiffness or changes of forces acting on the rotor. 

Similarly to the rotor orbit, the fuli spectrum plot provides the correlation of the 
vibration data of the rotor lateral responses, supplied by the X and Y transducers. The 
fuli spectrum can also be used for casing XY vibrations, and any two correlated vibration 
signals creating an orbit. The first step in data processing is the same as in the traditional 
spectrum procedures: the waveforms obtained from two transducers are split into fre- 
ąuency components. Each freąuency component is characterized by freąuency, amplitudę, 
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Figurę 2.4.33 Traditional ‘half spectrum data Processing sequence: spectrum plots are obtained independently 
using data from each transducer. One Keyphasor dot on the waveform cycle and the orbit with a 
loop indicate that this orbit is composed ot 1 x and 2x components. The spectra confirm this. Both 
these frequency components correspond to forward orbits, as the loop on the unfiltered orbit is 
internal. This information comes from the orbit; is does not exist in the spectrum plots. 



and phase. This information from two channels, joined together, allows reconstructing 
a filtered orbit at this freąuency. Such filtered orbit at a specific freąuency is an ellipse or a 
“degenerate” ellipse (a circle or a straight linę). 

The support for the data processing comes from classical mathematics: an ellipse can be 
described as a locus (time is a variable parameter) of the rectorial sum of two rotating 
vectors: one rotating clockwise, the other counterclockwise at the same freąuency (the orbit 
freąuency has already been established). The top of each of these two vectors in their rotating 
motion draws a circle. The ellipse shape, as the result of their summation, will depend on 
the original positions of these two vectors (at time eąual to zero), which, in turn, depends on 
their relative phases (see also Section 3.4 of Chapter 3). 

The fuli spectrum displays double (peak-to-peak) values of magnitudes of these two 
vectors: the magnitude of the vector rotating in the direction of rotation — on the right 
side of the fuli spectrum graph, the magnitude of the vector rotating in the backward 
direction — on the left (Figurę 2.4.34). 

At a glance, the fuli spectrum plot allows one to determine whether the rotor orbit at 
a particular freąuency is forward or backward in relation to the direction of rotor rotation, 
and whether the orbit is circular or elliptical. If the specific freąuency component displayed 
at the right of the fuli spectrum graph is larger than the same freąuency component on the 
left side, then the orbit is elliptical and forward. If the freąuency component at the left 
side has larger amplitudę than that on the right — the orbit is elliptical and backward. If for 
a specific freąuency there exists only the component at the right — the orbit is circular and 
forward. If both freąuency components at the right and at the left are the same — the orbit is 
degenerated to a straight linę. If the orbit is elliptical the fuli spectrum plot can, therefore, 
answer the ąuestion regarding the degree of ellipticity. 
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Figurę 2.4.34 A sequence of fuli spectrum Processing data from two orthogonal transducers: The first step 
is a split of the raw orbit into filtered frequency components, the ellipses (1x and 2x in this 
example). Then each ellipse is split into two circles, one rotating counterclockwise, the other 
clockwise, providing the amplitudę information for the left and right sides of the fuli spectrum. 



The information provided by the fuli spectrum, which is characteristic for specific 
malfunctions of rotating machines, makes this plot a powerful tool for interpreting 
the vibration signals leading to effective diagnosis of rotating machinery malfunctions. 

Since such a presentation of the filtered orbit can be done in only one way, the forward 
and reverse circles are completely determined by the filtered orbit shape. An instanta- 
neous position of the rotor on its filtered orbit can be presented as a sum of vectors of the 
instantaneous positions on the forward and reverse orbits: A( +ai )ej ( - t0,+cli+a>>) + 
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Here A( +a) ) and A(_ m ) are the amplitudes — the radii of the forward and reverse orbits, co is 
the freąuency of filtering, and ot( +ul ), ci(- a ) are phases of the forward and reverse compo- 
nents respectively. In Figurę 2.4.34, sińce Q is the rotational speed, co can, therefore, 
be eąual to Q, or to 2 12 (lx or 2x). Notę that the major axis of the flltered orbit ellipse is 
y4 (+(0 ) + A(- m ), while its minor axis is | ri (+(U ) — ri(_ w )| . Forward orbiting of the filtered elliptical 
orbit (in the direction of the rotor rotation) means that A( +m )> ri(_ w ) while reverse orbit- 
ing means that A( +lo ) To completely define an ellipse, the major axis orientation is 

needed. The angle between the horizontal probe and the ellipse major axis, (a( +w ) — o' ( _ [U ))/2, 
is determined by the relative phase of the forward and reverse components. In two important 
cases mentioned above, the ellipse degenerates into simpler forms: 

1. If the filtered orbit is circular and forward, then the reverse component does not exist (see for 
instance rotor fluid whirl in Figurę 4.2.3 in Chapter 4). If the filtered orbit is circular and reverse, 
then the forward component does not exist (see for instance Figurę 5.2.4 in Chapter 5 depicting 
rotor dry whip). There is no relative phase, and the major axis eąuals the minor axis. 

2. If the filtered orbit is a straight linę, then the amplitudę of the forward component is eąual to 
the amplitudę of the reverse component. Relative phase is important for defining the orientation 
of this orbit degenerated to the straight linę. 

A fuli spectrum is constructed from the amplitudes of the forward and reverse 
components of the filtered orbits. The horizontal coordinate of the fuli spectrum eąuals 
± freąuency (“+” for the forward and ” for the backward components), and the vertical 
coordinate eąuals the peak-to-peak amplitudę of the corresponding forward or backward 
component. Coiwcntionally the forward components are displayed on the right side of the 
fuli spectrum. 

It is important to notę that while there is no way to make any judgment on the shape 
of the filtered orbit using the "half” spectra, the fuli spectrum forward and backward 
component amplitudes can be used to recover the shape of the corresponding filtered 
orbit. However, determining the orientation of the orbit is not possible in the fuli spectrum 
without the relative phase information. 

In addition, the fuli spectrum is unaffected by XY transducer orientation or rotation. 
The X and Y “half” spectra are dependent on the actual transducer locations and can alter 
dramatically with changes in their orientation (see Section 6.2 of Chapter 6). Unlike 
individual half spectra, fuli spectrum is independent of the particular orientation of probes. 
This independence, among other advantages, makes a comparison of different planes of 
lateral vibration measurements along the rotor train much easier. These characteristics, along 
with the enhanced applications of the fuli spectrum, make it superior to the “half” spectrum. 

Since fuli spectrum contains morę information than the “half” spectrum, it has an 
advantage in applications to vibration diagnostics of rotating machines. It can be used for 
steady State analysis (fuli spectrum, fuli spectrum waterfall versus time or a machinę process 
parameter) or for rotor transient start-up or shutdown analysis (fuli spectrum Cascade 
with variable rotational speed). 

One of the possible applications of the fuli spectrum is for analysis of the rotor runout 
caused by mechanical, electrical, or magnetic irregularities. Depending on the periodicity 
of such irregularities observed by the XY proximity transducers, different combinations 
of forward and reverse components are observed. The rules for such analysis are summar- 
ized in Table 2.4.1. The amplitudę and freąuency components generated by the irregu- 
larities of the rotor do not change with rotational speed, unless there is a change in the 
rotor axial position. In this case, a new pattern will emerge but, later on, it will follow 
the same rules. 
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Table 2.4.1 Rotor Runout Signature Analysis 



Periodicity of 
Irregularities 


Once 
Per Cycle 


Twice 
Per Cycle 


Three Times 
Per Cycle 


Four Times 
Per Cycle 


Five Times 
Per Cycle 


Major freąuency 
components 


1 x forward 
(can include 
mechanical bow) 


2x forward and 
2x reverse, with the 
same magnitudes 


3x reverse 


4x forward and 
4x reverse, with the 
same magnitudes 


5x forward 



Several examples of the fuli spectrum application can be found throughout this book. 
Compare, for instance the fluid-induced self-excited vibration, fluid whip, which represents 
the rotor orbiting in the direction of rotation (Figures 4.2.2 and 4.2.3 in Chapter 4), with the 
rotor reverse dry whip, induced by dry friction (Figurę 5.2.4 in Chapter 5). The format of 
fuli spectrum data presentation is worth using in the rotor lateral vibration diagnostic 
application. It allows assigning a direction to the rotor lateral response freąuency analysis, 
and thus provides one step forward in a better foundation for the root cause analysis of 
malfunctions in rotating machinery. 

Similarly to the fuli spectrum and fuli spectrum cascade, the rotor lateral vibration 
freąuency components, filtered to a single freąuency, such as synchronous, lx, or 2x 
components, can be presented in terms of a seąuence of elliptical orbits, with a variable 
parameter, such as rotational speed or time. The goal of complex variable filtering is to separate 
the freąuency components contained in a rotor orbit into circular, forward and reverse 
freąuency components. To accomplish this goal, the data from two proximity transducers 
mounted in orthogonal configuration and measuring rotor lateral vibrations is utilized to 
create a vector, the real part of this vector being the distance between the rotor and one of the 
transducers and the imaginary part — the distance between the rotor and the other transducer, 
at each sample time. This data is then processed using a discrete Fourier transform algorithm: 

Z(co) = ^2z k e jlf r (2.1) 

A-O 

where Z(co) is the coefficient of the freąuency of interest, co, in the harmonie series, T is the 
time to gather all samples, N is the total number of samples, and z* the vector value 
of the k - th sample. If co is a multiple of 1/T, Eq. (2.1) reduces to the standard form for 
the discrete Fourier transform, which can be processed using a fast algorithm to obtain 
the forward and reverse freąuency components contained in the vibration response. If co is 
set to rotational speed, or twice rotational speed, the lx or 2x forward and reverse 
freąuency components can be obtained, as shown in Figurę 2.4.34. Freąuency decom- 
position with single dimension (such as based on one lateral transducer data) provides 
limited information about the magnitude and phase of the freąuency components. This 
limitation reduces the rotor orbit to its projection onto the measurement axis. The complex 
variable freąuency decomposition provides not only information about the rotor response 
components magnitude and phase, but also about the orbit shape, such as the amount of 
ellipticity and orientation of the ellipse axes. This additional information can be used to 
estimate what changes in the system produced the modifications in the orbit. That is, by 
comparing the amplitudes and phases of all response freąuency components, some degree 
of differentiation between changes in the system forces can be separated from changes in the 
system dynamie stiffness parameters. Changes in the system dynamie stiffness may, however, 
produce uncorrelated changes in the forward and reverse components. This can be seen in 
Figurę 2.4.35 where, due to a rotor crack, the forward lx and 2x vibration components 
both inereased much morę than the reverse components, indicating a change in system 
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Rotational speed [rpm] 



Figurę 2.4.35 Complex filtered Bodę plots of the 1 x (a) and 2x (b) vibration components of the lateral vibrations 
of a rotor, showing values before and after the transversal crack occurred in the rotor. The crack 
modified significantly the response amplitudes and phases (Franklin et a!., 1997). 



stiffness characteristics, not forcing functions. This difference on how changes in external 
forces affect the orbit, versus how changes in system parameters are likely to change the 
orbit shape and dimension, can be used to determine the origin of this change. It will help to 
identify whether the change is morę likely caused by system modifications, such as a crack 
propagating through the rotor, or morę likely caused by changes in magnitude or phase 
of the external forces applied to the rotor. The changes in rotor stiffness will definitely create 
both forward and reverse freąuency components, which indicate that the rotor crack can 
produce any orbit shape, depending on how it propagates (see Section 6.5 of Chapter 6 
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Figurę 2.4.36 Fuli spectrum Cascade of the rotor lateral responses during shutdown: Diagnosis ot a loose 
rotating part. The loose part, which carries some unbalance, rotates slower than the rotor and 
excites rotor subsynchronous vibrations (see Section 6.8 of Chapter 6). 



and subsection 7.2.8 of Chapter 7). The complex variable filtering has become a powerful 
tool in rotating machinę malfunction diagnostics, especially in the diagnosis of one of 
the most dangerous malfunctions in rotors, a propagating crack. 

A use of the fuli spectrum is useful also in diagnosing other malfunctions of rotating 
machines. Figurę 2.4.36 presents the fuli spectrum Cascade during shutdown, accompanied 
by some rotor orbits of a machinę with a loose rotating part, which got disconnected front 
the rotor (see Section 6.8 of Chapter 6). 
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2.4.6 Measurement and Documentation Conventions 

Conventions are designed to follow specific routines so that clarity and consistency of 
the machinę data are maintained. The most important conventions are listed below. 

• Cables leading from the transducers should be properly identified so that transducer signals are 
not intermixed or inverted. 

• Transducer signal polarity: an important convention to ensure the correct signal polarity reads 
as follows; "Motion towards the transducer causes a positive voltage and/or current change” 
(Figurę 2.4.3). 

• Transducer orientation on the rotor and measurement conventions: 

1. Radial (lateral) proximity transducers: Two transducers should be mounted orthogonal 
to each other and orthogonal to the rotor axis (Figurę 2.4.37). Looking from the driving 
end, the “vertical” transducer is designated as being 90° in counterclockwise direction from 
the “horizontal” transducer, independently from the direction of rotor rotation. The latter is 
determined when observed, also, from the driving end (Figurę 2.4.38), most often as “rotation 
direction from X to Y or from Y to X”. Notę that the orthogonal proximity transducers 
and data acąuisition Systems read the signals from the rotor "the same way”, both transducers 
usually read signals in terms of function cosine; and compensate the phase, as mentioned in 
Section 1.5 of Chapter 1. In mathematical rnodels cosines and sines are used. Notę also that 
the proximity transducers and data acąuisition systems usually give the yibration amplitudę 




“Y" 



‘X” 

Direction of rotor orbiting: X to Y (counterclockwise) 

Figurę 2.4.37 Displacement transducers mounted in XY orthogonal configuration. Rotor rotation direction is 
defined “from X to Y”. 




i - 

As viewed 





Figurę 2.4.38 Turbogenerator diagram with lateral yibration displacement transducer orientation. 
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20" max 



Thrust collar 







Proximity transducers 
Figurę 2.4.39 Axial (thrust) position/vibration measurements. 




Figurę 2.4.40 Oscilloscope convention. K <j> denotes Keyphasor transducer. 



values in terms of “peak-to-peak”, while in mathematical models, amplitudes are normally 
understood as “zero-to-peak”, a half of the “peak-to-peak” value. 

2. Axial proximity transducers: For thrust measurement, proximity transducers should 
be mounted within 12 inches (30.5 cm) of the thrust collar. One transducer should observe 
the collar directly; if it is not an integral part of the rotor, the other observes the rotor 
(Figurę 2.4.39). 

• Oscilloscope convention (Figurę 2.4.40): 

A vertical proximity transducer signal corresponds to “Y” channel on the “up” side of the 
oscilloscope. A horizontal transducer signal corresponds to channel “ X ” or the lower side of the 
oscilloscope. Time — in time-base waveforms — increases from left to right. Keyphasor 
transducer signal connects in the oscilloscope to the “external input” (beam intensity axis “Z”; 
while the orbit axes on the screen are X and Y). By modulating the intensity of the beam, a 
seąuence of bright/blank (or blank/bright) occurs, superposed on the orbits and time-base 
waveforms. This seąuence depends on the particular oscilloscope design. The time-related 
seąuence of these spots should be determined on the time-base waveforms, in order to recognize 
in which direction the time flows on rotor orbits. 

• Plant conventions refer to specifics in documentations (Figures 2.4.38 and 2.4.41). The docu- 
mentation should include machinę train diagram, machinę dynamie specifications, machinę/ 
component construction data, instrumentation description, conventions, and machinę dynamie 
behavior (baseline/historical) reference data. 
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Transducer designation example: 




Figurę 2.4.41 Transducer orientation on a turbine-driven compressor. 



2.4.7 Recommendations for Monitoring ot Rotating Machines 

Monitoring of rotating machines applies a broad rangę of protection and information 
Systems. On generał purpose machines, vibration transducers and temperaturę sensors are 
installed primarily to protect the machinę from catastrophic failure. The transducers can 
provide, however, much morę useful information which can be used in early diagnosis of an 
impending malfunction and in preventing a machinę failure. The recommendation for 
vibration and temperaturę monitoring is as follows: 

• Two rotor observing proximity transducers mounted in XY orientation must be installed at or in 
proximity of each bearing. 

• Two proximity transducers must be installed for monitoring rotor axial position and vibration. 
Axial position is an extremely important measurement, because it indicates changes in machinę 
internal clearances or thrust reversals, which may lead to catastrophic conseąuences on the 
machinę. As a result, many users tie the rotor axial position transducers to a main trip function. 

• At least one Keyphasor transducer installed usually at inboard end of the machinę. 

• Redundant transducers for any of the above which are not easily accessible from the machinę 
exterior. 

• Two additional XY proximity transducers at the opposite axial sides of each bearing of the 
machinę train, for modę identification, and in order to avoid a lack of signal from a probe located 
in a nodal point for sonie modes. (These "modal” probes can also be mounted on the same sides 
of the bearings, but at least one rotor diameter axial distance from the other probes.) 

• Two temperaturę sensors must be installed in each radial bearing. (For short bearings with 
length-to-diameter ratio less than 'A, one sensor will be sufficient). 

• Two temperaturę sensors must be mounted in active and inactive faces of the thrust bearing. 

2.4.8 Instruments for Data Processing and Displaying in Real Time 

While computerized data acąuisition and processing has become very popular, sonie 
“old-fashioned” instruments, monitoring the machinę parameters in real time, still have 
their undisputable merits and should be retained and used for fast visual checking of the 
machinę performance and for educational purposes. Oscilloscope, monitors, filters, and 
spectrum analyzers are among these instruments. 
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2.4.8. 1 Oscilloscope 

The oscilloscope is one of the most important instruments for visual observation of 
the vibration signals in real time. It displays the amplitudę, freąuency, phase and, if 
available, position data simultaneously. The shape of the waveform or orbit can highlight 
significant rotor response changes that can go undetected when these characteristics are 
viewed separately. The rotor orbit is especially meaningful. The Keyphasor dots on orbits 
and time-base waveforms correlate rotational speed with the rotor lateral vibration motion, 
and give an idea about the rotor modę of vibration, when orbits with Keyphasor dots 
from two ends of the rotor are compared (Figures 2.4.29 and 2.4.42). For monitoring 
a multi-rotor machinę, several oscilloscopes should be used. In the near futurę Computer 
monitors will probably replace oscilloscopes. 



2. 4.8.2 Monitors 

Monitors are designed to continuously monitor and display a wide variety of supervisory 
parameters measured by transducers. They aid operation personnel in recognizing machinery 
problems, and automatically shut down machines before costly damage due to malfunction 
occurs (Figurę 2.4.43). The monitors are eąuipped with “OK”, “Alert”, “Danger” indicators 



A B C D E F 




Figurę 2.4.42 Rotor modę shape determined from orbits at different axial locations of the rotor with Keyphasor 
mark information, collected at the same rotational speed. 



Preventive maintenance system 




J 



Figurę 2.4.43 Example of an on-line preventive system for critical machinery. 
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Figurę 2.4.44 Filter types. 
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and “Alarm” relays. The monitors are usually built in modular versions to choose elements 
for specific machinę needs. Many of theni are eąuipped with possible Computer interfacing. 



2.4.8.3 Filters 

In the freąuency domain, filters serve to focus on specific vibration components or 
eliminate unwanted components (such as noise) of the transducer signal (Figurę 2.4.44). 
A high or low pass filter eliminates, respectively, the low or high freąuency components of 
the signal. In the rotating machinery applications, the most useful is the tracking filter, such 
as a Digital Vector Filter. This instrument automatically adjusts a narrow bandpass filter 
center freąuency to the freąuency of a reference signal, usually that of the Keyphasor signal, 
thus to rotational speed. The tracking filter can, therefore, provide the filtered synchro- 
nous vibration (lx), as well as vibration signal components being fractions or multiples 
of the rotational speed (l/3x, l/2x, 2x, 3x, etc.). If the bandpass filter is swept across 
the freąuency rangę (sweep filter), a spectrum will be generated. It serves for identification 
of significant freąuency components of a vibration signal. 



2.4.8A FFT Spectrum Analyzer 

This instrument is widely used (and often overused) in vibration analysis. It provides the 
Fourier spectrum components of the vibration signal. In rotating machinę diagnostics, 
the most often used are steady-state spectra, waterfall spectra versus time, or versus 
some other monitored parameter, and spectrum Cascade plots versus rotational speed from 
the machinę start-up or shutdown. For rolling element bearing and gear train diagnostics, 
the spectrum analyzer is often the primary measuring instrument. The spectrum analyzer 
is also used for identification of the instability source location along the rotor of a machinę 
train (phase measurement of cross-correlated signals, such as fluid whip, from two ends of 
the rotor; see subsection 4.7.4 of Chapter 4). Most probably in the near futurę, Computer 
software and monitors will replace spectrum analyzers. 
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Figurę 2.4.45 Example ot computerized data acquisition and Processing system. 



2.4.9 Computerized Data Acquisition and Processing Systems 

Vibration and process data from machines can be visually monitored, and/or manually 
acąuired and reduced into meaningful formats. The advances in Computer technology 
have brought tremendous improvements in increasing accuracy, as well as in reducing 
time and effort consumed by manuał data acąuisition and processing. The improvements 
are also in the volume and speed of performed operations, from the beginning of data 
collection, to the finał display of the data now available in cross-correlated formats. 
Decreasing costs of computerized data acąuisition/processing Systems, and their efficiency, 
result in increasing cost-effectiveness of their application in industry maintenance programs. 
A typical system consists of a Computer and a data acąuisition instrument, which digitizes 
the transducer-provided analog electronic signals. Dedicated Computer software provides 
data processing, displaying, and archiving routines (Figurę 2.4.45). 

The Computer can perform many of the data processing functions previously described, 
thus replacing a portion of hardware. Computers can provide the processed data in near real 
time, but their most important advantage may lie in their ability to storę data for further 
analysis, especially in correlation with other operating parameters, and in comparison 
with previous “historical” data. 



2.4.10 Incorporation of Machinę Modeling into Data Processing Systems 

Current monitoring and diagnostic Systems rely on a limited amount of informa- 
tion, usually based on one- or two-dimensional lateral vibration data at one or a few axial 
locations of the rotor. The evaluation and correlation of the data from several axial loca- 
tions, together with the physical rotor/stator information, has been left to the machinery 
specialist. Much of this correlation could be done in the monitoring or diagnostic Systems, if 
adeąuate Computer models of the machinę became part of the progranTs database. By 
comparing calculated responses from the Computer mode-hased model with the actual 
vibration responses measured on the machinę, the vibration data could be transformed 
into direct machinery parameters, such as unbalance forces, fluid bearing and/or seal forces, 
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rotor stiffness, etc. This would allow the monitoring system to provide a baseline for directly 
trending of machinery parameters, and to initiate alarms based on their current values. 

Another immediate benefit of Computer modeling incorporated in the monitoring soft- 
ware is the estimation of the vibration responses at locations where transducers cannot 
be installed. At specific locations, where the clearance between the rotor and stationary 
element is smali, these vibration responses could be of high importance. Vibration alarm 
levels could be based on the acceptable vibration responses at these critical locations, instead 
of the responses at locations where it is convenient to install transducers. This would bring 
a major improvement in alarm set-point management. 

The Online machinę data used for input into the Computer model may also help the 
machinery designers. In particular, sińce the configuration and shape of rotating compo- 
nents change due to displacements and deformations, the designer will be able to optimize 
the clearances to achieve highest possible efficiency of the machinę. 

An important part of the mathematical model incorporation into the machine-monitoring 
database consists also of possible online eraluation of stresses on critical machinę com- 
ponents, thus providing assessment of life span of these components. If actual measurement 
values are input into the model, many malfunctions directly depending on stress patterns, 
such as rotor cracks, could be diagnosed at an early stage, and eventually avoided by 
appropriate design changes. 

The computer-based models are being successfully used for specific tasks in online control 
of turbomachine performance. An example is an anti-surge control, based on Computer 
model of the phenomenon, and using the online data to activate the control actuator, 
as discussed by Blotenberg (1995). There are also some early attempts to apply neural network 
technology to online model-based monitoring of machinery (for example, Roemer et al., 
1995). The neural network can be trained to integrate the results frorn a detailed finite- 
element model with the online data, to recognize fault patterns in real time. 

Some computer-controlled monitoring of turbomachinery, which uses multivariate 
regression models , has already been implemented in the field (Curami et al., 1994). The 
multi-variable regression models use the available vibration and process data to determine 
the unknown machinę parameters directly affecting its operational conditions. The accu- 
racy of the models depends on an adeąuate selection of the parameters used as regressor 
variables, as well as on identification of the actual functional relationship between the 
measured data and these variables. Some methodologies, including statistical methods, were 
developed to improve and validate the models, and provide useful information to identify 
the regression function that best fits the measured data. 

An improvement in the assessment of machinę health would be achieved if online 
perturbation testing could be performed. This techniąue is sometimes referred to as “ actire 
condition monitoring ”. Using a calibrated input force, and measuring the machinę response, 
thus performing perturbation tests, would provide additional information to validate the 
model on the basis of classical modal analysis (see Section 4.8 of Chapter 4). If the test results 
of model adeąuacy are satisfactory, the models could be used not only for diagnostic 
purposes, but also to forecast machinę dynamie behavior during operation. 

Parallel to improvements in Computer models, online perturbation tests provide an insight 
into a machinę malfunction root cause, and improve diagnostic and machinę correc- 
tion procedures. In today’s machinery world, hammer impacting generates the simplest 
perturbation input forces. In the futurę, morę sophisticated perturbation systems will be 
implemented into the machinę design and activated, when necessary, by the operator or 
automatically by the Computer expert system. The rotor, as the source of malfunctions, will 
be perturbed online in either a forward or baekward nonsynchronous sweep-frequency 
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modę in order to identify its current dynamie stiffness characteristics. The laboratory 
perturbation testing of rotors rotating in fluid environment has proved its usefulness, and 
already has provided wide actual working experience and a broad rangę of results (see 
Section 4.8 of Chapter 4 and publication by Muszyńska, 1995). 

The last, but maybe the most promising, benefit of today’s technology is using the Com- 
puter model of the machinę dynamie behavior for training new operators and for recurrent 
training of the experienced ones. The model becomes a virtual machinę, which the operators 
can control. Errors in operation or judgment would be evaluated, brought to the attention 
of the trainee, and suggestions madę as to how to avoid the problem in the futurę. The impact 
of the mistake is minimized, as only the virtual machinę is damaged, not the real one — a 
tremendous cost saving. In addition, the real machinę can stay on linę in operation while 
the training is being done, again reducing the cost of the entire operation. Models could 
be linked, creating a training environment similar to a complete process train, or even 
the whole plant operation. To accomplish these goals, the Computer systenTs scope needs 
to be expanded beyond the classical viewpoint. The technology is presently available to 
accomplish this goal. 



2.5 CLOSING REMARKS 

Condition monitoring as a part of the predictive machinę management program does 
not by itself improve reliability of machines. The best way is to prerent problems by 
identifying and eliminating them early during the design pliase of the machinę and during 
prototype and acceptance testing. Protection against vibration-caused failures cannot be left 
to machinę users alone. Rather, it must be reąuested from the designers, who should know 
which mechanical problems of the machinę are most likely to occur. They are better suited 
to keep these problems under control by design. The information on the machinę baseline 
parameters, machinę transfer function, dynamie stiffness, spectrum of natural freąuencies 
and corresponding modes, load to vibration ratios, results of various original testing, and 
acceptance criteria must be shared with machinę users. Naturally, the designers recognize 
today the paramount role of the Online monitoring, and include in the design the appropriate 
locations and mounting devices for transducers, without jeopardizing machinę structural 
integrity and operational parameters. 
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CHAPTER 3 



Basic Rotordynamics: Extended Rotor Models 



3.1 INTRODUCTION 

In Chapter 1, the isotropic rotor model with two lateral modes has been introduced. This 
is a basie model of the rotor. The motion of the rotor consists of two lateral transversal 
modes: conventionally vertical and horizontal. In this basie model the rotor motion in 
the horizontal and vertical planes were not coupled, and these two modes were identical, 
resulting in rotor lateral circular orbital motion. Lateral modes of rotors are common 
and important, as there always exists a potential exciting force within the rotor system, the 
unbalance. This chapter will present several morę complex rotor models. The complexity 
consists in the addition of morę modes and morę internal forces affecting the rotor response. 
While lateral transversal models of rotor motion are most popular, rotor lateral angular 
motion is also very important, as it introduces a new phenomenon in the rotor behavior, 
namely the gyroscopic effect. While the lateral models are based on force balance, the angular 
models are based on force moment balance. The rotor models based on the angular 
momentum are discussed in Sections 3. 6-3. 8. 

The rotor models describing its lateral motion are not uniąue. Rotating machinery 
rotors are also subjected to torsional and longitudinal (axial) excitation, resulting in torsional 
and/or axial motion, which might be coupled with the rotor lateral motion. Rotor models 
of torsional vibrations and coupled torsional/lateral vibrations are also discussed in this 
chapter. The chapter begins with a short introduction to the notion of rotor modes. 



3.2 ROTOR MODES 



3.2.1 Introduction 

In Classical Mechanics a “modę" is a description of motion. There are various kinds 
of modes, many with a modifying phrase, such as the “first” or the “second” modę, a 
“principal” modę, “bending” or “torsional” modę, or a “coupled” modę, or any specific 
mechanical element modę of a larger mechanical system — all describing a particular manner 
of motion. Modes, associated with natural freąuencies of the system, are the most important 
characteristics of all mechanical vibratory Systems. 

At a natural freąuency, a vibrating system moves in a “principal” or “natural” modę of 
free vibration. If the amplitudę of one discrete mass is chosen to be one unit of displacement, 
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this modę is said to be normalized, or is simply called a normal modę. These modę descrip- 
tions mean that all parts of the mechanical system perform the same harmonie motion at a 
system natural freąuency, and with maximum displacement amplitudes of the system 
elements at identical times. Then the values of these maximum displacements and their 
phases (“ modal functions ”) at each point of interest of the system are “frozen in time” and 
compared with each other. This frozen image represents a “modę shape” of the system 
for this particular natural freąuency. In simple words, “a modę” is a mutual relationship 
between amplitudes and phases of the harmonie motion (at a specific freąuency) of all 
points of the mechanical system elements. Among these vibrating points, there exist 
points which do not move; these points are called “nodes”. The number of nodal points 
(or nodal lines, or nodal surfaces for three-dimensional structure vibrations) determines 
the modę. Usually the lowest modes at lowest freąuencies have minimum number of nodal 
points. The points with maximum amplitudes for a particular modę are called anti-nodes. 

The coordinates used to describe the free motion also describe the modę. These coordi- 
nates usually are not stated in absolute ąuantities, but as numerical ratios. This means that 
the value of one coordinate relative to all others is fixed for any given modę, and the absolute 
value of this coordinate determines the values of all the other coordinates. 

The classical modes of a mechanical system are associated, therefore, with free har- 
monie vibrations. Experimentally, free vibrations can be excited by instrumented hammer 
impacts applied at various points of the mechanical structure or excited by other means. 
Vibration transducers distributed through the structure measure the free response vibrations. 
A data acąuisition/processing system extracts amplitudes and relative phases of separate 
free vibration freąuency components. 

The notion of modes is also used in case of steady-state conditions of vibrations excited 
by a harmonie force. Usually resonance freąuencies, often called “critical freąuencies”, which 
are closely related to specific modes, are intuitively well understood, when the mechanical 
system is excited with a sweep-freąuency periodic force; there exist “critical freąuencies” 
at which the system vibrates violently. These “critical freąuencies” correspond to natural 
freąuencies of the system. The “modę”, which is associated with each “natural" or “critical” 
freąuency, answers the ąuestions on: “What actually in this mechanical system vibrates at 
that freąuency?” “Which part of the system has the highest amplitudes?” “How are 
the amplitudes of one part of the system related to the amplitudes of another part of the 
system?” In addition, the ąuestion at which is usually least understood, “What are the 
relative phases between vibration at any one part and any other part of the system at this 
freąuency?” For each “critical” freąuency the modes of a mechanical system are usually 
illustrated by their shapes frozen in time, picturing vibration maximum amplitudes (anti- 
nodes), and the relative phases of each point of the structure. 

The modę at a “critical freąuency” is distinctly defined. If the exciting force freąuency 
changes slightly, the modę still qualitatively will be similar to the modę at the “critical 
freąuency”. The ratios between vibration amplitudes and phases of particular points 
of the structure may, however, be numerically slightly different. Within specific ranges of 
freąuencies around natural freąuencies, the notion of modes is also often used in case of 
steady-state conditions of forced vibrations, excited by a harmonie force with a freąuency, 
not necessarily coinciding with one of the natural freąuencies of the system. A comparison 
of forced response vectors (amplitudes and phases) at various points of the system (a modal 
shape) provides useful information about deflections and deformations of the system 
elements. The situation is, for example, described as “the rotor operates within a “such 
and such modę”. 

Finally, the modes are very important in the procedurę of “modal identification”. 
An exciting harmonie force, with known parameters, is externally applied to a mechanical 
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system in a frequency-sweep fashion. The system response in several locations is measured. 
This procedurę provides enough information to identify the system modes and their modal 
parameters. Such method of system identification was briefly discussed in Chapter 1. Morę 
identification procedures of rotor modal characteristics are presented in Section 4.8 of 
Chapter 4. 

In rotating machines, modes of the rotor are of paramount interest, as the rotor is 
a major element which performs the work and, at the same time, is also most prone to 
respond to disturbances. Usually, rotor lateral modes are analyzed in the first place. Rotor 
torsional modes are very important in machines, which are multi-span, with long rotors, 
transmitting significant torąues. The torsional modes are practically present in any rota- 
tion machines, but their importance is very often underestimated (see Section 3.10 of 
this chapter). Rotor axial modes should be considered in machines which are subjects of 
variable axial loads. In most generał cases, all rotor modes should be coupled. 



3.2.2 Lateral Modes of a Two-Disk Isotropic Rotor 



In this section, an introduction to rotor lateral modes will be presented using an example 
of an isotropic rotor system, in which two lateral modes of the rotor are dominant. It 
is assumed that the rotor vibrations in two orthogonal directions (“vertical” and 
“horizontal”) are identical and not coupled, and therefore only the vertical modę will be 
discussed. It is also assumed that rotor is supported at both ends with rigid supports and that 
damping is negligible. The mathematical model of the rotor is, therefore, shown as 
(Figurę 3.2.1): 

M\y\ + (K\ + K 2 )yi — K 2)’2 — 0, M 2 y 2 + (^2 + K 3 )y 2 — K 2 y\ — 0 (3.2.1) 



where K\, K 2 , K 3 are the stiffness components of the rotor corresponding sections, M 1 , M 2 
are masses of rotor disks, and y 2 (t ) are rotor vertical displacements at the disk 

locations. 

The eigenvalue problem, y t — A i e st , i — 1,2, where 4, are the constant of integration 
(later on, they will lead to modal functions), t the time, and is an eigenvalue, provides 
the following determinant eąuation: 



K { +K 2 + M x s 2 -K 2 

-K 2 K 2 + K 3 + M 2 s 2 



(3.2.2) 



Further, on, it is useful to use the natural freąuency, co n ( s — jco„) instead of the 
eigenvalue, s. Based on Eq. (3.2.2), the characteristic equation results in the following: 
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Figurę 3.2.1 Model of lateral modes of two-mass rotor. 
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This characteristic eąuation provides four natural freąuencies of the rotor: 
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i, v — 1,2 



(3.2.3) 



The natural freąuencies &>„n, and a>„ 2 „, v = 1, 2, differ only by a sign. The generał solution 
of the rotor model (3.2.1) is therefore: 



2 

y\(t) = Y^Aue i0> ™ t , 



v=\ 



2 

yi(t) = T 2l , e-^ 

y=l 



(3.2.4) 



Introduce one of the Solutions (3.2.4) into Eq. (3.2.1): 

(Ki +K 2 - M x a? niv )A Xv - K 2 A 2v = 0, (tf 2 + - M 2 co 2 njv )A 2v - K 2 A lv = 0 (3.2.5) 



As can be seen, the constant values A\ v , A 2v are not independent, sińce these eąuations 
are homogenous (no free terms on the right sides). Based on the flrst Eq. (3.2.5), the 
relationship between them is as follows: 



A 2 v — 



K, 



Ki -M 1 aZ j!LA 



K 2 



(3.2.6) 



or, using the natural freąuencies (3.2.3): 
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(3.2.7) 



where T 21 , T 2 2 are modal functions. In this example, the results are identical for i — 1 and 
i — 2. For the calculation of the relationship (3.2.6), the First eąuation (3.2.5) has arbitrarily 
been used. If the second eąuation was used the result will be the same. Now the solution 
(3.2.4) can be written as follows: 



yi(t) — A n e j<0nt1 ' + A l2 e M,a ‘, 

y 2 (t ) = A 21 e^"' 1 ' + A 22 e Ju, " a ‘ = A n Y 2l e Jco "“' + A l2 Y 22 e >tó ' 



(3.2.8) 



The first eąuation (3.2.8) can also be supplemented by modal functions eąual to unity: 
Tn = 1, Y i? = 1. Thus, the solution (3.2.8) is as follows: 

y i(0 = Au Tu e** 1 ' + A 12 Y l2 e*“', y 2 (t) = A u Y 2l e^' 1 ' + A n Y 22 Q^‘ 
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This set of eąuations can also be written in a matrix format as follows (see Appendix 8): 



>i(0' 




'Yi,y 12 - 


~A, le^"' 1 '” 






. y 2 i y 22 . 


A\ 2Q> u> " a ' 



The first matrix on the right-side of the above eąuation represents the modal function 
matrix of this rotor system. The first column of this matrix corresponds to the first modę 
with the first natural freąuency. The second column corresponds to the second modę. 

The meaning of these modal functions will be better explained using a numerical example. 
Assume that K\ — 8 x 10 4 N/m, K 2 — 4 x 10 4 N/m, Kj — 2 x 10 4 N/m, M\ — M 2 — 1 kg. 
Then, using Eq. (3.2.3), two natural frequencies squared are as follows: <w 2 = (6 + 3)10 4 

±10 4 y(6-3) 2 + 16 = 10 4 (9 ± 5), thus = 4 x 10 4 rad/s, co; a = 14 x 10 4 rad/s. The modal 
functions for the first coordinate, y\, are assumed one: Y\ \ — Y\j — 1. The remaining 
modal functions are calculated from Eq. (3.2.7): 



r 2 i 
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4 + 2 
— — + 





4 + 2 5 

_ 8 4 



-0.5. 



The last modal function is negative, thus deflection T 2 2 of the right-side disk goes 
in opposite direction to the deflection T 12 of the left-side disk. In other words, the deflec- 
tions of the two disks are 180° out of phase. Figurę 3.2.2 presents the modal shapes of 
the rotor bending, corresponding to the first and the second natural frequencies. The first 
modę is rotor bending with the nodal points (points which do not move) located at the 
rigid supports. The rotor second bending modę has an additional nodal point between 
the two disks, so its modę shape resembles qualitatively a fuli sinusoid. In the case 
considered, only two discrete massive disks were examined. If morę disks (or just slices of 
the rotor) are considered in the model, the modal shapes will be smoother, approaching 
half and fuli sinusoids for these first two modes. Important parts of contemporary Finite 
Element, Transfer Matrix, or other computerized calculation programs designed for mechan- 
ical systems and, in particular, designed to predict rotor dynamie behavior, are to provide 
the system natural frequencies and corresponding modal functions. This section outlined a 
very modest introduction to the concept of modes. 

In the simplest rotor model considered above, two rotor supports were assumed infi- 
nitely stiff. In rotating machines, the rotor and its supports are usually major physical 



M 1 




Figurę 3.2.2 Example of the first two modal shapes of the rotor bending. 



© 2005 by Taylor & Francis Group, LLC 



84 



ROTORDYNAMICS 



objects of discussion. For the rotor lateral modę considerations, mass, lateral stiffness, 
and lateral damping characterize each of these objects. The First two parameters are 
reąuired for the determination of the “natural freąuencies” and “free vibration modes”. 
(Damping, if smali, is usually secondary in all modę considerations.) Most often, however, 
the forced (or “excited”) modes are considered. In rotors, a rotating unbalance provides the 
major exciting force for the rotor lateral modes. This force has the same freąuency as 
the rotational freąuency of the rotor. (There also exist many other exciting forces, which 
are external to lateral modes, which can act on the rotor/support system, and which are 
characterized by different freąuencies; this fact is very often overlooked.) The major 
ąuestion now to be answered is “what is stiffer (less flexible) in the lateral direction, the rotor 
or the support?” Assume that the rotor is laterally flexible, but the supports are extremely 
stiff (in the simplest models, like the one considered previously, it is assumed that each 
support represents one stiff, stationary “point”, with no axial length). The first modę of 
such a rotor, detennined by the rotor mass and its axial (longitudinal) stiffness distribution 
will be close to a “half of a sinusoid”. This means that all axial points of the rotor centerline 
vibrate in phase. The highest amplitudę occurs at sonie position close to the middle of 
the bearing span, and the nodal points are located at the point-supports. This modę is called 
“the first flexible rotor modę”. The second modę, occurring at a higher freąuency, looks 
like a not ąuite symmetric “fuli sinusoid”. The left part and the right part of the rotor vibrate 
out of phase (180° of phase difference between the left and right-side of the rotor vibra- 
tions). In the above example, the minus sign in front of the corresponding modal function 
represents this phase difference. There are two maximum amplitudes at each side of the 
rotor. That is, each half-sinusoid deflection between two supports has its own peak (anti- 
nodal point). The higher peak occurs at the “softer”, morę flexible side of the rotor. 
The additional nodal point (except those at the point-bearings) is located somewhere between 
the bearing spans. 

Continuing this consideration, the third modę at the third natural freąuency will 
resemble a one-and-a-half sinusoid, thus will have two nodal points between supports. 

Notę that so far the lateral isotropy of the rotor and decoupling of the vertical and 
horizontal modes have been assumed. Since the rotor rotational speed was not included in 
the model (3.2.1), in each orthogonal direction, the first two modes will resemble the half- 
and fuli sinusoids discussed above, each in one piane: (TZ) or (ZX) (see Figurę 3.2.2). Due 
to the rotor rotation, these modes will be coupled and, at each modę, the rotor lateral 
vibrations will be circular orbits perpendicular to the axis Z. Time on these orbits may 
go either clockwise or counter-clockwise, or, in other words, forward (in the same direction 
as rotor rotation for +«,„•) or backward (in opposite direction for —co,,,). Figurę 3.2.3 presents 
the rotating isotropic rotor second modę. 




Figurę 3.2.3 Rotating rotor second lateral modę illustrated by orbital motion of its centerline. ‘Kephasor dots’, 
interposed on the orbits, indicate phases (see Section 2.4.2 of Chapter 2). Notę that the orbit 
phases at the inboard side are 180 J different than the phases at the outboard side of the rotor. 
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Figurę 3.2.4 Rotor lateral modę demonstrator setup: (1) electric motor, (2) speed and acceleration controller, 
(3) rotor, (4) eccentric beam, (5) elastic ropę, (6) bearing with 10 mm radial clearance, (7) tension- 
providing weight. 



An experiment for demonstration of rigidly supported rotor rnodes was designed 
as follows. An elastic ropę was attached vertically to a beam, mounted perpendicularly 
to the axis of the rotor of an electric motor (Figurę 3.2.4). The eccentricity of the ropę 
mounting to the beam was adjustable. The lateral vibration excitation of the ropę orbit- 
ing was due to this eccentricity; it worked similarly to the familiar children jumping 
(skipping) ropę excitation. 

In order to provide tension of the ropę, a weight was attached to its lower end. The 
motor was eąuipped with a speed and acceleration controller. Figurę 3.2.5 presents the modę 
demonstrator with the ropę at rest. While increasing rotational speed, the ropę started 
orbiting in the flrst bending tnode, reaching the mid-span maximum amplitudę at the first 
balance resonance speed (Figurę 3.2.6). This tnode had two nodal points — at the attach- 
ment point to the beam and at the lower bearing (actually, due to this demonstrator design, 
these nodal points were not stationary; the ropę motion at these locations was, however, 
restricted and much smaller than the motion at the anti-nodal location). 

With a further increase of the rotational speed, the modę got transformed smoothly 
to the second modę, similar to a sinusoid with three nodal points (Figurę 3.2.7), and then 
to the third modę with four nodal points (Figurę 3.2.8). Due to rotational excitation, 
these rnodes were two-dimensional, similarly to the rnodes of the actual rigidly supported 
rotor lateral rnodes. The ropę represented the rotor centerline modes during rotor lateral 
vibrations. 

Let us consider another extreme case: a rigid rotor and two identical, flexible supports 
in all lateral directions. The next assumption is that this flexibility is the same in all 
these lateral directions (“isotropic support”). Assuming further that the rotor support has 
negligible mass, such a system will have only two modes: translatory (or “translational”, 
or “cylindrical”) and pivotal (or “conical”). These “cylinders” and “cones” are imaginary 
surfaces of the deflected rotor circular orbital motion around the support centerline. The 
classical model of such a rotor/support system is a symmetric, uniform, rigid rotor supported 
at each end by supports of identical stiffness. In this case, the lower modę of this system will 
be purely cylindrical. At the freąuency eąual to the square root of the total support stiffness- 
to-rotor mass ratio the pure cylindrical modę occurs. This freąuency is the “first natural 
freąuency of the system”. In the case of an unbalanced rotor (the rotor unbalance provides 
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Figurę 3.2.5 Rotor modę demonstrator: ropę at rest. Figurę 3.2.6 The first bending modę. 



the exciting force), this freąuency corresponds to the resonance speed, often called “first 
critical speed of the rotor rigid modę”. 

In all practical cases, there is no symmetry either of the rotor mass distribution or the 
support stiffness at each end. In this case, the first translatory modę will not be exactly 
cylindrical, but slightly conical. It means that the rotor deflection (vibration amplitudę) at 
each end of the rotor will be different, but they will vibrate in phase. This also means that the 
peak of this imaginary cone, drawn by the rotating and vibrating rotor centerline (the “nodal 
point”) will be outside the space between the supports, actually outside the stiffer support. 
This “nodal point” in the imaginary modę shape representation is the point, which does not 
move, or, morę precisely, has zero vibration amplitudę. 

The second modę of the isotropic and symmetric system is pivotal, in which the nodal 
point is between the supports. The modę has a double cone shape, and looks like the motion 
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Figurę 3.2.7 The second bending modę. 



Figurę 3.2.8 The third bending modę. 



of bicycle pedals: out of phase at each end of the rotor (the relative phase of the vibration at 
the rotor each end is 180°; compare with Figurę 3.2.3). The natural freąuency of this modę is 
determined by two bearing stiffness, rotor mass, and its mass distribution along the length. 
These two modes are called “rotor rigid body modes”. 

Another extreme particular case can be considered here: assume one flexible and one 
infinitely stiff support. In this case, the only modę of such rotor/support system will be the 
conical modę, with a nodal point at the stiff support location. 

If the rotor support has anisotropic stiffness then a distinction between two lateral 
orthogonal modes will occur. Usually in each orthogonal pair of lateral natural freąuencies 
of the anisotropic rotor, these freąuencies are close in value. While the rotor responses 
terms of orbits of an isotropic rotor are circular, the responses of an anisotropic rotor are 
generally elliptical. 
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3.2.3 Modes of a Flexible Rotor in Flexible Supports 

The morę realistic models of the rotor/support system must consider that both rotor 
and supports are flexible. This case represents, therefore, a combination of the simplified 
cases discussed above. If the support stiffness is much lower than the rotor stiffness, then 
the modę will look similar to the cylindrical modę, except that the “wali” of the cylinder 
will look like a “barrel wali”. It means that the rotor will also slightly deflect, but the 
difference between its vibration amplitudę at mid-span and at the support joints, will not be 
high. Notę also that, most often, the stiffness of each support is different, thus this modę 
will not be a classical barrel with identical covers, but like a barrel with different diameters 
of the top and the bottom end covers. The nodal points for this First modę will again 
occur outside the support span, somewhere beyond the supports. Figurę 3.2.9 presents a 
qualitative picture of possible rotor modes as functions of rotational speed and the support 
stiffness. It is assumed that the rotor is supported at both ends. If the rotor stiffness is 
much higher than the support stiffness, the first modę is rigid body “cylindrical” modę 
(actually it is never exactly cylindrical, but slightly conical, with a nodal point outside the 
morę rigid support; it is due to usual differences in stiffness components of the left and 
right supports). The second modę is also a rigid body modę, “conical”, with the nodal point 
in between the rotor supports. The third modę includes deflections of both supports and 
rotor. The third modę has two nodal points between the rotor supports. If the support 
stiffness is high, then the first modę is bending of the rotor, like a half of a sinusoid. The 
nodal points are located at the rigid supports. The second modę has one nodal point in 
between the supports, so the bent rotor shape resembles a fuli sinusoid. The third modę has 
two nodal points in between the support span. In this qualitative presentation, each 
“modę” actually consists of two lateral transverse or angular (“horizontal” and “vertical”) 
modes (see Sections 3. 6-3. 8 of this chapter). 

Depending on stiffness ratios between the rotor and the supports, the second modę 
can be either similar to the “rotor rigid body pivotal modę”, in which the “double 
cones” are slightly “puffed up”, or similar to the “first flexible modę” of the rotor, in 
which the supports also vibrate, but with relatively smali amplitudes. The distinction of 




Figurę 3.2.9 Rotor modę shapes as functions of rotational speed and support stiffness. 
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these cases will be determined by the magnitudes of the rotor amplitudes at the 
supports and at the mid-span of each part of the deflection sinusoid. In both cases, 
the nodal point (the top of two cones) must occur between two supports. Following at 
higher natural freąuency, the third modę will have two nodal points between the support 
spans. 

Again, these considerations are limited to isotropic cases. If the rotor and/or its supports 
are anisotropic, then two lateral orthogonal modes will not be the same; peak amplitudes will 
occur at different freąuencies which are, however, usually close in values. As a result, the 
rotor orbits at each freąuency will be elliptical (and only at particular freąuencies may be 
circular, see Section 3.4). This means that an anisotropic rotor has twice as many natural 
freąuencies and corresponding modes as the isotropic rotor. 



3.2.4 Modes of an Overhung Rotor in Flexible Supports 

So far, in the rotor/support Systems considered, the supports were assumed to be 
located at the rotor ends. A new case represents an overhung rotor, with a considerable 
mass located outside one of the supports. Again, however, the same rule applies. The first 
modę will have a nodal point outside the elastic support span. Depending on the rotor 
and support stiffness, the second modę will have a nodal point somewhere between the rotor 
ends, but not necessarily between two supports. 



3.2.5 Modes of a Multi-Rotor Machinę: Example — A Turbogenerator Set 

The next step in generalization is the consideration of a multi-support machinę rotor 
train. Usually such a machinę train is composed of a number of rotors supported in one 
(seldom) or two supports and connected to the next section of the train through a coupling 
mechanism. When the machinę, such as for example a turbogenerator is properly designed, 
the natural freąuency spectrum for each two-support span differs from another span 
spectrum. The differences between natural freąuencies of all two-support spans of the 
entire system must be as large as possible. It is a bad news if, for instance, the second modę 
natural freąuency of the generator span coincides with the first modę of the high-pressure 
turbinę natural freąuency! During the turbogenerator set start-up (notę that now, not free 
vibration modes, but modes forced by rotor distributed unbalance and further modified 
by steam flow forces and thermal effects are considered), with increasing rotational speed, 
that is with increasing freąuency of the unbalance force excitation, usually the generator 
first modę occurs as the first modę of the entire turbogenerator set. The generator 
unbalance-related synchronous (lx) lateral vibrations are the highest in the system. Then, 
with further increase of the rotational speed, possibly the first modę of the low-pressure 
turbinę occurs as the second modę of the system. Notę that these modes do not occur 
at exactly rotational speeds corresponding to the natural freąuencies of isolated two-span 
Systems, and that these modes are not necessarily as “clean” as uncoupled modes. Notę also 
that they depend on unbalance distribution along the entire machinę train rotor. For the 
“clean” modę the lateral vibrations of other spans of the machinę must have zero amplitudes, 
thus would be nonexistent. In practical cases, some vibration activity occurs also in other 
parts of the machinę, but the vibration amplitudes are usually much smaller than that of 
the particular two-support span. 
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3.2.6 Other Modes of Rotor Systems 

The next step in the problem generalization is a consideration not only of lateral vibration 
modes, but also torsional modes, and longitudinal (axial) modes of the rotor. The torsional 
modes are usually considered as important in rotating machines with long shafts, and those 
transmitting high power, although they should also be considered in many other rotating 
machines. The point is that the torsional modes can easily be excited by rotor unbalance and 
by lateral unidirectional forces acting on the rotor. Both these forces are usually present in 
rotating machines. The rotor torsional vibrations do not transmit to other modes of 
vibrations, like rotor lateral vibrations do. They are not easily monitored on-line (see Section 
2.4.4 of Chapter 2). That is why rotor torsional vibrations are very often overlooked, until it 
is too late, and the machinę ends up in a catastrophic failure, due to either instantaneous 
torąue overload or rotor materiał fatigue darnage. The problem of pure torsional and 
coupled lateral-torsional vibrations of rotors are discussed in Section 3.10 of this chapter. 

The axial modes are especially of interest if in machines there exists some specific 
variable forcing activity in the axial direction of the rotor. Normally, lateral or torsional 
vibrations of the rotor are not strongly coupled with axial vibration modes. 

Finally, the rotating machinę does not consist only of the rotor and supports, 
although these elements of the rotating machinę are the most important. The rotor is a 
source or transporter of energy in the machinę mechanical system. Rotor lateral vibrations, 
as a side effect of its rotational motion, are transmitted to other parts of the machinę. 
These other parts of the machinę mechanical system may resonate at certain freąuencies 
(for example, pipings in turbomachines) excited by rotor unbalance force, or other forces 
acting within the system. Ali these modes should also be carefully examined in order to 
prevent excessive vibrations of the machinę components. 

One specific tnode is worth mentioning as an important issue in the consideration 
of vibration-measuring transducer installation. Natural freąuencies of relative vibration- 
measuring transducers together with their mounting fixtures must not coincide with the 
span of typical forcing functions within the machinę. Otherwise, the transducer will resonate 
and the measurement will not be correct. 

The mechanical system natural freąuencies and their corresponding modes are usually 
numerically calculated using Finite Element or Transfer Matrix methods. The results are 
then adjusted during machinę operation tests. This adjustment is necessary, as the rotor 
usually operates in fluid environment and as an estimation of support parameters is often 
very rough, especially if the rotor is supported by fluid-lubricated bearings. 



3.3 MODEL OF THE ROTOR WITH INTERNAL FRICTION 
3.3.1 Introduction: Role of External and Interna! Damping in Rotors 

During deformation of elastic elements, a part of the mechanical energy is irreversibly 
transformed into thermal energy and then dissipated. In mechanical structures, this process 
is modeled by “damping”. In vibrating elements of mechanical structures, damping may 
be due to either materiał micro-crystalline internal dissipation of mechanical energy or due 
to micro stick-slip motion-related to friction at the surfaces of clamped, pressed, welded, 
riveted, or bolted mechanical parts remaining in contact. The first type of damping is 
referred to as materiał damping, the second type — as structural damping. 

In rotating, and usually laterally vibrating, elastic rotors, damping effects are conven- 
tionally divided into two categories: external and internal damping. The term “external” 
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Rigid press-fitted 
part 




Figurę 3.3.1 Structural damping. Deformation of press-fitted disk on the elastic rotor: during rotation and orbiting 
the rotor deforms, while the disk remains rigid (clearance exaggerated). 



refers to the stationary elements of the rotating machinę and to the rotor environment, as 
they both are external to the rotor. External damping is related to energy dissipation 
due to materiał crystalline and/or surface friction or micro-stick-slip friction, occurring 
in stationary elements (like in rotor supports) and/or between stationary and rotating 
elements. Fluid dynamie resistance in the emdronment that the rotors operate also pro- 
vides external damping. External damping forces, acting on the rotor vibrating in the 
parasite lateral modę, depend on the rotor ahsolute velocity of rotor lateral vibration, 
and their effect on the rotor dynamie behavior is usually welcomed: they provide rotor lateral 
motion-stabilizing factors. 

The term “internal”, correlated with damping, refers to the rotating elements, including 
the rotor itself. The same physical phenomena characterize both internal and external 
damping. Internal damping forces are due to materiał micro-crystalline internal dissipation 
of mechanical energy or due to mitro stick-slip motion-related friction at the surfaces of 
rotor elements remaining in contact (such as joint couplings or relatively rigid disks which 
are shrink-fitted, clamped, or bolted on elastic shafts). This type is called structural damp- 
ing (Figurę 3.3.1). As internal damping occurs in elements involved in lateral vibration 
motion and in rotating motion, the internal damping forces will depend on relatire velocity, 
i.e., on the difference between the rotor lateral vibration absolute velocity and the rotational 
velocity (Figurę 3.3.2). This relative velocity may be positive (following the direction of 
the absolute lateral motion velocity when rotational speed is lower than the lateral vibration 
freąuency) or negative (opposing absolute lateral velocity when rotational speed is higher 
than the lateral vibration freąuency). In the First case, the corresponding internal damping 
forces can, therefore, act as a stabilizing (adding to the external damping to inerease the 
total effective damping in the system) or, in the second case, as destabilizing (subtracting 
from the external damping and decreasing or nullifying the total effective damping of the 
system). In other words, the rotating and laterally vibrating elements of a rotating machinę 
respond in two different ways to damping forces, depending upon whether these forces 
rotate in space with the rotor or remain fixed in space. Since in the case of internal damping 
the classical role of “damping” as motion stabilizer is violated, the name “ internal friction ” 
(not “damping”) will be adopted here. In this section, the internal friction force will be 
introduced into the rotor model. The two lateral modę model of the isotropic rotor, discussed 
in Chapter 1, will now be supplemented with the internal friction force. 

Internal friction has been recognized as a cause of unstable rotor motion for morę 
than 75 years (Newkirk, 1924; Kimball, 1924, 1925; Smith, 1933; Bolotin, 1963; Ehrich, 1964; 
Tondl, 1965; Gunter et al., 1969; Foevy et al., 1969; Muszyńska, 1972; Crandall, 1980; 



© 2005 by Taylor & Francis Group, LLC 



92 



ROTORDYNAMICS 



Internal/structural friction 
model: dashpot rotates 
together with the rotor at 




Figurę 3.3.2 Rotor with external damping (D s ) represented by absolute dashpot and internal material/structural 
friction (Dj) represented by relative (rotating) dashpot. 



Bently, 1982). Since the first description of internal friction-related instability in rotors, 
many other rotor-destabilizing factors have been identified, such as rotor-to-stator 
rubbing or fluid dynamie effects in bearings, seals, and/or fluid-handling machines. The 
latter effects are usually much stronger than the internal friction effects. The fluid-related 
malfunctions are very often observed in the performance of rotating machines (see Chapter 
4). They result in subsynchronous self-excited vibrations (lateral vibration freąuency lower 
than rotational speed). Internal friction is now very seldom identified as the main cause of 
rotor unstable motion of machinery. However, internal friction always plays a negative role 
by reducing the system effective external damping, especially when the rotor rotational speed 
is high. 

Three main aspects of the internal friction role in rotor dynamie behavior will be 
discussed in this section: 

(i) Rotor internal friction-related instability threshold, and following this threshold, the rotor 
self-excited vibrations. 

(ii) Specific internal friction-related changes in rotor static response to a constant radial force. 

(iii) Internal friction-related decrease of the level of effective external damping. 

The analysis begins with the introduction of the rotor model expressed in rotating 
coordinates, which are attached to the rotor. In these coordinates, the internal friction force 
operates in the same way as the external damping force in the stationary coordinates. 



3.3.2 Transformation to the Rotating Coordinates Attached to the Rotor 

Model of the Rotor with Internal Friction 

In order to introduce the rotating internal friction force to the rotor model discussed 
in Chapter 1, this rotor model will now be presented in the coordinate system, £, rj, which 
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Y 




Figurę 3.3.3 Stationary (XY) and rotating (f, j) coordinate frames. 



is attached to the rotor and rotates together with the rotor at the speed Q (Figurę 3.3.3). 
The transformation of yariables x, y, from the fixed coordinates, X, Y, to the rotating 
coordinates, attached to the rotor is as follows: 



V 




cos Qt 


sin Qt 


X 


_h_ 




— sin Qt 


cos Qt 


y 



(3.3.1) 



or introducing the complex variable in the rotating coordinates and adding the complex 
conjugate transformation, u — £ +jrj, u* = § —jij, z — x + jy, z* = x — jy : 

u = § +jr] = (. x + jy) e~ JQ ‘ = z e~ jQ ‘, u* = | -jr, = (x -jy) e jQt = z* e jQl (3.3.2) 

Using the first Eq. (3.3.2), Eq. (1.5) from Chapter 1, expressed in stationary coordinates 
can now be transformed into rotating coordinates as follows: 



M(u + 2 iQii - O 2 u) + D s (u +jQu) + Ku = Fe Ma, ~ a),+S] + P e A ~ Q,+y) (3.3.3) 

As can be seen, the acceleration and velocity in the relative motion take a morę 
complex form; the first one acquires the Coriolis and centripetal acceleration terms, the 
second one, the rotating system velocity. The external forces are now both time-dependent: 
the forward nonsynchronous perturbation force frequency is a difference between the 
frequency of the applied force and rotational frequency. In the rotating coordinates, the 
constant unidirectional force seemingly rotates backward with the rotational frequency. 
Notę that if the external forward circular excitation (perturbation) force is the unbalance 
force of the rotor, mrQ 2 e /(Q ' + ' s \ then in the rotating coordinates, attached to the rotor, 
this unbalance force becomes constant, mrQ 2 e jS . Similarly to Eq. (3.3.3), the corresponding 
conjugate equation can be obtained. 

During rotation and nonsynchronous lateral vibration (orbiting) process, the longitudinal 
fibers of the rotor are subjected to alternating deformations. It is assumed in modeling that 
the dissipative friction forces generated by internal inelastic effects during these deformations 
are of the linear and riscous type, that means these forces are proportional to and opposed to 
the velocity, thus to the strain ratę in rotor fibers. 

The internal friction force acts in the rotating system attached to the rotor. Assuming 
that the internal friction force is viscous, thus proportional to the velocity, its projections 
on the axes £, r / will be therefore: l),Ę. Dj ), respectively, where /), is the viscous internal 
friction coefficient. Using the relationship, u — f + jr\, thus D£ + jDjr] — D t u, the Eq. (3.3.3), 
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which now includes the internal friction force, will have the following form: 



M(ii + 2jQu - Q 2 u) + D s (u +j£2u) + D,ii + Ku = Fe [<a - a>t+s] + P e A ~ a,+y) (3.3.4) 

The transformation back to the stationary coordinates, by using the relation u — z e~' nt , 
results in the rotor model with the internal friction force: 

Mz + D s ż + Dj(ż — jQz) + Kz = Fe Aa>,+S) + Pe jy (3.3.5) 

What is now characteristic for this rotor model is its explicit dependence on the rotational 
speed. If Eq. (3.3.5) is rewritten in the original coordinates X and Y, then it can be seen that 
these eąuations are now coupled due to the internal friction force: 



Mx + ( D s + Di)x + Kx + DjQy — F cos (cot + S) + P cos y, 
My + ( D s + Dj)y + Ky — DjQx — F sin(o>t + 8) + P sin y. 



(3.3.6) 



In Eq. (3.3.6), this internal friction-related coupling force has introduced two terms: 
In each Eq. (3.3.6) there is one term proportional to the absolute velocity component 
(similar to regular, external damping and it actually adds to external damping) and one 
term proportional to the rotational speed and displacement (like stiffness), but in the “cross 
coupling” fashion. The latter internal friction force-related term is often called “cross 
stiffness”, referring to the following matrix presentation of Eq. (3.3.6): 



M 


0 " 


X 


+ 


D s + Dj 


0 " 


X 


+ 


■ K 


D t Q~ 




0 


M _ 


-y- 




0 


Ds + Dj _ 


.y - 




_ - D,Q 


K _ 


-y- 





cosfoit + S) 




cos y 


F 




+ P 






_ sin(wt + 5) _ 




_siny 



A part of the internal friction terms is, therefore, in the matrix standing in front of 
the displacement vector, [x, y] T . which is customary called stiffness matrix. Morę correctly, 
these terms should be called “tangential terms”, as the direction of this internal friction force 
component is tangential , perpendicular to radial forces acting on the rotor (like radial 
stiffness force; Figurę 3.3.2). In the case considered, the direction of the tangential internal 
friction force is the same as the direction of rotation. 

A similar procedurę for introduction of the internal friction force can be performed to 
Eq. (1.1.6) from Chapter 1. The complex conjugate equation of the rotor with the internal 
friction force will look as follows: 



Mz * + (D s + Di)ż* + Kz* + jDjQz* = Fe~ A(a ‘ +s) + P e~ jy (3.3.7) 

This equation differs from Eq. (3.3.5) only by sign of the internal friction force. 
Eqs. (3.3.5) and (3.3.7) represent the fuli model of the two lateral modę rotor with internal 
friction force. In the next subsection, the rotor response will be discussed. 
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3.3.3 Rotor Response 

The rotor response consists of three elements: free vibration response, forced response to 
the unidirectional radial constant force, and forced response to the external nonsynchro- 
nously rotating exciting force. 

3.3.3. 1 Rotor Free Response, Natural Frequencies, Instability Threshold 

As the first step, the eigenvalue problem will be solved. Consider the rotor model (3.3.5) 
without external excitation forces (F — 0, P — 0). The eigensolution for Eq. (3.3.5) is: 



z = Ae st 



(3.3.8) 



where A is a constant of integration and s is a complex eigenvalue. Substituting Eq. (3.3.8) 
into Eq. (3.3.5), and solving for ^ provides two eigenvalues (see Appendix 1): 



Si = 



Ds + Dt +(-iy — 
2 M ’ V2 




i — 1,2 

(3.3.9) 



where 



e= k _(d 1 + d 1 \ 2 

M V 2M ) 

A similar procedurę applied to Eq. (3.2.7) provides two morę eigenvalues, which differ 
from Eq. (3.3.2) by the sign of the imaginary part: 



D s + Dj j 1 

Si+ 2 --^AT +( - l) VI 



N 



-E+JE 2 - 



DjQ 



N 



E+JE 2 - 



DjQ 

M 



, i=l,2 

(3.3.10) 



Eqs. (3.3.9) and (3.3.10) represent the fuli eigenvalue set for the rotor model, Eqs. (3.3.5), 
(3.3.7). Thus, two rotor modes are included. Notę that the eigenvalues are functions of the 
rotational speed. 

The imaginary parts of the eigenvalues (3.3.9) and (3.3.10) represent damped natural 
frequencies of the system: 



1 

<n;;l,2 — dl -j= 

s/2 \ 



E + 




(3.3.11) 



The positive natural frequency corresponds to the forward modę — a lateral orbiting in 
the direction of rotor rotation. The negative natural frequency corresponds to the backward 
modę. Smali (sub-critical) damping case will be considered. Its smallness is customary 
determined by the relationship: D , + D s < 2V KM, defining the sub-critical conditions. 
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The damping factor, ę, introduced in Section 1.5 of Chapter 1, now includes the external 
damping and internal friction, t, = (D, + D s )/2y/KM. For sub-critical damping, thus for 
£<1, the expression E > 0 and the natural freąuencies (3.3.4) can be approximated as 
follows: 






± V2^ 



E+Ejl 





E+E 



1 + 



1 

2 




= ±i E + 



D W 

4M 2 E 




A + ĄA 2 DjQ 2 /* Dj<f 

2 M) 4KM - ( D + As) 2 V ^ 4KM ~ 4i ? KM 






ę 2 Q 2 




+ ę 2 Q 2 



(3.3.12) 



In this approximation process, the flrst two terms of the Taylor series expansion of the 
radical were used: 



y/l +s 2 ™ 1 + \e 2 



where e, is a smali quantity. 

In this case of smali damping, the natural freąuencies depend, therefore, mainly on the 
rotor stiffness and mass, unless the rotational speed is very high. The important fact is that 
the internal friction makes the natural freąuency rotational speed-dependent. 

To assure stability, the real parts of the eigenvalues (3.3.9) and (3.3.10) should be 
nonpositive. This leads to the following ineąuality: 



As + A' 1 
2 M 




< 0 



This ineąuality can easily be solved, and it yields the following condition: 



K 



(A42) 2 < (As + A) 2 ^, thus \DiQ\ < (As + D t )y M 



(3.3.13) 



or 



-(As + A)^| < D,Q < (As + A)^ (3.3.14) 

The interpretation of the ineąuality (3.3.14) is as follows: For maintaining stability, 
the absolute value of the tangential internal friction force coefficient, D<Q (cross stiffness), 
should be lower than the product of the system positive external damping and the sąuare 
root of the stiffness-to-mass ratio, the undamped natural freąuency of the rotor. It will be 
shown below that this undamped natural freąuency, y/K/M, represents the system natural 
freąuency at the instability threshold. Notę that Eq. (3.3.14) imposes a condition on the 
rotational speed in either direction (positive or negative). 
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Figurę 3.3.4 Stability chart of the rotor with internal damping. 



The threshold of instability is defined based on the ineąuality (3.3.14), when it becomes 
eąuality. Most often, the threshold of instability is defined in terms of the rotational speed, 
as the onset of instability (it is assumed here that the rotational speed is positive): 

q=s ” s (a + 1 )v« (3 ' 315) 

Thus, in terms of the rotational speed, the instability threshold depends on the ratio of the 
external damping-to-internal friction and on the original undamped system natural freąuency 
(Figurę 3.3.4). This threshold is higher than the undamped natural freąuency. 

When Eq. (3.3.15) holds true, thus Z>, + D s = D,Qy M / K\ the natural freąuencies (3.3.11) 
at the threshold of instability (3.3.15), are as follows: 



^V v , 1,2 — di 



V2 \| 




(J-hOf y , (D,Q ) 2 



4MK 



M 2 



= ±- 



K 



V2 \| M 4MK 




K , (AQ ) 2 \ 2 

4MK ) 



(3.3.16) 



1 K ( D,Q )- K 
7!Vm - 4MK + M~ 



(W = ± K 
4MK V M 



Thus, the sąuare root of the stiffness-to-mass ratio, the rotor undamped natural fre- 
ąuency, represents the system natural freąuency at the threshold of instability. At the 
instability threshold (3.3.15) the eigenvalues (3.3.9) are as follows: 



Si — 



D s + Dj ■ D s + D, 
2 M +(_ 2 M 




Thus 



s\ - - 



D s + D[ 
M 




[K 

s 2 = 
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Thus, one eigenvalue is purely imaginary. Similarly, for the complex conjugate eigenvalues 
(3.3.10), 



S3 — ~ 



D s + D, . [K 
M + ' 7 Vm’ 




The positive and negative signs of the natural freąuency (3.3.16), respectively, correspond 
to the rotor forward and backward modes. For Iow rotational speeds, below the threshold 
of instability, the rotor is stable, and the rotor free lateral vibrations have a decaying 
character. In this case, when the rotor motion is laterally hammer-impacted in order to excite 
free vibrations, the rotor lateral response orbit exhibits a spiral, tending back to the preced- 
ing regime. For a well-balanced rotor, with no other lateral forces, this regime would be 
“no lateral vibrations“, that is rotor pure rotational motion. At the instability threshold, the 
free lateral vibrations become harmonie with natural freąuency (3.3.16). Practically, for a 
very short moment, the rotor centerline free response is a circular orbit. Then the free 
vibrations start inereasing exponentially in time (outward tending spiral orbits of the rotor 
centerline). As the system nonlinear effects become activated at higher deflections, the linear 
model (3.3.5), (3.3.7) becomes inadeąuate to describe the rotor motion after the instability 
threshold. Instead of an infinite inerease in the free vibrations, as the linear model predicts, 
the ratę of vibration amplitudę growth is eventually reduced by the actual system 
nonlinearities, most often the nonlinearities in stiffness. The rotor free response ends up in 
a limit cycle of the self-excited vibrations, determined by a new balance of forces (including 
the nonlinear ones) in the system. The rotor self-excited vibrations will be discussed in 
Subsection 3.3.5. 



3.3.3.2 Rotor Static Displacement 

The constant radial load force causes a static displacement of the rotor. Assuming no 
rotational excitation (F — 0), the rotor static displacements in response to the constant radial 
force P, as particular Solutions of Eqs. (3.3.5), (3.3.7), are as follows: 

z=Ce* z* — Ce~ J<l> , (3.3.17) 



where C and 0 are deflection response amplitudę and its angular orientation respectively. 
By substituting Eqs. (3.3.17), respectively into Eqs. (3.3.5) and (3.3.7), the following algebraic 
eąuations are obtained: 

(K — jDjQ)C — Pe jY , (K + jD^C^ = P e~ jy (3.3.18) 



or 



Ce # 



Pe j Y 

K - jD,Q ' 



Ce - * = 



Per” 

K + jDjQ 



(3.3.19) 



Eqs. (3.3.19), serving for calculation of the response amplitudę C and phase </>, have the format 
of “response vector equals to the force vector divided by dynamie stiffness vector”. This 
format, which was mentioned in Section 1.5 of Chapter 1, will be further discussed several 
times, as it serves well for identification procedures. 
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rotation increases with rotational 
speed up to 90 degrees 



Figurę 3.3.5 Effect of the vertical gravity force on the horizontal rotor displacement: rotor at rest and rotor at 
rotational speed Q. 



Both Eqs. (3.3.18) provide the same relationships for the rotor constant deflection 
amplitudę C and phase (p: 

C — , P (p=Y+ arctan(=^) (3.3.20) 

y^+(AQ ) 2 v K > 

Eqs. (3.3.19) indicate that rotor restraints, which determine the finał effect of input force 
on the response, depend on the rotor stiffness, as well as on the internal friction-related 
tangential force. Notę that when the latter has a significant value, especially at a high 
rotational speed, the actual deflection of the rotor will not be collinear with the applied force, 
as usually happens in nonrotating structures. When there is no radial load (or all radial forces 
are in balance), the rotor rotates concentrically inside the supports. The rotor centerline 
coincides with the support centerline. An application to a horizontal rotor of a smali radial 
force, Pe-' 270 ” (vertically down) results in the rotor deflection not vertically down, in the same 
direction as the force, but slightly to the side, toward the direction of rotation. The angle 
between the force and response directions, </> — y, is called “attitude angle”, often used in 
relationship to rotors in fluid-lubricated bearings (this subject is discussed in Chapter 4). 
Thus, due to rotor internal friction forces, related to rotor rotation, the rotor response 
direction is not collinear with the input force (Figurę 3.3.5). The existence of the rotor 
rotation and internal friction-related tangential component, leads to the response phase 
difference, as well as difference in value of the dynamie stiffness. The rotor becomes 
“morę rigid” due to the action of the internal friction force, activated by rotational speed. 
The higher the rotational speed, the larger this phase difference grows and “stiffer” the rotor 
becomes. 

3. 3.3.2. 1 Experimental demonstration of the attitude angle 

A vertical rotor rig was built to demonstrate the attitude angle effect in response to 
a steady horizontal pulling force. In order to inerease the internal friction effects a thin drill 
rod was used as a skeleton to hołd three Teflon tubes of 1 in. diameter (Figurę 3.3.6). 



© 2005 by Taylor & Francis Group, LLC 



100 



ROTORDYNAMICS 




Figurę 3.3.6 Experimental rotor design. The actual rotor was vertical. 




Figurę 3.3.7 Rotor response to a horizontal force observed on the oscilloscope screen: nonrotating rotor 
collinear responses to a 6 Ib horizontal force acting to the right. 



The horizontal force was applied to the rotor through a rolling element bearing mounted at 
the rotor mid-span and through an adjustable spring. The force of 6 lbs was applied to the 
rotor while it was at rest (Figurę 3.3.7) and as it was rotating at 500 rpm in counterclockwise 
or clockwise direction. While when the rotor was at rest, its response was collinear with the 
force. In both latter cases, the rotor response displacement was not collinear with the force, 
leaning in the direction of rotation about 10° either in counterclockwise or clockwise 
directions. The rotor response was also observed on the oscilloscope. Rotor at rest responded 
to a pulling force with a horizontal linę. Rotor rotating clockwise at 110 rpm shows the 
response inclined down (Figurę 3.3.8). 



3 . 3 . 3. 3 Rotor Nonsynchronous Vibration Response: Forced Response 
for Forward Circular Excitation 

The third component of the rotor response is determined by the external exciting force, 
which is nonsynchronously rotating. In a particular case, this force may be synchronous and 
forward, generated by an unbalance in the rotor. The corresponding particular Solutions of 
Eqs. (3.3.5) and (3.3.7) are respectively as follows: 

z = Be J (° >t+ P\ z* = Be~ Alot+f>) (3.3.21) 

where B and fi are the amplitudę and phase of the forced responses correspondingly. Notę 
that Be J P, Be~ j P are called “response vectors” in the sense of complex numbers, i.e., they 



© 2005 by Taylor & Francis Group, LLC 



BASIC ROTORDYNAMICS: EXTENDED ROTOR MODELS 



101 




Figurę 3.3.8 Rotor rotating clockwise at 1 1 0 rpm. In response to the horizontal force ot 6 Ibs, the rotor deflects 
noncollinearly, leaning in the direction ot rotor rotation. Attitude angle is about 10°. Smali 
oscillations in the rotor response are due to synchronous vibrations ot the rotor (result ot smali 
mass unbalance and bent rotor unbalance). 



contain amplitudes and angular orientation (see Appendix 1). Substituting Eq. (3.3.14) into 
respectively Eqs. (3.2.5) and (3.2.7) yields: 



{K- Mar + j[(D s + £>,-)« - D,Q]}Be jfi = Fe JS , 
[K- Mar — j[(D s + D;)o> - D;Q] } B e~ J P = Fe~ JS 



(3.3.22) 



and calculating further: 



Bc if> 



Fe jS 

K - Mco 2 +j\(D s + Di)u - DjQ] 



(3.3.23) 



Be~ ifi = - 



Fe~ jS 



K - Mco 2 — j[(D s + Dj)co - D,Q ] 



(3.3.24) 



Notę that all components of the above equations are vectors in the complex number 
sense (complex piane). As previously, the response vectors in Eqs. (3.3.23), (3.3.24) can 
be interpreted as ratios of the input force vectors to the dynamie stiffness vectors. The 
expression 



K- Mar ± j[(D s + D,)a) - D,Q] = CDS 



is complex dynamie stiffness (CDS) with the direct part ( DDS ): 

DDS = K- Mai 2 



and quadrature part ( QDS ): 



QDS = ±[(A S + D,)w - D,L 2] 



(3.3.25) 



(3.3.26) 



(3.3.27) 



© 2005 by Taylor & Francis Group, LLC 



102 



ROTORDYNAMICS 



As previously mentioned, changes in the rotor response (3.3.21) may occur due to 
changes either in the external input force or in the CDS of the system. 

Both Eqs. (3.3.21) provide the same expressions for the nonsynchronous vibration 
response amplitudę and phase: 

B = F (3.3.28) 

y](K- Mc?) 2 +[(D S + D,)oo - D t Qf 



P — 8 + arctan 



— {D s 4“ Dpco T DjQ 
K- Mo? 



(3.3.29) 



Notę that for co — 0 (zero freąuency, a constant unidirectional exciting force), 
Eqs. (3.3.27), (3.3.28) coincide with Eqs. (3.3.19) with an adjustment of notation, 
B= C, F= P, 8=v, p = cp. 



3. 3. 3. 4 CDS Diagram 

Transform the flrst equation (3.3.21) to the following form: 

[K - Mo? +./[( D, + Di)to - D t a\)B = Fe J ^ (3.3.30) 

Eq. (3.3.30) represents the balance of all forces in the rotational modę. These forces 
can be presented in the complex piane (Re, Im) (Figurę 3.3.9). One morę transformation, 
and Eq. (3.3.30) yields the CDS: 

CDS = K - Mo? + j[(D s + Di)o) - D,Q] = ^ e-^ 4- ® (3.3.31) 

B 

Similarly to the presentation in Section 1.5.2 of Chapter 1, in the following subsections, 
it will be shown how the CDS vector varies in three ranges of the excitation frequency. 

For Iow excitation frequency, the dominant component of the CDS (3.3.31) is the static 
stiffness K (Figurę 3.3.17). The response amplitudę Bq and phase fio at Iow frequency w 




Figurę 3.3.9 Vector diagram: balance of forces at freguency co. 



Complex dynamie 
stiffness (CDS) 





Mw 2 B 






KB 






(D s +D}wB 



Figurę 3.3.10 Complex dynamie stiffness diagram. 
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d-p~0 K 

- -i _ ^ 

CDS 



DjQ 



* 



(D s +Di)co 

Mm 2 



Figurę 3.3.11 Complex dynamie stiffness diagram at Iow frequency co. Notę that (S-fS) is negative, thus the 
attitude angle is positive. 



practically do not differ from the response amplitudę and phase for the static radial force 
(Figurę 3.3.11), Eqs. (3.3.20): 



B 0 « F (3.3.32) 

y/K 2 + C DiQ ) 2 

attitude angle 

Po Ri 8 + aretan (3.3.33) 

K 

lt can be seen from Eqs. (3.3.33) that the response phase fi leads the input force phase 8 by 
an angle, which is called the attitude angle, and which depends on the actual rotational speed 
of the rotor. In passive mechanical Systems, the response phase always lags the excitation 
force phase, as the response follows the force. In Eq. (3.3.33), the response phase lead is an 
indication that the system is not passive, but contains a source of energy. Rotational motion 
provides this energy. 

When the system damping is subcritical (D t + D s <2 ^KM, £<1), a specific situation 
in rotor response takes place when the direct dynamie stiffness becomes zero: K — Mo? — 0 
(see Eq. (3.3.28)). This occurs when the frequency of the external excitation coincides with 
the undamped natural frequency of the system, the frequency at the instability threshold, 
co=±y/K/M. The CDS diagram illustrates this case (Figurę 3.3.12). The CDS vector 
becomes smali, and it consists only of the difference between the system positive damping 
term (D s + D,)o> and the tangential term D,Q. Notę that the stability criterion (3.3.13) requires 
that 



I 

( D s + Dj) y — > DjQ 

thus, sińce here co — the product of positive damping and natural frequency must 

exceed the internal friction-related tangential term. 

The rotor response phase, Pd, at co = ? K/M differs by 90° from the input force phase: 

p D = 8 — 90° (3.3.34) 




ó-fi=90° 



DjQ 



Ma > 2 



(D s +D}a> 



K 



Figurę 3.3.12 Complex dynamie stiffness diagram at direct resonance, that is when co = ?K/M, in case of Iow 
damping. 
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which is characteristic for the classical “mechanical” resonance. In the narrow band around 
the resonance frequency, the phase fi decreases dramatically. Its slope can be calculated 
from Eq. (3.3.29) as derivative, dfi/dco. At co — *JK/M the phase slope is the highest, and is 
equal to: 



PHASE SLOPE 



-2jKM 

(D s + Dj)^K/M - DjQ 



(3.3.35) 



Notę that the phase slope is inversely proportional to damping. In addition, the denom- 
inator contains the terms, which determine the instability threshold (3.3.7). Actually, 
the expression in the denominator describes the rotor stability margin (SM), which is defined 
here based on the stability condition (3.3.7): 



[K Q 
V M 1 + Dl/D, 

With increasing rotational speed, closer to the instability threshold, the denominator 
of Eq. (3.3.28) decreases, thus the slope increases. At the instability threshold, the phase 
slope is vertical! Morę on the SM, and its importance, will be discussed in Section 4.8.4 of 
Chapter 4 and in Section 6.3 of Chapter 6. 

The response amplitudę Bo at resonance co — ±*/K/M exhibits a peak value, as it is 
limited by a relatively smali value of the damping-related quadrature stiffness only: 



B = Bo = 



F 

(D, + dĄ^K/M) - (Q/(\ + ( DJD ,-))) 



(3.3.36) 



Notę that the resonance amplitudę contains again the SM in the denominator. Thus, the 
resonance amplitudę increases to infmity at the instability threshold. 

Figurę 3.3.13 illustrates the response amplitudę and phase in the Bodę and polar plot 
formats for the case of the force amplitudę proportional to frequency squared, F — mrar, 
which is unbalance-like nonsynchronous excitation. At a Iow frequency, the phase decreases 
slowly, while the amplitudę Bo (Eq. (3.3.32)) increases proportionally to co 2 , as the fre- 
quency increases. Figurę 3.3.13 illustrates also the peak response amplitudę and a sharp 
phase shift in the direct resonance frequency band. For a higher rotational speed, the peak 
is higher and the phase shift sharper. 

It was shown above that the direct resonance occurs when the direct dynamie stiffness 
vanishes. Similarly, the quadrature resonance occurs when the quadrature stiffness (3.3.26) 
becomes zero, ( D s + Df)oo — DjQ — 0. The quadrature resonance occurs at the following 
frequency: 



Q 

1 + Os/D, 



(3.3.37) 



The right-side expression of (Eq. (3.3.37)) is proportional to Q and for the ratio of 
external damping to internal friction, in the same rangę of relatively smali values, the 
quadrature resonance frequency is close to Q/2. With the stability condition (3.3.13) fulfilled, 
the quadrature resonance always occurs at the excitation frequency lower than the direct 
resonance. The frequency (3.3.37) can therefore be considered the first natural frequency of 
the rotor system. This might sound a bit unusual, but it will become elear, when not the 
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Figurę 3.3.13 Bodę plot of the rotor response phase and amplitudę versus excitation frequency for forward 
excitation (perturbation), Iow (under-critical) damping, and two constant rotational speeds, lower 
than the instability threshold. Notę that under external perturbation, the rotational speed plays a 
similar role to damping in passive systems, affecting the peak amplitudę, but inverse way to 
damping: an increase of rotational speed increases the resonance peak value! Notę also that at 
the Iow perturbation freguency, the phase leads the input force phase. 
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Figurę 3.3.14 Complex dynamie stiffness diagram at guadrature resonance. The attitude angle is zero. 



internal friction, but a force due to the fluid surrounding the rotor will be introduced to the 
rotor model (see Chapter 4). Notę that the rotor system with active internal friction force, 
bringing the rotational speed as another source of energy, becomes active, thus behaves 
differently than the classical passive mechanical systems. 

The CDS diagram at ąuadrature resonance is presented in Figurę 3.3.14. 

At the ąuadrature resonance, the response phase Pq is exactly eąual to the phase of the 
input force. The response phase / 3q and amplitudę Bq are as follows: 



P q = 8 



(3.3.38) 



Bn = 



F(D S + 



K- 



M(DjQ/(D s + Di)) 2 [ (Z)v + Dj)y/(K/ M) - D,Q [JK + ■/M(D i /(D s + /),))] 



(3.3.39) 
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Figurę 3 . 3.15 Complex dynamie stiffness diagram at high freguency co. 



The peak value of this ąuadrature resonance amplitudę depends on the rotational 
speed. It exhibits an infmite amplitudę peak if the rotational speed is at the instability 
threshold, as the same expression of SM is in the denominator (compare with Sections 4.4 
and 4.8 of Chapter 4). Notę that, similarly to the direct resonance amplitudę (3.3.36) being 
controlled by the ąuadrature stiffness, the ąuadrature resonance amplitudę (3.3.39) is con- 
trolled by the direct dynamie stiffness. It can easily be proved that with the assumption that 
the rotational speed is limited by the stability condition (3.3.14) and that damping is smali 
(£ = (D s + D,)/2y/ KM < 1), the peak amplitudę at the direct resonance is higher than the one 
at the ąuadrature resonance (Bd>Bq). 

At high excitation freąuency, co — > oo, the most significant term in the CDS is the 
inertia term, as it is proportional to the freąuency sąuared. Figurę 3.3.15 illustrates 
the situation. The corresponding response phase fioo differs by 180° from the force phase. The 
response amplitudę B^ tends to zero (if the force amplitudę F is constant) or to a constant 
value, if the force amplitudę is freąuency-sąuare dependent, as it is in the unbalance-type 
excitation, considered above: 

Poo ^ 5 — 180°, Boa ~ F o for F — const or B 0 0 ~ — for F — mrQ 2 (3.3.40) 

Mco 2 M 

Notę that in practical machinery cases, when the excitation freąuency inereases, 
the response amplitudę may start inereasing again, when the freąuency falls into the next 
vibration modę and approaches the subseąuent natural freąuency of the system (not included 
in the model considered above). 

So far, the discussed cases considered that the ąuadrature and direct resonances occur 
at two separate freąuencies. If both direct and ąuadrature dynamie stiffness components 
eąual zero at the same freąuency, i.e., 



Q [K 

1 + DJDi ~ V M 



(3.3.41) 



then the threshold of instability occurs. Eq. (3.3.34) is the same as the stability criterion 
(3.3.13). In this case, the response amplitudę becomes infmite: 



5 = 



(K - MQ 2 ) 2 + [(£>., + Dj)co - Diii] 1 



=o 



(3.3.42) 



Notę here also an important coincidence: at the threshold of instability, not only free 
vibrations having constant amplitudes may start inereasing, but also the amplitudę of forced 
response grows infinitely. 
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Notę again that, in the real world, the response amplitudę never increases to infinity. 
The nonlinear terms (neglected in the considered linear model) become significant when 
displacement increases, and they would cause the amplitudę limitation leading to a limit 
cycle of self-excited vibrations (similar to fluid whirl or whip, see Chapter 4), or — less 
fortunately — to a rotor breakage. In both cases the linear model (3.3.3), (3.3.5) becomes 
inadeąuate. 

3.3.4 Isotropic Rotor Model with Nonlinear Hysteretic Internal Friction 

In the previous subsections, the viscous model of the internal friction was consi- 
dered within the rotor model. Now the hysteretic internal friction instead of viscous friction 
will be introduced. It has been experimentally demonstrated (e.g., Bolotin, 1963; Lazan, 1968; 
Jones, 2001) that the internal damping in mechanical elements is proportional to the stiff- 
ness of the deformed element, and does not depend on the freąuency of the deformation. 
This model of internal friction will now be adapted to the rotor. In addition, instead of the 
linear internal friction force, the rotor model (3.2.5) will now be supplemented by a nonlinear 
internal friction force of the hysteretic type: 



where Fy is internal friction nonlinear function of the rotor radial displacement, radial 
velocity, and relative freąuency. In the simplest case, for rotor linear materiał hysteretic 
damping, the function Fy is constant and eąual Krjy, where ry is a materiał loss factor (see 
Nashif et al., 1985; Jones, 2001). In Eq. (3.3.43), co is the freąuency of the rotor, resulting in 
lateral orbital motion, unknown a priori, \co — Q\ is the value of the actual deformation 
freąuency of the rotor bending. The nonlinear internal friction force has been introduced to 
the rotor model (3.3.43) following the way, by which the hysteretic damping is usually 
included in models of mechanical Systems: a viscous damping coefficient, /),, is replaced by a 
product Krjf/cod, where K is stiffness, rjy is loss factor, and co d represents the freąuency of 
elastic element deformation. In the case of a rotor, the freąuency of deformation is eąual to a 
difference between rotational speed and freąuency of lateral orbiting, assumed co. Notę 
that for forward freąuency orbiting, the freąuency of rotor deformation is Iow er than the 
rotational freąuency. For backward orbiting, sińce co changes the sign, the freąuency of 
the rotor deformation is a sum of rotational speed and freąuency of orbiting. For co — Q, the 
isotropic rotor performs circular orbiting motion in its “frozen” configuration into a fixed 
bow shape, so that internal friction forces do not act; in this case Fy — 0. If the synchronous 
orbiting is not circular but elliptical, then the freąuency of rotor deformation is 2 Q (see 
Section 6.4 of Chapter 6). 

For the linear case, when Fy — constant and co is supposed constant, the eigenvalue 
problem for Eq. (3.4.1) can be solved. The characteristic eąuation: 




(3.3.43) 




provides four eigenvalues: 




7 







i=l,2 (3.3.44) 
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where 



E i = D s 

2M ' 



Pif 



| u> — f2| 



E 2 = [E l -^-\ + 



’2n2 



Pip 



M) M 2 (a> - Qf 



(3.3.45) 



The real parts of the eigenvalues (3.3.44) are nonpositive, i.e., the system (3.3.43) is stable, 
when 



FjjdrM < K(D S \co - Q\ + F if ) 



(3.3.46) 



which for Q > 0 yields the following conditions: for Qr < KjM the rotor pure rotational 
motion is stable. For Q 2 >KjM it is stable only if: 



\Ptf\ 



D s \a> - f2| 
{Q/^KJM) 



(3.3.47) 



The instability occurs when the ineąuality (3.3.47) turns into eąuality. At the threshold 
of instability the eigenvalues (3.3.44) reduce to s = ± j^/K/M. At the instability threshold the 
rotor motion is, therefore, purely periodic with the natural undamped freąuency determined 
by stiffness and mass (for the stable motion below the threshold of instability, the freąuency 
is slightly lower than V K/M , due to the damping). 

If the stability condition is not satisfied and fyex ceeds the limits imposed by Eq. (3.3.47), 
then rotor pure rotational motion is unstable. The linear model (3.3.43) is not adeąuate 
any morę; as for rotor high lateral deflections, nonlinear factors become significant. These 
nonlinear factors eventually lead to a limit cycle of self-excited vibrations. The latter usually 
occurs with the lowest natural freąuency, determined by the linear model, as the nonlineari- 
ties have very minor influence on freąuency. With a high amount of probability, confirmed 
by practical observations and results of experiments, the freąuency co can, therefore, be eąual 
to the rotor first lateral modę natural freąuency, K/M . 

The modal approach to the rotor modeling permits evaluation of the stability conditions 
for several modes, provided that they are widely spaced. For example, the ineąuality (3.3.47) 
for the v-th modę, (index: “u”) is: 



Ptf\ 



D sv y/C K v /M v ) - Q 
QJ{M V /K V ) 



(3.3.48) 



Figurę 3.3.16 illustrates the condition in which the same amount of internal friction 
(a specific function Fy) may cause the first modę to be stable and the third modę unstable. 



First modę stable First modę unstable 



Third modę stable Third modę unstable 
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Figurę 3.3.16 Regions of stability for the rotor first and third modes. 
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This condition takes place, when the modal damping ratio is sufficiently high, D s f D s3 > 
f K 3 / M 3 / f K\ / M\ and when the rotational speed exceeds the following value: 

„ (An/Arf) ~ 1 

D s 1 JM^K 3 /D s3 - 

where D sv , v = 1, 2, 3 denotes modal damping of the corresponding modes (Bently et al., 
1985). 

3.3.5 Rotor Effective Damping Reduction Due to Internal Friction 

In the following analysis, the nonlinear model (3.3.43) of the rotor is considered. Assume 
that the rotor performs steady nonsynchronous orbital, self-excited vibration with freąuency 
co. This vibration may occur due to any instability mechanism (for instance, it may be fluid 
whip; see Chapter 4). It means that the rotor motion can be presented in the form 

z — A e J< °‘ (3.3.49) 

where A is an amplitudę of the self-excited vibrations. Introducing Eq. (3.5.1) into Eq. (3.4.1) 
results in the following algebraic equation: 



— Mur + jD s co + K + jFjĄA, Aco, Q — co) j— — — | = 0 (3.3.50) 

\co — Q\ 

The real part of this equation provides the self-excited frequency co — ±fK/M. In 
the imaginary part the external damping term, D s co is supplemented by the term expressing 
the nonlinear internal friction: 



ę C - F if (A, Aco, Q - co)/(2K) (3.3.51) 

Since the function (co — Q)/\co — £2| is equal to either “+1” or “-1”, then 

I D, + F it (A,Aco,Q — co)/ co for o> > Q (super-synchronous orbiting) 

D s — Fjj(A,Aco,Q — co)/ co for co<Q (subsynchronous and backward orbiting) 

(3.3.52) 



It can be seen in (3.3.52) that for super-synchronous orbiting, the internal friction adds 
to the external damping and increases the level of the effective damping in the system. 
For subsynchronous and backward orbiting, the internal friction reduces the level of “positive” 
stabilizing damping in the rotor system by the amount Fjf/co. Taking into account that most 
often the self-excited vibration frequency is co — ± fK/M, for subsynchronous orbiting 
from Eq. (3.3.52) the damping factor, £ = D s /(2f KM) decreases by the following amount: 






t, — Fjj(A, Aco, Q — co) 
2 K 



(3.3.53) 



If, for instance, the original, external damping-related damping factor t; is 0.1 and 
internal friction is due to rotor materiał linear hysteretic damping with loss factor rjf — 0.06; 
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thus, Fjf—Krjf, then the damping factor for subsynchronous vibrations decreases to 0.07 
(for the super-synchronous vibrations it increases to 0.13). 

Notę that a decrease (or increase) of the positively attenuating external damping for rotor 
subsynchronous (or super-synchronous) vibrations does not depend on the form of the 
positive function Ff (constant or displacement and/or velocity-dependent). 

In practical observations of rotating machinę dynamie behavior, it has often been noticed 
that much higher amplitudes than any super-synchronous vibrations always characterize 
subsynchronous vibrations. There exist many different causes of subsynchronous vibra- 
tions in rotating machines. In each case, however, the role of internal friction, opposing and 
decreasing the level of external, stabilizing damping is very important. Although usually 
not a primary cause of instability, internal friction often promotes subsynchronous vibra- 
tions and causes an increase of their amplitudes. 

The rotor model considered in this section is isotropic; therefore, the synchronous 
orbiting is expected to be circular. As mentioned before, in the case of circular synchronous 
orbiting at a constant rotational speed, the bent rotor in the orbital motion is “frozen” and is 
not a subject of periodic deformation. The internal friction force does not act. In real rotors 
the elear circular synchronous orbiting very seldom occurs, as usually anisotropy in the rotor 
supporting system results in elliptical orbits. In this case, the bent rotor is not “frozen”, but 
deforms with the frequency two times higher than the rotational speed (see Section 6.4 of 
Chapter 6). The internal friction brings then a “positive” effect: it adds to the external 
damping. 

Eq. (3.3.50) allows for calculating the amplitudę of the self-excited vibrations due 
to internal friction if the function Fy is explicitly provided. Bolotin (1964) quotes several 
forms of internal friction function Ff, for instance, for a shrink-fitted disk on the rotor, the 
internal friction nonlinear function has the following form: 



Fif — ■ 



Ci \z\ n 



C 2 + (O - cof 



(3.3.54) 



where Ci > 0, C 2 > 0, n, m are the specific constant numbers. In the case of the function 
(3.5.6), for the first lateral modę Eq. (3.5.2) provides the self-excited vibration amplitudę A 
as follows: 



A = 



C 2 + 





-Jk/m\ 

Cl \ 



\/n 



(3.3.55) 



Since Ci and C 2 are positive, the solution (3.3.49) with amplitudę (3.3.55) exists for 
Q > ~JK/ M only. This means that the self-excited vibrations (3.3.49) exist for sufficiently 
high rotational speed, exceeding the instability threshold. 



3.3.6 Internal Friction Experiment 

During balancing of the three-disk rotor of an experimental rig (Figurę 3.3.17; Bently 
et al., 1985), an appearance of self-excited vibrations at the rotational speed above the 
third balance resonance was noticed (Figurę 3.3.18). The frequency of these self-excited 
vibrations was exactly equal to the rotor first natural frequency. The self-excited vibrations 
disappeared at higher rotational speed. The rotor synchronous response data covering three 
lateral modes is presented in Figurę 3.3.19. 
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Figurę 3.3.17 Three disk rotor rigidly supported. Disks are attached to the rotor by radial screws. 1 — base, 2 — 
motor, 3 — coupling, 4 — bearing supports, 5 — Keyphasor disk, 6 — proximity transducers in XY 
configuration, 7 — disks, 8 — rotor shaft. 
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Figurę 3.3.18 Three-disk rotor response during start-up measured at mid-span position. Around 7000 rpm 
spectrum Cascade plot and rotor orbits indicate an existence ot subsynchronous self-excited 
vibrations with frequency corresponding to the first modę natural frequency. Original State ot 
unbalance. 

It was noted that when balancing weights, which affect the balance State for the third 
modę, were removed, causing a significant increase of the amplitudę of the synchronous 
vibration of the third modę, the self-excited vibrations almost disappeared (the self-excited 
amplitudę decreased front 1.8 to 0.4 ntils pp (peak-to-peak); compare Figures 3.3.18 and 
3.3.20). This phenomenon looked as if the energy front the self-excited vibrations was 
transferred to the synchronous vibrations. Due to unbalance, a higher rotor deflection in 
rotational fashion evidently caused some substantial modifications in the self-excitation 
mechanism. A similar mechanism has been investigated for the case of the fluid-induced self- 
excited vibrations; see Section 4.6.6 of Chapter 4. Since there was no other obvious reason for 
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Figurę 3.3.20 Spectrum Cascade and rotor orbits of unbalanced rotor: a decrease of subsynchronous 
self-excited vibration amplitudes. Data from the rotor mid-span position. 
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Frequency [kcpm] 



Figurę 3.3.21 Spectrum Cascade and rotor orbits ot unbalanced rotor. Part ot the rotor covered with damping 
materiał, which increased internal friction. Amplitudes ot subsynchronous self-excited vibration 
increased. Data from the rotor mid-span position. 



the self-excitation, internal friction (in the rotor materiał and disk/rotor bolted joints) was 
pinpointed as a culprit for the appearance of these self-excited vibrations. To prove this 
hypothesis, an increase of the rotor internal friction was attempted. A half of the rotor was 
covered with a 4-mil-thick unconstrained layer of damping materiał, commonly used for 
vibration control (acrylic adhesive ISD-112, 3M Company). Applied to the rotor, the 
damping materiał increased the internal friction and magnified the self-excitation effect. 
The expected result was confirmed: the amplitudę of the self-excited vibrations increased 
from 0.4 to 0.7 rnils pp (compare Figures 3.3.20 and 3.3.21). The self-excited vibrations 
disappeared completely when the disks were eventually firmly welded to the rotor, and 
the damping tape was removed. 

The ąuestion of why the self-excited vibrations occurred at the rotational speed of 
7150rpm (instability onset), and disappear in the higher rangę of speeds, has not been 
answered. Nor was the internal friction function identified. The analysis presented in the 
previous section gives, however, some indications that a nonlinear internal friction function 
may cause rotor instability in a limited rangę of rotational speeds. Figurę 3.3.22 presents the 
possible stability chart for three modes. 



3.3.7 Instability of an Electric Machinę Rotor Caused by Electromagnetic 
Field Rotation 

At the end of this section, a model of the rotor in a rotating electromagnetic field will be 
discussed, as the pertaining mathematical model happens to be very similar to the model of 
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Figurę 3.3.22 Rotor stability chart for three modes, based on inequality (3.3.48). 



the rotor with internal friction. Thus, several analytical results obtained above can be 
immediately applied to this model (Bolotin, 1963). 

A ferromagnetic rotor operating in an electromagnetic field is under the influence of 
electromagnetic forces. Parallel to the electromagnetic puli forces there exist forces deter- 
mined by the rotor motion relative to the electromagnetic field. These forces are related 
to Foucault currents and to magnetic field hysteretic losses and have tangential direction. 
When the rotor does not rotate, these forces act similarly to damping forces, attenuat- 
ing rotor lateral vibrations. When the rotor rotates at a speed Q and is in lateral orbiting 
modę with freąuency co, then, under certain conditions, these forces may act in a direction 
opposite to damping and can cause rotor instability. 

Assume that the electromagnetic field rotates at freąuency cof. The electromagnetic 
forces act in the coordinate system, which rotates with freąuency cof. These forces have the 
following form: 



^em 

1 \ U 

| (Of — co | 

where \jf em is an electromagnetic coefficient, which depends on intensity of the electro- 
magnetic field and on its inductance, u(t) is the complex coordinate of the rotor lateral 
displacements in the coordinate system rotating at freąuency co/. The relationship between 
the rotating and stationary coordinates x, y is as follows (compare with Eq. (3.3.2)): 

u = § +jr) = (x + jy)e - jWft = z e 

In the stationary coordinates, the rotor eąuation of motion has the following form: 

Mi + Dż + Kz + , ^ e '" , (ż —jcofz) — 0 (3.3.56) 

\(Of — co\ 
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Eq. (3.3.56) has a similar format to the rotor eąuation of motion under external and 
internal friction, Eq. (3.3.5). By performing the same calculations as in the subsection above, 
the rotor stability condition and instability threshold can be obtained: 



/ ^ / jj ifrem \ K 

\a>f—CL>J ~ l \a)f—(o\jM 



(3.3.57) 



The instability threshold occurs when the inequality (3.7.2) turns into equality. The 
condition (3.3.57) can be transformed to the following form: 

■) >» ( 3 . 3 . 58 ) 

Further, it is known that at the instability threshold the rotor orbiting frequency is 
equal to its undamped natural frequency, -jKjM (see Eq. (3.3.16)). The inequality (3.3.58) 
can, therefore, be presented as follows: 




- fem sign 





> 0 



This rotor stability condition is always satisfied if <y/< -JK/M. If wf> -JKjM then, for 
a sufficiently high value of f Pm , the rotor becomes unstable. The instability occurs when: 

— tyem 

This model of the rotor in an electromagnetic field has been greatly simplified. It is, 
however, well known that in electric machines rotor instabilities may occur (Figurę 3.3.23). 
The model (3.3.56) offers a simple relationship leading to prediction of the rotor instability 
threshold. 




3.3.8 Summary 

This section discussed the rotor dynamie behavior under the action of internal/structural 
friction. First, the internal friction was introduced as a linear force with viscous-type 
damping. Then linear and nonlinear hysteretic internal friction force, depending on the 
frequency of rotor bending deformations, \Q — a>\, where &> is the frequency of rotor 
lateral orbital vibrations was considered. The internal friction force acts on the rotor in 
the tangential direction, perpendicularly to the radial direction. It has been shown that, 
for Iow rotor rotational speed, the internal friction force has the same orientation as the 
external damping force opposing the orbital motion direction, thus internal friction brings 
to the rotor system additional stabilizing effect. At the instability threshold, the internal 
friction force acquires an opposite orientation to the external damping force and nullifies 
the vibration-attenuating effects of external damping. For the rotational speed exceeding 
the instability threshold, the rotor orbiting is unstable and transforms into an unwinding 
spiraling. While rotor lateral amplitudes inerease, the nonlinear factors start playing an 
important role and the unstable motion eventually stabilizes in a limit cycle of self-excited 
vibrations. The rotor lateral vibration amplitudes may, however, be so large that this 
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Frequency [cpm] 

Figurę 3.3.23 Spectrum Cascade plot ot an electric motor rotor during shutdown. At running speed 510 rpm, a 
subsynchronous vibration occurred. Its frequency was a slightly higher than a half of the running 
speed. It was accompanied by a side band, created by a difference between 1 x and this 
frequency. Higher harmonics of both these components are present in the spectrum. Ali these 
components disappeared when the electric current was cut off during a shutdown (Muszyńska, 
1983). 



vibration regime may become harmful to the rotating machinę. An experimental example of 
rotor internal friction-related self-excited vibrations was presented. The rotor instability is 
the first effect of the internal/structural friction in rotors. 

The second effect of the internal/structural friction is that rotor lateral motion 
characteristics become rotational speed-dependent. As a result, under the action of a 
constant radial force, the rotor response is not co-linear with the force, but it shifts in the 
direction of rotation. Similarly to fluid-lubricated bearing, the angle of this shift, the angle 
between the force and response directions, is called attitude angle. 

The third effect of the internal/structural friction consists in opposing external damping in 
the rotor vibration freąuency ranges lower than the rotational speed, including the entire 
backward rangę of freąuencies. As a result, high amplitudes characterize all forward 
subsynchronous and all backward components of rotor vibrations, independent of their 
origin. On the other hand, in the rangę of super-synchronous vibrations, the internal/ 
structural friction acts in the same direction as the external damping, introducing a stabilizing 
effect and decreasing vibration amplitudę peaks (Figurę 3.3.24). This effect of internal/ 
structural damping can be seen in all rotor vibration data presented in spectrum Cascade 
formats throughout this book. 

The forced nonsynchronous vibrations of a rotor with internal friction were also discussed 
in this section. These vibrations occur in response to an external nonsynchronously rotating 
force. It has been shown that the rotor quadrature dynamie stiffness contained the internal 
friction-related term, which opposes the external damping term. For a particular value of 
exciting freąuency, a>, the ąuadrature dynamie stiffness vanishes, creating the rotor response 
amplitudę inerease and sharp phase shift — classical features of a resonance. Thus, parallel 
to regular (direct) resonance, as discussed in Chapter 1, the internal friction, introduced to 
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Subsynchronous forward and all 
backward vibration rangę: 




Figurę 3.3.24 Effect of internal/structural friction on rotor vibration responses: aggravating effect for 
subsynchronous and backward vibrations, attenuating effect for super-synchronous vibrations. 
Fuli spectrum Cascade format. 



the rotor model with nonsynchronous periodic excitation, caused another resonance at a 
frequency 0/(1 + D s /D,), lower than the first natural freąuency V K/M of the rotor. The 
ąuadrature resonance freąuency is rotational speed-dependent. This ąuadrature resonance 
amplitudę, due to rotor internal friction, is usually ąuite smali; however, it is very signif- 
icant in the case of fluid force in rotor/stator clearances (see Sections 4.4 and 4.8 of Chapter 4). 
The model of this fluid force, which has a similarity to the internal friction model, is 
presented in Section 4.3 of Chapter 4. 

Simple mathematical models introduced in this section explain basie rotor dynamics 
when internal friction plays an important part. Experimental results illustrate rotor behavior. 

At the end of this section, a model of a rotating and orbiting rotor within a rotating 
electromagnetic field was discussed. The model of such a rotor was similar to the model of 
the rotor with internal friction. The rotor stability conditions were presented. It was shown 
that if the freąuency of the electromagnetic field is smaller than the rotor first undamped 
natural freąuency, then the rotor is unconditionally stable. If the freąuency of electro- 
magnetic field is higher, then the rotor instability occurs. The instability threshold depends 
on the rotor and electromagnetic force parameters. 



3.4 ISOTROPIC ROTOR IN FLEXIBLE ANISOTROPIC 
SUPPORTS: BACKWARD ORBITING 

3.4.1 Rotor Model and Rotor Forced Response to External 
Nonsynchronous Rotating Force Excitation 

The model of a rotor supported in flexible anisotropic supports, which will be discussed 
in this section, is another extension of the rotor model presented in Chapter 1 . It is assumed 
here that the rotor support has different stiffness characteristics in two orthogonal direc- 
tions, A-horizontal, j-vertical (Figurę 3.4.1). Instead of an isotropic stiffness introduced in 
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Figurę 3.4.1 Model of an isotropic rotor in anisotropic flexible supports. 



Eqs. (1.1.1), (1.1.2) of Chapter 1, the combined rotor/support stiffness has now the following 
form: 



Kx (\/K s ) + {\/K bx y Ky (i/^) + (i/^v) (3A1) 

where K s is isotropic stiffness of the rotor and K bx , K bv are the corresponding stiffness 
components in horizontal and vertical directions of the supports. 

Without internal friction, and with only one external forward (counterclockwise) rotating 
force, the rotor eąuations of motion are as follows: 



Mx + D x x + K x x — F cos (cot + S) 
My + D v y + K v y — F sin(o>t + S ) 



(3.4.2) 



The forced Solutions of Eqs. (3.4.2) can easily be obtained, as these equations are not 
coupled: 



x = B x cos (cot + f3 x ), y — B r sin(rwt + /!,.) 



(3.4.3) 



where 



B x = 



( K x - Mm 2 ) 2 + D 2 x co 2 
D x co 



By = 



— S — arctan 



(K y - Mto 2 ) 2 + D\t,r 
DyCO 



(3.4.4) 



K x - Mar ’ 



3 y — 8 — arctan 



K y - Mar 



If the rotor lateral vibrations are measured by proximity transducers mounted in an 
XY orthogonal configuration (see Section 2.4. 1 of Chapter 2) then usually the cosines are used 
in both equations (3.4.3). In this case, therefore, the second response (3.4.3) should look as 
follows (see Appendix 6): 



y — B r cos (cot + /3 y — 90°) 
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Eqs. (3.4.3) represent a parametric form of the eąuation of an ellipse in the XY piane. The 
time, t, as a parameter, can easily be eliminated. First, the time-related trigonometric 
functions are calculated from Eqs. (3.4.3): 

~(x/B x ) sin p y + (y/By) cos p x (x/B x ) cos fi y + (y/By) sin fi x 

sin a>t — — ; ; 1 : , cos cot — — ; : : 

sm p x sin fiy + cos p x cos p Y sm p x sin p v + cos p x cos p r 



Then both resulting equations are squared and added together, resulting in one equation 
(see Appendix 6). The latter represents equation of an ellipse: 




2 xy sin(y6 r — fi x ) 
B X B y 



= COS 2 (fiy - P X ) 



(3.4.5) 



The ellipse (3.4.5) has the following major (i — 1) and minor (i — 2) axes (Figurę 3.4.2): 

B x B y V 2 cos(^ r — p x ) 



B; = 



1 BI + ą + (- 1 yjfó + Bj) 2 -{2B x By cos (Py - 0 X )) 2 



i= 1,2 



The position of these major and minor axes are displaced from the vertical and horizontal 
axes respectively by the following angle: 



i \p _ 1 arc tan 2BxBy sin ^> ^ 
* ~ 2 arctan 




Figurę 3.4.2 Rotor horizontal and vertical lateral harmonie motion resulting in an elliptical orbit, (a) Construction 
scheme. (b) Actual machinę rotor data. 
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Figurę 3.4.2 Continued. 



It can be seen that if fi x — f$ v then W — 0 and B\ — B x , B 2 — B v , and the ellipse major/ 
minor axes are vertical/horizontal. Notę that if B x — B y the ellipse is inclined by 45° and has 
different major and minor axes. 

The rotor orbit can also be described using the complex number notation. The rotor 
responses (3.4.3) can be written in the following form: 



= 



j{cot+p x ) 



+ e 



-j(cot+p x ) 



). 



y = 2 B >( e 



Xvt+Py) _ Q-j(lOt+Py 



0 



A complex variable displacement, z, can be used as a “forward” combination of x and y 
(the backward combination is x -jy): 



z - x +jy : 



B x + B 



■ V ę j( Ml +Px) . 



B x 



By » 



-X<ot+p x ) 



Now the rotor centerline motion can be presented in the complex piane (x,jy) as 
clockwise and counterclockwise rotation of two vectors with amplitudes (B x + B v )/2 and 
(B x — B v )/ 2 (Figurę 3.4.3). This feature of rotor response orbits, filtered to single freąuencies, 
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Forward rotating vector 



Notę that the angles 9 
between the forward- 
and reverse-rotating 
vectors and the major 
axis of the ellipse are 
equal at any instant 
of time 




Rotor elliptical 
response 



Sum of forward- and 
backwards-rotating 
vectors 
Backward rotating vector 



Figurę 3.4.3 Elliptical orbit of the rotor centerline. The elliptical orbit is a locus of the sum of two vectors rotating 
at the same frequency: one rotating clockwise, another counterclockwise. The magnitude of 
the ellipse on the major axis is the sum of magnitudes of the forward- and backward-rotating 
vectors, while the magnitude of the ellipse on the minor axis is the difference of magnitudes of 
the forward- and backward-rotating vectors. 



has been used in the construction of fuli spectrum (see Section 2.4.5 of Chapter 2 and Section 
4.11.6 of Chapter 4). 

The rotor response parameters (3.4.4) have a slightly simpler appearance if the corre- 
sponding "horizontal”, x, and “vertical”, y, natural undamped freąuencies, co nx — V K x /M , 
co ny — JKy/M, and damping factors C = D x /2^/K x M, ę y — D y /2JK y M, are introduced: 



B _ F P _ £ 

M \] - a ’ 2 ) 2 + M \J H - ® 2 ) 2 + 4 £v w m ’ w2 



(3.4.6) 






'l^yOJnyO) 



= 8 — arctan — — a , P y = 8 — arctan — f — r . 



<Ąy ~ 0)1 ' 



The rotor forced response exhibits two resonances at freąuencies close, respectively, to 
the natural undamped natural freąuencies co nx — V K x /M , a> nr — J K y /M . Around these 
freąuencies, the respective phases sharply drop 90° frorn the original phase 8. 

Two cases of the excitation rotating force will be considered in the next sections: a 
constant amplitudę force and a freąuency-dependent amplitudę force. 



3.4.2 Constant Amplitudę Rotating Force Excitation 

The rotor response orbits (3.4.3) are generally elliptical. At zero freąuency, the horizontal 
and vertical response amplitudes are F/K x and F/K y respectively. Assuming that K x < K v , the 
rotor forward orbit at zero freąuency is a horizontally elongated ellipse, symmetric to x and y 
axes. With an increase of freąuency, the response amplitudes increase and the response 
phases decrease, not ąuite proportionally; thus the main axes of the elliptical orbit of rotor 
response do not remain constant. If the rotor rotation is counterclockwise, the main axes 
start rotating counterclockwise till reaching the peak of the amplitudę B x . In freąuency scalę, 
the horizontal modę is then the first modę of the rotor. With further increase of the rotational 
speed, the second peak amplitudę, B v , is reached. 
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The actual peak amplitudes occur at the freąuencies respectively slightly lower than 
(0 iiy ' namely. 



CO x 




Dl 

2 M 2 




COy 





(3.4.7) 



These freąuencies can be calculated by differentiating the amplitudes and eąuating them 
respectively to zero {dB x /Aco = 0, <\B r /dco = 0). At the freąuencies co = co x and co — co v , the 
response amplitudes are the highest: 



B 



xpeak — 



B 



’y peak 



\d x I(K x /M) - ( Dl/ AM 2)] 2K x ę xy /\ - g ’ 
F F 

[Dy^Ky/M) - (Dj/4AP) 



2KyUl - 0 



Their values depend on the respective stiffness and damping ratios. If, as assumed, K x < K y 
and if ę x < ę y then always B xpea k>B rpea k. For freąuencies smaller than the lower of the 
natural freąuencies, assumed co nx , the elliptical orbits are forward, as the difference of the 
rotor response phases is smali: \fi x — fi y \ <90°. It can be shown that in a rangę of freąuencies 
between the two resonance freąuencies, the forward rotating external force excites backward 
orbiting, as the phase difference in this freąuency rangę is 90° < \fi x — fi y \ < 180°. 

At two specific freąuencies near two resonance freąuencies (3.4.7), the elliptical orbits 
degenerate into straight lines. These specific freąuencies can be calculated from the eąuation 
P x — P y = 90°. This eąuation is solved below: 



DyCO DyCO 

~ S W arCtW 'S<M? 



= k — u = 90° 



tan k — tan ul, 1 

tan(/c — v) — = - , thus tan k — — 



1 + tan k tan u 0 



thus 



D v co 



K y - Mur 



K x - Mor 
D x co 



or 



2 Kco v co 



tan u 

2 2 
(OZ. — co 



■ co 2 2 ę x co x co 



The latter eąuation leads to a ąuadratic eąuation for co 2 , which can easily be solved. 
Its solution provides values of two freąuencies, at which the rotor response orbits become 
straight lines: 

_ f (K x + K y )M - D x Dy + (- 1 yJ((K x + Ky)M - D x D } ) 2 -4M 2 K x kĄ ' 






(3.4.8) 

Depending on the damping value, these freąuencies are close to the freąuencies *JK X /M, 
l Ky/ M, respectively, but still co\ > *JK X /M, co 2 < jK y /M. For zero damping, the freąuencies 
&>i and&b, as well as co x , co y , coincide respectively with co nx = *JK X /M, co nv — JK y /M. 



+ Ky 



2 ^ x ^y OJ nx OJfiy + ( 1 ) 



+ Ky 

y 2( X (yO), IX (0 ! 



i 1/2 



ny 



■ KxKy 



, 1 = 1,2 
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The seąuence of the freąuencies discussed above is, therefore, as follows: 
0 < co x < co„ x < o)\ < on < o)i < co y < co m . 



Between the freąuencies o>\ and co 2 there exists a freąuency co^, at which a circular back- 
ward orbit occurs. This freąuency can be calculated by eąualizing the response amplitudes, 
B x and B y , and then solving the resulting eąuation for co. The result is as follows: 



K -Kl 


1/2 


1 

■A 

1 

e 

1 


2M(K y - K x ) - (Dj - Dl)_ 




2(0.2 - oĄ) - 4(^co~ - ę 2 x cĄ) 



(3.4.9) 



In the absence of damping, co^ = + oĄ)/ 2; thus it occurs at slightly higher freąuency 

than the average of two resonance freąuencies, co x and co y . 



3.4.3 Rotating Force Excitation with Freguency-Dependent Amplitudę 



Assume that the amplitudę of the exciting force in Eqs. (3.4.2) is produced by an 
unbalance, then F — mrco 2 , where m, r and S are unbalance mass, radius, and angular 
orientation, respectively. The rotor response orbits are generally elliptical. At zero freąuency, 
the response amplitudes are zero. Assuming again K X <K V , with an increase of freąuency, the 
amplitudes increase and the rotor response orbits look like horizontally elongated ellipses. 
The amplitudę reaches the first peak at the freąuency co — co xm = co nx /yJ 1 — 2£ 2 and the 
second peak at the freąuency co — co ym = co nv /^j 1 — 2£ 2 . Again, these values are obtained by 
solving the eąuation for the first derivative of the response amplitudes, (dB x /do>) — 0, 
(dB v /dco) — 0. The peak freąuencies are respectively lower than the undamped system 
natural freąuencies co nx , co ny . The corresponding peak amplitudes are as follows: 



B 



twK 



mr 



xmpeak — 



[ D x M x j(K x j M) - (£>2/4 A/ 2 ) 2 Mę xy / 1 - £ 



Bym peak — 



mrK 



[ Dy M^(KylM) - (/)2/4M 2 )] 2M^\ - % 



If the damping factors are sufficiently smali and ę y >ę x , then B xmpea k > B ympea k. This is 
easy to check: 



1 



1 






. $(i - (f) > (1(1 - (I). (i - (I > ({; - £)(ą + (i): 



thus for ę y > t; x there is 1 > ę y + 

Between the freąuencies co\ and co 2 , at which the orbits degenerate into straight lines 
(Eqs. (3.4.8)), there exists a region of rotor responses, similar to the above, which have 
backward elliptical orbits and, in particular, one circular backward orbit at the 
freąuency co 2 (Eq. (3.4.9)). Notę that now the freąuency seąuence is slightly different than 
in the previous constant excitation case: 



0 < CO„ x < CO xm <CO1<CO3<CO2< COfjy < co vm 



Figurę 3.4.4 presents a freąuency seąuence of the rotor orbits. 
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Figurę 3.4.4 Simplified sequence of rotor orbits with increasing rotational speeds for the case of unbalance- 
related excitation force. Notę that in real rotor Systems the major anisotropy axes are usually not 
true horizontal and vertical, thus the elliptical orbits are inclined. ‘F’ denotes forward, ‘B’ denotes 
backward orbits. 



3.4.4 Finał Remarks 

The model of a rotor rotating in supports with lateral anisotropy of stiffness has been 
discussed in this section. The rotor response to the rotating force, with sweep-freąuency, 
represents a sequence of elliptical orbits. Maximum amplitudę orbits occur at two resonance 
freąuencies, corresponding respectively to the rotor lateral horizontal and vertical modes. 
At specific freąuencies of the exciting force, the rotor response elliptical orbits degenerate 
into straight lines and a circle. The latter occurs at a freąuency between two resonance 
freąuencies and this circular orbit is backward. In a particular case, the exciting rotating 
force can be due to rotor unbalance. Then the freąuency of excitation is rotational speed. 
Notę that during the sweep-freąuency excitation, which takes place during rotor start-up 
or shutdown, most of the rotor response orbits are forward, following the excitation force. 
The exception is within the rangę of speeds between two resonance speeds. In practical 
machinery rotor cases, the horizontal and vertical resonance speeds are very close (these 
two resonances are often referred to as one “split” resonance), thus during start-up or 
shutdown transient runs, the reverse orbits, occurring in a narrow band of freąuencies, 
may not even be noticed. This narrow band between resonances certainly does not ąualify to 
be chosen for operational speed of a rotating machinę. 

If the rotor model is morę complex, including morę internal force terms and morę 
modes, the anisotropy of the rotor support stiffness always results in ellipticity of the rotor 
orbits and “split resonances”, in response to unbalance force or to other external force 
excitations. 



3.5 ANISOTROPIC ROTOR IN ISOTROPIC SUPPORTS 
3.5.1 Anisotropic Rotor Model 

In this section, an anisotropic rotor rotating in rigid supports will be considered. This 
model is a classic, it was discussed in many early publications on rotordynamics, such as 
Stodoła (1922), Smith (1933), Foote et al. (1943), Downham (1957), Kellenberger (1958), 
FIull (1959), Dimentberg (1959), Crandal et al. (1961), Tondl (1965) and others. 



© 2005 by Taylor & Francis Group, LLC 




BASIC ROTORDYNAMICS: EXTENDED ROTOR MODELS 



125 



It is assumed now that the rotor no longer has circular cross-section, but its cross-sections 
are characterized by two different cross-sectional moments of inertia. The rotating 
coordinates introduced in Section 3.3 will be appropriate for developing the rotor model. 
Assume that the axes f, tj are principal axes of inertia of the rotor cross-section. Its stiffness 
along these axes are AT, K q respectively (assume that AT < A - ,, ) . The stiffness AT, K q may also 
contain a contribution from the susceptible isotropic support stiffness, A),: 

K = 1 K = 1 
f (\/K Ą ) + (\/K h y " (i/^) + (i/^) 

where K są , K sq are rotor lateral stiffness components in corresponding directions. Based on 
Eq. (3.2.3), the rotor model in the rotating coordinates attached to the rotor is follows: 

M{% — 2Qri — Q 2 ^) + D s (ij — Qri ) + — F cos ((o> — Q)t + S) + P cos (Qt — y) 

(3.5.1) 

M(rj + 20% — (i 2 rj) + D s (f] + + K^ij — F sin((n; — Q)t + S) — P sin(f2t — y) 

In comparison to the rotor model Eq. (3.3.3), in Eq. (3.5.1) the rotor anisotropic stiffness 
was introduced. The model (3.5.1) does not have the symmetry feature, so the complex 
number formalization is not practical. 

Notę that if the external rotating exciting force is rotor unbalance-related then, sińce 
Q — co, it will appear in Eqs. (3.5.1) as a constant unidirectional radial force. Eqs. (3.5.1) 
are linear with constant coefficients. 

Applying to Eqs. (3.5.1) the transformation (3.2.1) back to fixed coordinates produces 
equations with periodically variable coefficients (see Appendix 6): 



Mx + D s x + (Kę + K v + ( Kj: — K q ) cos 2Qt) ^ ^ (Kę — K q ) sin 2Qt = F cos (cut + 8) + P cos y 

My + D s y + (A^ + A^ — (AT — K q ) cos 2Qt) ^ — K n ) sin 2 Qt — F sin(a>t + 5) + P sin y 

(3.5.2) 

The stiffness coefficients are now attached to harmonie functions with double rota- 
tional speed frequency. Notę that if Kę — K n the periodically variable ternis vanish and 
Eqs. (3.5.2) become uncoupled with constant parameters. 

Eqs. (3.5.2) are not easy to solve directly. In the next subsections, the solution of the rotor 
model (3.5.1) will be discussed. 



3.5.2 Eigenvalue Problem: Rotor Natural Frequencies and 
Stability Conditions 

In order to solve the eigenvalue problem for Eq. (3.5.1) in the rotating coordinates, the 
free motion solution is sought in the following form (A ą , A tJ are constants of integration): 

S = r ] = A n e sl 
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which provides the following characteristic eąuation: 

[M(s 2 - Q 2 ) + D s s + Kę] [M(s 2 - Q 2 ) + D s s + K n ] + (2 MQs + D S Q) 2 = 0 

This algebraic eąuation is of the fourth order and when a transformation s — Ji — DJ 
(2 M) is performed, it becomes bi-quadratic: 

MĄ - (mQ 2 + Ms\ - (mQ 2 + - K \ + 4 M 2 Q 1 s\ = 0 

In this form, it can easily be solved, producing two roots for s\. When transformed back 
to the original eigenvalue 5, the following four eigenvalues are obtained: 




Ali eigenvalues (3.5.3) would be real numbers if 




which is rather unlikely to occur, as damping, the only positive term, is relatively smali. Two 
eigenvalues (3.5.3), namely sa, are real numbers if 




Solving this ineąuality for rotational speed leads to the following ineąuality (with a 
minor approximation assuming that D 2 ( 2 M ( K, t — Kę) ± D 2 ) ~ 0): 

< Q < 





In this rangę of speeds, there are two real eigenvalues, sa, and two complex conjugate 
eigenvalues, sa: 




In two ranges of rotational speeds, namely 





© 2005 by Taylor & Francis Group, LLC 




BASIC ROTORDYNAMICS: EXTENDED ROTOR MODELS 



127 



The system eigenvalues are two pairs of complex conjugate numbers with negative 
real parts. 

The condition of rotor stability will be solved below for the generał case. 

The rotor free motion is stable if all eigenvalues (3.5.3) have nonpositive real parts. This 
condition imposes the following ineąuality: 




Sąuaring both sides of this ineąuality leads to a ąuadratic polynomial for 



Q 2 : 



Ki + K„ 

M 



^>0 



The roots of this polynomial are as follows: 




(3.5.4) 



Notę that if damping is neglected, then Q\ = JK^/M, Q 2 = JK n /M, which corresponds 
to “split” undamped natural freąuencies. The damped freąuencies (3.5.4) are reciprocally 
smaller than undamped freąuencies. 

In two ranges of the rotational speed, namely 0 < Q < Q st i, and Q > Q sl2 , the rotor lateral 
motion is stable. In the rangę of rotational speed: 

Q sn < Q < Q st 2 (3.5.5) 

the rotor lateral free motion is unstable. External damping helps in limiting this instabil- 
ity rangę of speeds. If the radical in Eq. (3.5.4) is eąual to zero, then the instability rangę 
Q st 2 — Q s n = 0; thus the instability region vanishes. The radical in Eq. (3.5.4) is zero when 

Ką + K„ D] _ yĘĘ 
2 M 2 M 2 M 

From here, the condition to eliminate the rotor instability is: 

d s = Vm\^ - 

Using corresponding damping factors, ^ = D S /{2JK^M), — D S /(2JK I) M), the 

condition for elimination of the instability rangę is as follows: 




If-j ftl 



In practice, the values of the rotor stiffness components in two orthogonal directions, 
Kj;, K tl , are very close to each other and, even for a smaller damping, the resulting instabil- 
ity rangę of rotational speeds is narrow. Since this instability region of rotational speeds 
(3.5.5) is located between the “split” natural freąuencies, the speeds within this region are 
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never chosen for an operational State (unless the machinę is supposed to work in resonance 
conditions). Usually only during the transient motion at start-up and shutdown of the rotor 
will this instability rangę possibly cause sonie vibration problems for the machinę. 

Within the stable rangę of rotational speeds, the eigenvalues (3.5.3) provide rotor natural 
freąuencies expressed in rotational coordinates, for any rotational speed: 



, jot I 

<°niv ~ ± 



K, + K„ 
2 M 



Q2 -^ + ^ V 




K + K f, / D S Q 



1/2 



M 



M 



v= 1, 2 
(3.5.6) 



These four natural freąuencies are not constant, but depend on the rotational speed. 
Two pairs of them differ only by the sign. In a smali region within the instability rangę, 
there are only two natural freąuencies, as the internal radical under the outside radical in 
Eq. (3.5.6) is larger than the expressions at its left-side, thus co r °/ v becomes a pure imaginary 
ąuantity, and the corresponding eigenvalue is a real nutnber with a “±” sign. This occurs 
within the instability rangę of rotational speeds. 

In order to obtain natural freąuencies in stationary coordinates, cof t f v , it is necessary to 
add and subtract the rotational speed, Q, respectively, to all four natural freąuencies (3.5.6) 









Figures 3.5.1 and 3.5.2 present the rotor natural freąuencies, respectively, related to 
rotating and stationary coordinates as functions of rotational speed. For the stationary 
coordinates, this diagram is called a Campbell diagram. Each of the four natural freąuencies 




Figurę 3.5.1 Natural freąuencies of the anisotropic rotor in isotropic supports versus rotational speed relative 
to rotating coordinate tramę. 
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Figurę 3.5.2 Natural frequencies of the anisotropic rotor in isotropic supports versus rotational speed related to 
fixed coordinates (Campbell Diagram). Only the first quadrant is displayed; other quadrants are 
mirror images. ‘F’ denotes forward modę, ‘B’ denotes backward modę. 

corresponds to either forward or backward modę. In Figurę 3.5.1, the natural frequencies 
are presented in all four quadrants, in order to underline their mirror images. A linę ta™' = Q 
Crossing the natural frequencies expressed in rotating coordinates determines the reso- 
nance frequency of the constant radial force, which occurs at the following rotational speed: 
Q P - y/ K^K^/lMiKj: + K, } ) ~ ( 1 /2 ) S /K/M (for details see Subsection 3.5.3 ). Figurę 3.5.2 
presents only the first quadrant for all natural frequencies in the stationary coordinates. The 
linę co Ax — Q determines resonance frequencies for the unbalance force; the linę a/°‘ = 2 Q 
determines a resonance frequency for the constant radial force (see Subsection 3.5.4 ). 

The free stable response of the rotor can be presented in the following form: 

§(f) = e - (Ą/2jW)f Qjahnt ’ hW = e -W-mt t ■4 i\vi 6 ' 

v,i= 1 i >,i= 1 



where Aę vi , A nvi , v, i — 1,2 are constants of integration, correlated with rotor modes. This 
free solution should now be presented in the stationary coordinates, by applying the trans- 
formation (3.3.1). Using the complex number formalism, u(t) = $(/) + jr/(t) and z — ue jQt , 
the rotor free response is as follows: 



z = q ADs/ 2 M), )' Q h(^ łw - +jA, vi ) 

U, 1=1 

It can be seen that for i — 1 the frequencies of the rotor free response are a>, w — Q, while 
for i — 2 they are a> lw + Q, thus they are all rotational speed-dependent. 

3.5.3 Rotor Response to a Constant Radial Force 

The rotor response to a static unidirectional force Pe jy in the model (3.5.1) is as follows: 
$(t) — C| cos (Qt - y + <t>ę), ii(t) — C n sin(f2? - y + (p n ) (3.5.7) 
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where the response amplitudes and phases in the form of response vectors can be calculated 
following the routine presented in Appendix 3. The results are as follows: 

c c „ k = PjKr, + 2jD s Q - 4/V/Q 2 ) c cJ<K = -P[K, + 2 jD s Q - 4 MQ 2 ) 

K^K n + (K H + K n ){jD s Q - 2MQ 2 ) ’ ^ K H K n + {K H + K n )(jD s Q - 2MQ 2 ) 

These eąuations provide the amplitudes and phases of the solution (3.5.7): 



p/{K n - AMQ 2 ) 2 +AD 2 s Q 2 

— i > 

y ( Ką K n - 2 MQ\Kt: + K tl )Y+ (Kr + K v ) 2 D]Q 2 

(3.5.8) 

^ pj (Kę - 4Mf2 2 ) 2 + 4 D 2 S Q 2 

- 23/Q 2 (AV + ^)) 2 + (AV + K n ) 2 D 2 0 2 



2D S Q 

ót = arctan =■ — arctan 

ę K n - 4MQ 2 



(AA + K t) )D s Q 



-2D,Q 

(p, f — arctan — — ; — arctan 



Kr K rj - 2MQ 2 (Kr + K n ) " 
(K, + K„)D S Q 



(3.5.9) 



-AA + 4 MQ Z KrK n - 2MQ (Kę + K n ) 

The transformation of the rotor response (3.5.7) to stationary coordinates is as follows: 
z—x +jy — (f +jrf) e ja ‘ — [Q cos(_Q/ - y + 0|) +,/C^ sin(AQ/ — y + </>^)]e ,Qr 
z — [cos(f2t — y)(Q cos(/>ę + jC n sin (/y) — sin(TE — y)(Q sin^ — jC n cos </>,,)] e ,fl ' 

= ^[(e XQf_y) + e (ą cos +./C^ sin0,,) 



+i( e 



j(Qt-y) _ —j{Qt—y 



} )(Q Sin - jC^ COS0,,)] e 7fi ' 



Finally: 



e j(2Qt-y) e jy 

z = (c { + C, e /0 ") + — (Q e -■#* - C, e (3.5.10) 

As can be seen, the rotor response to a constant lateral force, expressed in the stationary 
coordinates contains a constant component and a double freąuency component, which is 
not a surprise, remembering Eqs. (3.5.2). Eq. (3.5.10) can also be presented in a different 
form as follows: 



z = Ce J{2Q,+ ^ + C x +jC y , 



(3.5.11) 



© 2005 by Taylor & Francis Group, LLC 



BASIC ROTORDYNAMICS: EXTENDED ROTOR MODELS 



131 



where 



Ce # = i(C f e m ~ y) + C„ e A ^~ y) ) 

C x = ^ (C e cos(y - <p H ) - C, cos(y - </»,)), C v = ^ (Q sin(y - </> f ) - C„ sin(y - </>,,)) 
Using Eqs. (3.5.8) and (3.5.9) the components of the solution (3.5.11) can be calculated: 



P\Ą-Ą\ 

2 ~ 2MSf(Ą + Ą)f+ (Ą + K.ffYO 2 



(3.5.12) 



cp — — y + arctan 



DMĄ + K„) 
ĄKr, - 2 MQ 2 {K h + K„) 



(3.5.13) 



C x — ( 4D S Q sin (p — (Ą + K n — 8MQ 2 ) cos <p\ 

K S ~ K n 

(3.5.14) 

r 

C y — — (4£) ę i2 cos cp + (Ką + K v — 8 MQ 2 ) sin cp) 

Ą~K V 



yjCi + ą= C _ K ^ (Ą + K„- 8MQ 2 f+l6D2Q 2 

Note in Eq. (3.5.12) that, if there is no external damping, the 2x response has an infinite 
resonance amplitudę at the frequency: 



Q — I K ‘ qKn — (3 5 1 5) 

p M(Ą + Ą) ( ' ' 

The value of this frequency is slightly lower than half of the average of two undamped 
“natural frequencies”, ^/Ą/M and y/K v /M. At the speed (3.5.15), the response phase is 
equal to —y, the opposite of the original phase of the constant radial force. With damping 
present, the maximum response amplitudę occurs close to the half of the average of first 
balance resonance speed. 

The rotor static displacement described by X, Y components (Eqs. (3.5.14) — the rotor 
2x orbit center), is the highest when again the rotational speed is close to a half of the 
average first balance resonance, y/{Ą + K tl )/8M. This frequency value is slightly larger than 
the peak speed of the double-frequency response (3.5.15). 

At the displaced position, the rotor orbiting with frequency 2 Q (2x) is forward in 
the entire frequency rangę. The rotor orbits are circular. Notę that if the rotor is iso- 
tropic then the double frequency component does not occur. Figurę 3.5.3 presents the 
Bodę plot of the 2x response amplitudes and phases. Figurę 3.5.4 illustrates the sequence 
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Figurę 3.5.3 Bodę plot of the rotor double frequency (2x) response phase and amplitudę versus rotational 
speed. P pcak = (P|K) - K',|V^f)/D sV '2(/<^ + K rj )K ( K tj . 








Figurę 3.5.4 Sequence of rotor orbits with increasing rotational speeds, as responses to the force of gravity. 
()' = 270°). 



of rotor orbits with increasing rotational speed, as responses to the force of gravity 
(y — 270°). Figurę 3.5.5 presents the rotor centerline deflections as functions of rota- 
tional speed. Notę that the response depends significantly on the phase y of the input radial 
force. 

The peak of the amplitudę (3.5.12) when damping is not neglected will now be calculated. 
The eąuation for the first derivative, dC/df2 2 = 0 provides the equation for the rotational 
speed: 

2 (KąK n - 2MQr(K ą + K„))(-2M(K t + K„)) + D](K h + K n f = 0 



From here, the rotational speed at which the amplitudę peak occurs is calculated: 



Qr 



Mr d] 

2M(K k + K n ) SM 2 



(3.5.16) 
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which is slightly lower than the speed (3.5.15). At this speed the response phase is 



</> = — y + arctan 



' 8 Kg. K n M 
Dm + K n ) 



-2 



For Iow damping, this phase is very close to 90°. For high damping ( D s > 
2 KjzK^M / (Kj: + K p )), the peak amplitudę does not occur, as Eq. (3.5.16) becomes 
zero or negative. Notę that the difference between smali (subcritical) and high (overcritical) 
damping is an expression corresponding to the critical damping in the 2x modę. For 
subcritical damping, the corresponding peak amplitudę is as follows (Figurę 3.5.3): 



Cpeak — 



D 



2PM\Kj: - K r) \ 

V 8 K^MOCt: + K n ) - D^(K ę + K„f 



Both damping and the difference between rotor stiffness components control this 
peak amplitudę value. In the rangę of damping which causes the rotor 2x resonance peak 
to occur (0 < D s < 2^ KtK tj M /(Kr + K n )). there exists a damping value, which results in the 
lowest peak C pea k . It is calculated from the following eąuation: dC pea k/dD s — 0. This eąuation 
provides the optimum damping: 



D s(opt) = 2^K^M/{K h + K v ) 



The lowest peak amplitudę happens on the border of the damping rangę causing the 
amplitudę peak to occur. The smallest peak amplitudę for the damping D s{()pl) is as follows: 

Kj ~ K n 
2 K h K„ 

This amplitudę depends only on the difference in rotor lateral stiffness components. 

The format (3.5.11) of the rotor response to the constant force is useful for comparison 
of analytical and experimental results, as the measurements of lateral vibrations come as 



C peak(opt) 



© 2005 by Taylor & Francis Group, LLC 



134 



ROTORDYNAMICS 



deflections in x and y directions. Notę again that the difference is that both measurements 
of x and y, using noncontacting proximity transducers in orthogonal orientation, use the 
same trigonometric function (either cosine or sine); thus eventually the phase of the vibration 
data from one transducer has to be adjusted by 90° (see Section 2.4.6 of Chapter 2). 



3.5.4 Rotor Vibration Response to a Rotating Force 

3.5.4. 1 A General Case of Nonsynchronous Frequency Excitation 

A forced response of the rotor to a nonsynchronously rotating excitation force, as 
another particular solution of Eqs. (3.5.1), is as follows: 

Ź(t) — B h cos((&> - Q)t + i](t) — B v sin ((w - Q)t + (3.5.17) 

Inserting the Solutions (3.5.17) into Eqs. (3.5.1) and following the routine described 
in Appendix 3, this response vector and the response amplitudes and phases can be 
calculated: 



D m Fd\K n - M(w - 2 Q) 2 +jD s (co - 2Q)) 

{ = j 

W _ Fe-l s (Ką — M(u> — 2Q) 2 + jD s (co — 2Qj) 
B ’> C A 

where 



(3.5.18) 



A = Kt:K ri - M{K ę + Kr,)((co - Q) 2 + Q 2 ) + M 2 [Q 2 - (co - O) 2 ] 2 

+ D 2 co(2Q — co) +jD s (co — Q)(Kj: + K tJ + 2Mco(2Q — co)) = Re(d) + /Im(d) 



(3.5.19) 



where Re(d), Im(zl) denote the corresponding real and imaginary parts of Eq. (3.5.19). 
The response amplitudes and phases are as follows: 



(K,, - M(co - 2 Q) 2 ) 2 +D 2 s (co - 2Q) 2 
V / Re 2 (d) + Im 2 (A) 




y (K $ - M(co - 2 Q) 2 ) 2 +D 2 s (co - 2Q) 2 
" _ V / Re 2 (d) + Im 2 (d) 



(3.5.20) 






S + arctan 



D s (co — 2 Q) 

K n - M(co - 2 Q) 2 



— arctan 



\m(A) 
Re(d) ’ 



P n = 8 + arctan 



D s (co — 2Q) 

K h - M(co - 2Q) 2 



— arctan 



\m(A) 

Re(zl) 
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When neglecting damping, the rotor response amplitudes will have infinite values at 
resonance speeds, calculated from Eq. (3.5.19) eąualized to zero. The following ąuadratic 
eąuation results: 



2 0\K, + K,) 
M M 2 M 2 



(3.5.21) 



where © = O 2 — (co — O) 2 . Solving Eq. (3.5.21) and than returning to the original variables, 
the following frequencies are the resonance frequencies for the case of nonsynchronous 
rotating force excitation: 



CO = O i 



'N 



0 2 + - 



K h + K„ 
2 M 



-± 



m-K,) 2 2Q 2 (K^ + K n ) 



4 M 2 



M 



(3.5.22) 



Notę that for each rotational speed, which is not in the rangę of the rotor instabil- 
ity (3.5.5), there are four resonance frequencies (3.5.22). Otherwise, the expression under 
the large square root is negative and there exist only two frequencies (3.5.22). For smali 
rotational speeds in the following rangę: 



O 2 < 



K H K n 



2 M{K h + K„) 



(3.5.23) 



there are two positive and two negative resonance frequencies. For rotational speeds 
larger than (3.5.23), there are three positive and one negative resonance frequencies (except 
the instability rangę (3.5.5)). The existence of four resonance freąuencies represents an 
important difference between the synchronous force excitation of the rotor and the exci- 
tation by nonsynchronous rotating force in either forward or backward direction, related to 
the direction of rotor rotation. 



3.5A.2 Excitation by Rotor Unbalance Force 

The frequency of the rotor unbalance force is O, the frequency of the rotor rotation; 
thus in this case co—L 2. The unbalance excitation force appears in the rotor equations of 
motion in rotating coordinates (3.5.1) as a constant excitation. The particular solution 
must be, therefore, also constant: 



S(0 = B h , r)(t) = B„ 



(3.5.24) 



When the solution (3.5.24) has been input into Eqs. (3.5.1), the resulting algebraic 
equations provide the following relationships: 



Bt — F 



(K rl — MO,") cos S + D s O sin 8 
(Ę - M0 2 )(K tl - MO 2 ) + D 2 Q 2 ’ 



B„ = F 



( Ki — MO 2 ) sin 8 — D s O cos 8 
(AT - MOf)(K n - MO 2 ) + D 2 0 2 



where the rotor unbalance force magnitude is now F—mrO 2 . When transformed to the 
stationary coordinates, the following solution results: 

x(t) = B>. cos Ot — B n sin Ot, y(t) — Bp sin Ot + B fj cos Ot 
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Figurę 3.5.6 Amplitudę of the response of the unbalanced anisotropic rotor in isotropic supports for the case ot 
smali damping (Eq. (3.5.32) satisfied). 



Notę that, assuming Bę — B cos /i, B, t — Bńn/3, this response can also be presented as: 

x(t) — B cos (Qt + P), y(t) — B sin(f2? + p) (3.5.25) 

where B — v /5ę + B, p p — arctan(5^/5|); thus in spite the rotor lateral anisotropy, its 
response orbit is circular for all rotational speeds. Using the original parameters, the 
response amplitudę is as follows (Figurę 3.5.6): 



B = 



K ^ sin 2 8 + K 2 cos 2 8 — 2MQ 2 (Kj: sin 2 8 + K v cos 2 8) 
+ M 2 Q ą + D;Q 2 - D S Q(K | - K n ) sin 28 
fćĘ - MQ 2 )(K, 1 - MO 1 ) + D]Q 2 1 



or using trigonometric identities sin 2 a — (1 — cos2a)/2, cos 2 a — (1 + cos 2oe)/2 (see 
Appendix 6): 

B = Ł 

\(K Ę - MQ 2 )(K tj - MQ 2 ) + D]Q : \ 

I ję2 _|_ j/2 j^2 

1 n - Ę '' cos 28 - MQ 2 [Kt: + K n - (K H - K n ) cos 25] 

+ M 2 Q 4 + D 2 Q 2 - D s Q(K h - K q ) sin 25 



and further 



5 = 



F^J{{K h + K n )/2 - MO 1 - ( K, - K v )/2 cos 25) 2 + (D S Q - (K Ę - K v )/2 sin 25) 2 
\(K, - MQ 2 )( K„ - MQ 2 ) + D\Q 2 



(3.5.26) 
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Figurę 3.5.7 Bodę plot of the response of the unbalanced anisotropic rotor in isotropic supports. 
The response phase is as follows: 



D,0 - (Kt - MO 2 ) tan <5 

B — — arctan = 

K n — MO 2 + D s O tan 8 



(3.5.27) 



At specific rotational speeds, the rotor response phase, fi, eąuals either —«180°, or «90°, 
n = 0, 1, 2. These specific speeds are calculated when either the nominator or denominator 
of Eq. (3.5.27) is eąualized to zero. These specific rotational speeds are (Figurę 3.5.7): 



180 — — 



D s 

2M 




O 



«90 — 





K, 

M 



If the damping is smali these respective speeds do not differ much from the undamped 
natural freąuencies, JK^/M, A jK n /M . 

While the response amplitudę is a function of the double unbalance position phase, 28, the 
response phase is a function of 8. Notę that for 8 = 45°or 8 = 225° (unbalance location on 
the symmetric linę between the axes £ and ;; in the flrst or third ąuadrant), then: 



B = 



F^J( \/2)[{K h - MO 2 ) 2 + (Kr, - MO 2 ) 2 ] + D 2 S 0 2 - D s O(K H - K^) 
(K ą - M0 2 )(K tl - MO 2 ) + D]0 2 



fi = — arctan 



D s O - K ę + MO 2 
D s O + K„ - MO 2 
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The maximum and minimum of the rotor response amplitudę, 5, Eq. (3.5.26), as 
a function of the unbalance position <5, can be found by differentiating the amplitudę. 
The eąuation dB/dS — 0 based on Eq. (3.5.26) provides the following relationship: 

1 



-(Kę + K n ) — MO~ J sin 28 — D s O cos 28 = 0 



From here: 



1 D,0 

8 = - arctan : =■ 

2 [(/Q + K„)/ 2] - MO 2 



= 8 * 



Using the trigonometric identities, 

± tan 28 

sm 28 — 



s / 1 + tan 2 28 



cos 28 — 



±1 



\/ 1 + tan 2 28 



(see Appendix 6), the expression under the radical in Eq. (5.26) for 8 — 8* becomes: 



K i±^-M0 2 X + D>o 2 -^ 



Using the identity: 



(K, - MO 2 ) (K n - MO 2 ) = 



+ K„ 



MO- 



2 



the minimum and maximum response amplitudes for the unbalance positions 8*, from 
Eq. (3.5.26) are as follows: 



B , 



(mu%max) 



f(\J ((K$ + KJ/ 2 ~ MO 2 ) 2 + D^O 2 ± (K H - K„)/2^J 



((** + K„)/2 - MO 2 ) 2 + D]0 2 + {K h - K„)/2 

x U((K ę + K„)/2 - MO 2 ) 2 + D]0 2 - (K ą - K n )/2\ 
F 

+ *„)/ 2 - MO 2 ) 2 + D]0 2 T - K n )/2 

From Eq. (3.5.27) the response phase is as follows: 

D S Q- (Ką — MQ 2 ) tan <5* 



— arctan 



K tl — MO" + D s O tan 8* 



(3.5.28) 



(3.5.29) 
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Assuming smali differences of the rotor lateral stiffness components, that is Kę ~ K n ~ 
(Kę + K v )/1 , this phase can be approximated as follows: 

D^Q/(Kt - MO 1 ) - tan 8* 

( ‘ (K n - M0 2 )/(K^ - MO 2 ) + D s Q/( Kf - Mil 1 ) tan 8* 

D s O/([{K H + Kr,)/2\ - MO 2 ) - tan S* 

^ arctan , r 

1 + D s O/([(K H + K n )/2\ - MO 1 ) tan 8* 

= -arctan ,‘ a ' l2r f taiiy = -arcta„ltan(2f - S*)) = -i* 

1+ tan 28* tan 8* 

This relationship signifies that the response phase is approximately eąual to the position 
of unbalance but it has the opposite sign, thus it differs by 180°. 

Applying the complex number formalism, z(t) — x( t) + jy( /), the rotor response to 
unbalance becomes: 



z(t) = Fe j Qt ((*g + K n )/ 2 - MO 1 — jD s Q)e jS - (K, - K n )/ 2e 
“ C {K h - MOr){K n - MO 2 ) + D 2 s O 2 



(3.5.30) 



Thus this response contains a similar term as the isotropic response and a term with the 
input phase with opposite sign. If Kę — K v , this response coincides with the response for the 
isotropic rotor. 

The rotor response amplitudę increases to infinity when the denominator of Eq. (3.5.26) 
becomes zero (Figurę 3.5.4). This occurs when the rotational speed becomes: 



K, + Ko D] , l( K H + K v D] y K,K n 
2 M 2 M 1 V\ 2M 2 M 2 ) M 2 



(3.5.31) 



which represents the same rotational speeds as O st2 in Eq. (3.5.4). For smali damping 
D s , these two speeds are close to the rotor undamped natural frequencies, JKę/M, x / K r] / M. 
corresponding to two lateral modes. These two infinite resonance speeds exist only if 
the expression under both radicals in Eq. (3.5.31) are positive. This requirement leads to 
the following condition for damping: 



Ą<VmL/Ę-v^ or 



1 

Tt 




(3.5.32) 



which resembles the condition to eliminate the instability region of rotational speeds, 
discussed in Section 3.5.2. 

External damping larger than the condition (3.5.32) creates limited peak resonance 
amplitudes of the rotor responses to unbalance in the proximity of the undamped natural 
frequencies. Inequality (3.5.32) demonstrates that the role of differences in the square roots 
of anisotropic stiffness components is similar, but opposite to damping. In other words, 
under unbalance-related excitation, the rotor stiffness difference creates a tangential force, 
which opposes the damping force. For example, if the corresponding damping factors 
are fg = 0.1 and £,, = 0.13, which respectively corresponds to — 5D S /VM, 

= 3.846 Ds/^/M, this makes [(A"ę — K^/Kę] 100% = 41% stiffness difference. Then the 
left-side of the second inequality (3.5.32) becomes 2.39, thus creating infinite resonance 
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amplitudes of response to the unbalance force. If the original rotor was isotropic with the 
stiffness Kę and during machinę operation becomes anisotropic, due to, for instance, a 
pending crack, then in order to avoid infinite resonance amplitudes, the stiffness relative 
difference, (1 — (K^/Kę)) 100% must be lower than or equal to 400^(1 — ^)%. For ^ = 0.1 
this makes 36% of stiffness difference. For ^ = 0.05 this makes only 19%. 

The discussed stiffness differences may result from a crack in the rotor, which, for a 
constant external damping, would cause an increase of the rotor First balance resonance peak 
amplitudę, possibly up to unlimited amplitudes. Again, these unlimited amplitudes never 
practically occur, due to either nonlinear factors Corning into the play, or the rotor system 
would break. Both cases make the above linear model and analysis inadequate. The cracked 
rotor dynamics is discussed in Section 6.5 of Chapter 6. 



3.6 ANGULAR MOMENTUM MODEL OF AN ISOTROPIC ROTOR 
3.6.1 Rotor Model Derivation 

In the previous sections, it has been assumed that the rotor perfonned lateral lineal 
displacements in the planes perpendicular to the rotor axis only. This was an idealization 
as, in fact, during lateral vibrations all sections along the rotor perform not only linear, 
but also angular displacements. Notę that the lateral vibration measurements, however, 
remain always in planes perpendicular to the support centerline. The angular displacements 
of the rotor can be assessed by differences between measurement results in several axial 
locations of the rotor. It can also be assessed if the displacement transducers are mounted 
axially, parallel to the rotor axis, for instance close to rotor disk circumference, to measure 
disk angular displacements. The distinction between lateral transversal or lateral angular 
vibrations of rotors consists in distinction of rotor modes. This issue was discussed in 
Section 3.2. 

In this Section, pure angular vibrational displacements of rotors will be considered. 
For the morę classical derivation of rotor equations of motion, the modal approach is 
temporarily abandoned. The rotor model of lateral angular displacements represents, 
for example, a model of a centrifuge with one fixed point (Figurę 3.6.1). The modę of motion 
of the centrifuge rotor is conical. Its mathematical model is derived based on an assump- 
tion of a heavy (massive) disk and mass-less flexible rotor. In the next sections, the rotor 
angular momentum model will be morę generalized. 




Figurę 3.6.1 A model of centrifuge: a rotor with one fixed point. 
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Figurę 3.6.2 Components of the angular momentum vector. 



The rotor angular stiffness (as opposed to the lateral transversal stiffness, discussed in 
previous sections) is derived from the slopes 9, (p of the rotor deflected linę (Figurę 3.6.2): 

a dx d y 

6 = a~’ ^ = 

dro dro 

where x, y are rotor lateral displacements and r 0 is a coordinate along the rotor axis. It is 
convenient to consider the angles 9, cp as coordinates describing the angular motion of the 
rotor. In this way, 9(t) becomes an angular displacement in the piane (x, zo), describing a 
smali rotation around the j;-axis and <p(t) becomes an angular displacement in the piane 
(x, zo) describing a rotation around the negative x-axis. These angles are sometimes referred 
to as angles of “yaw” and “pitch”, respectively. In the following considerations, these 
angular displacements will be assumed to be '‘smali”, in order to allow linearization of 
eąuations of motion. Strictly speaking, these displacements are not independent, and they 
cannot be employed directly as classical generalized coordinates, but because they are 
supposed smali, it is possible to express the angular momentum H of the rotor disk in terms 
of the angles 9, cp within an error of the second order (Figurę 3.6.2). 

It is assumed that the rotor mass, M, is concentrated in the disk. The disk is assumed to be 
laterally symmetric and have the polar mass moment of inertia Ip, and transverse moment of 
inertia It- The disk angular momentum vector has coordinates H x , //, , II- (Figurę 3.6.2). 
Based on classical Theoretical Mechanics, these angular momentum coordinates are as 
follows: 



H x = —It<P + lilpcp, H r = —IrÓ + QIp9, H z = Ip(Q + <p() — 9cp) + It{9cP — <p9) 

If the disk performs lateral motion and its mass center has coordinates x, y, there exists 
an added contribution to the angular momentum eąuation around the co-axis: 

//- = IpQ — ( I P — It)(0<P — (p&) + M(xy — yx) 

With T z as a driving torąue, the resulting angular momentum eąuation for the ro-axis is as 
follows: 



d / /_- 
d 1 



i pii — 



d 

d? 



{(Ip - I T m - m - M(xy - yx) = T z 
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This torąue eąuation is a simplification and would strictly require a morę formal 
derivation. It is sufficient, however, to notice that the lateral and angular motion of the 
disk has only a secondary effect on the torąue eąuation, as the variables ,x, y, 0 , 0 with their 
derivatives, which are also assumed smali, appear in products. Thus, in the first order 
approximation, the rotor angular velocity of rotation, Q, is only weakly affected by the rotor 
lateral orbiting, and may be considered constant, as long as the rotor operates under steady 
power conditions (with sufficient power supply), when the net drive/load torąue is zero. 
It means that there is a balance between the external torąue and output resistance torąue 
and the rotor rotational speed is constant. 

Within the above-stated assumptions, the angular momentum eąuation may, therefore, 
be ignored, and the rotor rotational speed Q can be considered constant, when analyzing 
smali lateral angular and transverse motion of the rotor. In morę generał cases and under 
special circumstances, it is necessary to consider the fuli angular momentum eąuation 
coupled with lateral modę eąuations. These particular circumstances include limited drive 
power, accelerating rotor, fluctuating torąue, imposed fluctuations in the rotor rotational 
speed, large torsional vibration amplitudes, etc. 

Assume that the disk is mounted on the rotor in a slightly skewed position, such that the 
angle between the rotor axis and the axis of the disk is x (Figurę 3.6.3). Thus, the disk angular 
displacements 0,(p should be replaced respectively by: 

6 ->■ 0 + x cos (Qt + S x ), <j> ->• </> + x sin(I3? + S x ) 

where S x represents the angular orientation of the disk deflection (Figurę 3.6.3). 

The angular restoring moment from the rotor is represented by the external angular 
damping, with coefficients D sB , D s $ and by anisotropic angular stiffnesses Kg and of the 
combined rotor and support (the anisotropy originates from the support). The corresponding 
stiffness units are now (Nm) and damping units are (kgm 2 /s). 

Finally, by putting all these assumptions together, and using the classical Theoretical 
Mechanics relationships, the rotor eąuations of the angular motion become: 

/ / '0 T QIp(j> -\- D s gÓ T KgO — — £2 2 (//> — It)X cos ( flt ~\~ 

■ , . (3.6.1) 

Ip(f> — QIpO -f- jD S (j)4* 4“ K(f)6 = — Q ( Ip — It)X sin(£2/ + 5^)- 

Eqs. (3.6.1), for the rotor angular displacements, have very similar format to Eqs. (1.1.1), 
(1.1.2) for the rotor transverse lateral displacements, discussed in Chapter 1 and Eqs. (3.4.2) 
in Chapter 3. In Eqs. (3.6.1), there exist, however, new additional terms, QI F (p and —QI P 0, 
which represent projections of the gyroscopic moment. These terms depend on the rotational 
speed and they couple two eąuations (3.6.1). The anisotropy of the rotor stiffness is due to the 




Figurę 3.6.3 Angle between rotor axis and the axis of skewed disk. 
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anisotropic support, while the rotor is assumed isotropic. The skewed disk position on the 
rotor results in an unbalance moment, which will synchronously excite angular lateral 
vibrations, similarly to the mass unbalance discussed in the previous sections. 

The gyroscopic effect, as related to rotordynamics, has been researched in many papers, 
starting from pioneering works by Smith (1933), Yamamoto (1954), Dimentberg (1961), 
Brossens et al. (1961), Crandall et al. (1973), considering various ways of unfolding the rotor 
lateral transversal and angular motion. Descriptions of gyroscopic effects, together with 
morę complete lists of references, can be found in publications by Ehrich (1992) and by 
Vance (1988). An experimental work dealing with parameter identification for the rotor 
system with large gyroscopic influence was reported by Bently et ai (1986). In 1986, 
Muijderman investigated the interaction between the stabilizing effect of gyroscopic moment 
and destabilizing effect of fluid-induced tangential forces. 

In the next subsection, Eqs. (3.6.1) will be solved for two particular cases: a case without 
damping and a case of an isotropic rotor. 



3.6.2 Eigenvalue Problem and Resonance Speeds in 
Case without Damping 

Assume that D s g — D S( p — 0 and the free vibration solution of Eqs. (3.6.1) are in the form: 

6{t) = A„ć‘, <p(t) — Af/, e st (3.6.2) 

where Ag, A# are constants of integration. By substituting Eqs. (3.6.2) into Eqs. (3.6.1), the 
characteristic equation results as follows: 

(Kg + I T s 2 ) (K+ + I T sr) + (fi//*) 2 or / + * ** } + = 0 (3.6.3) 



From this polynomial equation the eigenvalues, s, of the system can be calculated. They 
come up as purely imaginary, thus they represent the rotor natural frequencies, w ni : 



Si — ±j 



Ko + K^ 

21 T 



Q 2 I 2 p , , 1V . IfKg - KĄ 2 , 1 (QIĄ Ą , I 2 P Q 2 {K e + K+) 

2Ą U VV 2 I T ) M/r j + 2 Ą 



(3.6.4) 



= i — 1,2 



As can be seen, the rotor eigenvalues depend on the rotational speed. The motion of the 
rotor is always stable, in spite of the fact that there was no damping in the model, as all s,- are 
purely imaginary. The values —jsj, i — 1,2 represent the system natural frequencies, They 
are illustrated in Figurę 3.6.4 as functions of the rotational speed, in the format of a 
Campbell Diagram. 

In order to calculate resonance speeds, as a result of the unbalance action of the skewed 
disk, it is necessary to equalize the rotational speed, as the excitation frequency, to the natural 
frequencies obtained from Eq. (3.6.4) of the rotor, Q — co ni : 



Q 2 



Kg + K 0 Q 2 I 2 p IfKg -KA 2 1 (QI p \ a I 2 Q 2 (K e + K+) 
2 I T + 2 4 VV 2 I T ) + 4 \ I T ) + 2l\ 
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Figurę 3.6.4 Natural frequencies of rotor angular motion versus rotational speed in the format ot Campbell 
Diagram for the case /r>/p- 

Since the rotational speed appears on both sides, this eąuation must be solved for Q. 
A bi-quadratic eąuation results: 



- />) - Q 2 I t {K^ + Kg) + K+Kg = 0 



(3.6.5) 



Two resonance speeds, as the solution of Eq. (3.6.5), result: 

1 1/2 






(K 4 , + Kg)I T + (- 1)7 (^ - KgfĄ + ĄK+KgĄ 

2(4-4) 



, i — 1,2 



(3.6.6) 



For a thick disk ( I T >I P ) there exist two resonance speeds (3.6.6). For a thin disk, with 
It < Ip , there is only one resonance speed, as Q re ,a becomes imaginary. Both resonance 
speeds become infinite when Ij — Ip. In the Campbell Diagram (Figurę 3.6.4), the resonance 
speeds for the synchronous unbalance force excitation are marked as points of intersection 
of the straight linę C2 and the curves i — 1, 2, as functions of the rotational speed Q. 



3.6.3 Rotor Response to Unbalance 

The rotor unbalance-related vibrations, forced by the skewed disk, can be found as a 
particular periodic solution of Eqs. (3.6.1): 



9 — B g cos (Qt + p g ), sin(f3? + , 



(3.6.7) 



Following the routine presented in Appendix 3, the response vector, and its amplitudes 
and phases of the rotor response (3.6.7), can be calculated: 



_ js x &(It - Ip)(K 0 ~ & (Jt + Ip) +jD, V j ) Q) 



Bg e JPe = X e 7 



(K,p — Q~It + jD S( pQ)(Kg — Q 1 Ij + jD s< f,Q) — Q 4 I 2 P 



/At g, Q 2 (// - Ip)(Kg - Q 2 Ut + Ip) +jDseQ) 

D (p c — A e 



(3.6.8) 



(K* - Q 2 I T +jD s gQ)(K 0 - Q 2 I T +jD s(P Q) - Q 4 I 2 p 
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The response amplitudes and phases are as follows: 

X Q 2 \I t - Ip\J(Kt - Q 2 (It + Ip)) 2 +D 2 ^Q 2 

7 [(^ - Q 2 h)(K - Q 2 I t ) - n Ą I 2 P - D S(j> D s gQ 2 ] 2 + Q 2 [D st p(K g - Q 2 I T ) + ~DJK, p - Q 2 I T )f 



Ba, — 



X Q 2 \I T — Ip\\J (Kg - Q 2 (I t + Ipj) 2 +D] 0 Q 2 



y [(** - 0 2 I,)(K, - Q 2 I t ) - Q 4 ! 2 - D S(j> D s eQ 2 ] 2 +Q 2 [D sl p(Kg - fl 2 / r ) + - 0 2 / r )] 2 



i3[Z). ę 0(^ — + D s q{K<p — Q Ir )] 

a + arctan ' arctan k ^ — — , 

Ki, - Q-(h + Ir) (Ki, - Q 2 I T )(K g - Q-I t ) - Q 4 I 2 P - D s<j> D s0 Q 2 

D s gQ Q[D s s(K$ — Q"Ir) + D s $(K g — Q"Ir)\ 

S + arctan = arctan — = = — — ~ 

K 0 - Q 2 (I t + Ir) (K,,, - Q 2 h)(K 0 - Q~h) - 0 4 I 2 P - D s(/> D s gQ 2 



Notę that if damping is neglected and s = jco„i — jQ, the denominators of Eqs. (3.6.8) 
are the same as the left side of Eq. (3.6.5). Thus, the denominators of Eqs. (3.6.8) become 
zero (or smali values determined by damping, which was previously neglected), if £2 — 
Q re s i, i — 1, 2, calculated from Eq. (3.6.5). Again, for a thick disk (Ir>Ip), there exist two 
resonance speeds (3.6.6). For a thin disk ( I T < I P ), there is only one resonance speed. This 
reduction of one resonance comes as a positive result of the high gyroscopic effect. 

As seen in the piane perpendicular to the bearing centerline, the rotor unbalance-related 
response orbits are generally elliptical, starting from zero size at zero rotational speed, and 
increasing their amplitudes with an increase of the rotational speed. These orbits are forward. 
The peak of amplitudes is reached at resonance speeds, £2 — Q res i — 1, 2. At two rotational 
speeds, £2i, £ 22 , the ellipses degenerate into straight lines. 

These speeds can be calculated from the equation p g — Ą, = 90°. Similarly to the materiał 
presented in Section 3.4, this leads to the following equation: 



(K 0 - Q\I t + Ir)) (K+ - Q 2 (I t + Ir)) + D S0 D^Q 2 = 0 



from which these two particular speeds can be calculated: 



Kg + K<t> D s gD s< f, ,• // Kg + Ką D s gD s $ \ AKgK 0 

2(I t + Ip)~ 2{I t + Ip) 1+ ~ V \ 2 (Ir + h) ~ 2(7 r + I P ) 2 ) ~ (I T + Ir) 2 



In the absence of damping, these rotational speeds are 



Q\ — 



Kg 

Ir + Ip 



ęii 



A 

Ir + Ip 



(3.6.9) 



assuming that Kg < K 

In the rotational speed rangę between the speeds , £2 2 , the rotor response orbits are 
backward. In the remaining ranges of rotational speeds, the rotor orbits are forward. 
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It is of interest to present the rotor angular response in the complex number format: 
fc(t) = 9(t) +j(p(t) — Bo cos (Qt + fig) +JBĄ sin(f3? + p 4 ) 

g jQt e -j(2t 

= -y- {B e Q m + B^*) + — — ( B g e - jf>e - B^e 

= |e J **fi 2 (/ r -/p) 

(JU + Kp +jQ(D^ + B> s g) - ICfU, + Ip))e jQt + - K, -jQ(D s4> - Ąę))e ~J' Qt 

- Q 2 I t +jD sg Q) {Kg - Q 2 I t +JD s4> Q) - Q Ą I 2 P 

(3.6.10) 

This eąuation shows that the rotor response contains forward orbiting elements (with 
the function e lQl ) and backward orbiting elements (with the function e ~ jQt ). These forward 
and backward elements are components of ellipses. It can be seen that the rotor stiffness 
and damping anisotropy caused the rotor response orbits to be elliptical. An elliptical 
backward orbit can become pure circular, when the expression standing in front of the 
function e jflr is equal to zero: 

K,p + Kg +jQ(D st / ) + D s o ) — 2Q~(It + Ip) = 0 



This eąuation provides a value of the rotational speed, Qt,, at which the rotor response 
orbit becomes backward circular: 



Q — = 



Kę + K* 
2(1 t + Ip) 



D s o + D si p\ 

4 (Ip + Ip)) 



' Kg + K 4> 

2(1 T + Ip) 



assuming smali damping in the approximation. 

Eq. (3.6.10) describes also the case when in orbital motion an ellipse degenerates into a 
straight linę. Omitting damping in Eq. (3.6.10) for clarity, and inputting Q \ front Eqs. (3.6.9) 
to (3.6.10) provides the following response: 

^ (t) = X e A _Ko (I T -Ip){K,-Ko)(ej°> + e -J°‘) 

c 2 I T +Ip (K 4> - (KoIt/(It + Ip))(Ko - (KoJt/Ut + Ip)) - (Ąl 2 P l(I T + Ip) 2 )) 



A (ll-ll)(K,-K e )co S (Qt) = A (Ir _ \ 

{K„(i T + ip)- K 0 r T )rp- k 0 i 2 p \ip J 



cos(Qt) 



Thus, the rotor vibration motion is periodic but linear only in the direction of 9; the 
rotor response orbit for this rotational speed is a straight linę. Similarly, it can be shown 
that for Q — the orbit is also a straight linę. 

If the rotor stiffness is isotropic then the response amplitudes are equal; thus, the response 
orbits are circular: 



Bg — i ?( p 



X Q 2 \I t - IplyfiKp - V 2 (It + Ip)) 2 +D^Q 2 
J[(Kp - Ii 2 Ir) 2 - I2 4 ll - D^DsolPY+AOrD 2 ^ - Q 2 I T f 
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In absence of damping these amplitudes are as follows: 



Be — — 



xQ 2 \It-Ip\\K^-Q\It + I p )\ 
\(K 4 , - Q 2 It) 2 - Q*I 2 P \ 



_ ~ Ip\\K</, — Q~(It + Ip)\ _ xQ 2 \It — Ip\ 

~ | (K+ - Q 2 I t - O^fpKKf, - Q 2 I t + Q 2 Ip) \ ~\ G 2 {I T - Ip)\ 

In this case, there is only one resonance speed, Q — ^jK^/flf — I P ), which exist only if 
I p >Ip. This is the case for a thick disk. For a thin disk, there is no resonance excited by the 
unbalance force. The response amplitudes increase monotonically from zero to the value %, 
with the phase monotonically decreasing to 1 80° from the original phase 8 (if sonie damping 
exists in the system). This amplitudę and phase decrease happens in the idealized case of only 
two lateral angular modes. In real cases, at high rotational speeds, there are higher modes, so, 
with increasing rotational speed, rotor amplitudes soon will start increasing again tending 
to the next modę resonance. 



3.7 ANGULAR MOMENTUM MODEL OF AN ANISOTROPIC ROTOR 
WITH ANISOTROPIC DISK 

3.7.1 Rotor Model Derivation 

Similarly to the previous section, in this section the modal approach to modeling is 
temporarily abandoned and the derivation of the rotor model is conducted in a morę classical 
way, with the assumptions that the rotor shaft is flexible, but mass-less, and the rotor disk 
is rigid, but massive, thus it has inertia. 

When the rotor disk is not axi-symmetric, the eąuations of motion are most readily set 
up in the rotating coordinates rj, £o, attached to the rotor, with an origin in the rotor 
cross-section center in the piane of the rotor mass center. The £o-axis is parallel to the 
rotor axis in a neutral position and axes §, r/, as previously (see Section 3.3.2), rotate with 
the rotor at a constant rotational speed Q. Similarly to the reasoning at the beginning of 
the previous section, for convenience of describing the rotor angular deflection, the rota- 
tion around the f-axis is set equal to —p(t) and the rotation around the ? 7 -axis is u(t), such 
that the slope of the deflected rotor linę in the o coordinates has the following 
components: 

df d rj 

d^ =P ’ d^ =U 

The transformation of the angular coordinates in the stationary and rotating frames is as 
follows: 



0" 




cos(Qt + 8ki) 


- sin(hh + 8 ki) 


P 


_0_ 




_ sin(f2? + 8 ki) 


cos(Qt + 8 ki) 


V 



where the meaning of the angle S KI will be explained below. 



(3.7.1) 
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Assume at the beginning that the rotor with its support is isotropic, that is K e — K^, 
D s g = D si p. The transformation (3.7.1) of Eqs. (3.6.1) to rotating coordinates, gives: 

ItP + Q(Ip — 2It)v + D sl /,(p — Qv) + ( K + Q 2 (Ip — Ir))p — —Ii 2 (Ip — Ij)x cos (8 z — 8 ki), 

Ipu — Q(Ip — 2Ir)p + D s< /,(v + Qp) + (Ką + Q~(Ip — Ip))v — —Q~{Ip — Ir)x si n(5 z — 8ki) 

(3.7.2) 

The eąuations above are correct when the rotor disk is diametrically symmetric. Nów, 
a new assumption is introduced, all three principal moments of inertia of the disk are 
different. Assume also that the axes p, v coincide with the principal inertia axes of the 
disk. The principal moments of inertia are denoted by I p , I v (diametric) and (polar). 
One morę assumption is introduced: rotor stiffness components, K p , K v , and damping 
components differ in two orthogonal directions. Now the sense of the phase angle S K i 
becomes elear, it is an angle between the principal axes of inertia of the rotor and that of 
the disk. Notę that the rotor stiffness is proportional to the sectional moments of inertia. 

The modified Eqs. (3.7.2) for the anisotropic rotor case are as follows: 



I p p + Q(It; — I p — I v )v + D sp (p — Qv) + ( K p + i 2~(I ę — I v ))p — —Q (Ię — / L) )xcos(i5 / — 8ki) 

I v i) — Q (Ię — I p — I v )p + D sv (u + Qp) + (K v + Q~(Ię — I p j)v = —Q~(Ię — I p )x sin(5 z — 8ki) 

(3.7.3) 

The excitation force in Eqs. (3.7.3) is due, as before, to the skewed disk. In the next 
sections, the free and unbalance-forced Solutions of Eqs. (3.7.3) will be discussed. 



3.7.2 Eigenvalue Problem, Rotor Free Vibrations, and Stability Conditions 

Assuming that damping is negligible, the characteristic equation for Eqs. (3.7.3) is as 
follows: 

(V 2 + K p + Q 2 (I ę - I v )) ( I v s 2 + K v + Q 2 (Ię - Ip)) + Q 2 s 2 (Ię -Ip- I v ) 2 = 0 
This equation provides the following four eigenvalues, s^: 

Kp + Q 2 (Ię-I v ) K v + Q 2 U c - Ip) Q 2 (/ i: -Ip- I v ) 2 ■ r-f 

I P Iv I P Iv 

i, #=1,2 






where 



Kp + Q 2 (Ię-I v ) K v + Q 2 (Ię-I p ) (f(I ( - Ip - /„) 2 
I P I v I P Iv 

{Kp + Q 2 (lę - /„)) [K V + Q 2 (lę - Ip)) 

I pip 
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Since the eigenvalues are purely imaginary, they represent the system natural freąuencies 
in the rotating coordinates, co, M (s m =j(o ni #). If, however, 

(Kp + n 2 (k ~ / v)) {Kv + ~ b)) < 0 (3.7.4) 

then one eigenvalue, su, becomes real and positive, thus the free vibrations of the rotor 
become unstable. From the ineąuality (3.7.4), the rotational speed ranges, in which the rotor 
niotion is unstable, can be calculated: 




Naturally, the unstable rangę of rotational speeds exists only if I v >Ię, I P >Ię, which 
corresponds to a thick disk case. For a thin, high diameter disk, the polar moment of 
inertia is higher than both I p and I v and, conseąuently, the instability does not occur at 
all. Again, this results from the stabilizing action of the gyroscopic effect. If I v <Ię<I p 
or I p <I ę <I v then the lower limit of the instability rangę is equal to zero, so the rotor 
is i ńrtually unstable from the start at Iow rotational speeds. Rotors with such moments 
of inertia should never be designed, unless the motion instability is one of the design 
parameters (rather rare case). For an axi-symmetric, isotropic disk (I p — I v = Ij), the 
instability rangę is caused uniąuely by the anisotropy of the rotor stiffness. The instability 
zonę disappears if the right- and left-hand side terms in the ineąualities (3.7.5) are eąual to 
each other, that is if 



K P 



Iv~k 




for Ię<I p , Ię<I v 



This means that by choosing a proper stiffness anisotropy of the rotor, the instability due 
to asymmetry of the disk moments of inertia can be eliminated. It is a simple method of 
compensation of instability effects caused by double anisotropy (that of the disk and the 
rotor). For the case I v <Ię<I p or I p <Ię<I v , the instability zonę cannot be cancelled. 
However, the external damping, neglected in this analysis, brings some stabilizing effect, 
making the instability zonę narrower. 

Figures 3.7.1 and 3.7.2 present a set of natural freąuencies for different values of the disk 
moments of inertia ratios, versus rotor rotational speed. Figurę 3.7.1 refers to the rotating 
coordinates, Figurę 3.7.2 to stationary coordinates (Campbell Diagram). Similarly to the 
case discussed in Section 3.5, in order to transform the rotor natural freąuencies expressed 
in rotating coordinates into natural freąuencies in stationary coordinates, the rotational 
speed Q has to be added and subtracted from all natural freąuencies expressed in rotating 
coordinates. Figurę 3.7.2 shows the flrst ąuadrant of the natural freąuencies in stationary 
coordinates (Campbell Diagram). The straight linę co — Q represents the unbalance-related 
excitation freąuency. The intersections of this linę with curves of natural freąuencies mark 
synchronous unbalance-related resonance speeds. 



3.7.3 Rotor Response to Skewed Disk Unbalance-Related Excitation 

Since the unbalance force in the rotating coordinates appears as a constant force, 
the forced solution of Eqs. (3.7.3) is also a constant displacement in this coordinate frame. 
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Figurę 3.7.1 Natural frequencies of rotor free angular motion versus rotational speed in rotating coordinate 
system. 




Figurę 3.7.2 Natural frequencies of rotor free angular motion versus rotational speed in stationary coordinate 
system (Campbell Diagram). 

It has the following form: 

p(t) = B r , v(t) = B v (3.7.6) 

where B p , B v are rotor constant deflections in rotating coordinates. Inputting Eqs. (3.7.6) 
into (3.7.3) and solving the resulting algebraic eąuations, these deflections take the 
following form: 

_ -fl 2 x[(/t - Iy)[K v + Q 2 (! c - I p )\ cos(3 z - 8 ki ) + (I c - I p )D sp Q sin(3 x - 3^)] 

P _ [K p + Q 2 (Ię - /„)] [K v + f2 2 (7 f - I p )\ + D sp D sv Q 2 

(3.7.7) 

= -Q 2 y[(/ ? - Ip) [K p + Q 2 (/ ( - / )] sin(3 x - S KI ) - (I, - I v )D sv Qcos(Z y - M] 

[K p + Q 2 {I ę - /„)] [K v + 0 2 (/ f - 7 p )] + D sp D su Q 2 



© 2005 by Taylor & Francis Group, LLC 





BASIC ROTORDYNAMICS: EXTENDED ROTOR MODELS 



151 




Figurę 3.7.3 Rotor behavior at high speed: the heavy disk rotates in one piane, the rotor gets bent. 



Using the transformation (3.7.1), in order to return to the stationary coordinates, the 
rotor forced response to unbalance will be as follows: 

9(t) = B p cos (Qt + 8) — B v sin( 13/ + 8 K i), <p{t) — B p sin(f>/ + 8) + B v cos(13/ + & KI ) 

Thus, as expected, the rotor response to skewed disk unbalance is synchronous with the 
rotational speed. The rotor synchronous response orbits are generally elliptical. The response 
amplitudes have peaks at rotational speeds close to the natural freąuencies and close to 
speeds, either 




if I v >Ię, I P >Ię, that is in the thick-disk case. These speeds may also bind the rotor insta- 
bility rangę, as explained in the previous section. If /,, < / c , I n < I r . then the rotor synchro- 
nous response amplitudes increase front zero, at zero speed, and then, with an increase of 
the rotational speed, the amplitudes tend to a horizontal asymptote y- The latter represents 
the original angle of the skewed disk. Indeed, for Q = oo front Eqs. (3.7.7) there is 

B p = -y cos(<5 z - 8 ki), B v = -x sin(<5 z - 8 ki) 

and the rotor response in the stationary coordinates becomes as follows: 

9 — ~x cos(12t + 28 ki + S x ), (p — —y sin(13? + 28ki + $-/) 

The negative sign in the above relationships indicates that at high speed the disk rotates 
and laterally vibrates 180° out of phase in comparison to its vibrations at Iow rotational 
speed. The disk vibrates in only one piane perpendicular to the bearing centerline. Since 
the disk rentains skewed, the rotor contpensates for this, and gets bent. It is orbiting in its 
bent State (Figurę 3.7.3). Again, this comes as another result of the gyroscopic effect. 



3.8 MODEL OF COUPLED TRANSVERSAL AND ANGULAR MOTION OF 
THE ISOTROPIC ROTOR WITH AXISYMMETRIC DISK AND 
ANISOTROPIC SUPPORTS 



3.8.1 Rotor Model 

In the previous sections, the lateral transverse and lateral angular motions of rotors and 
dynamie phenomena, specific for each particular case, were considered separately. In real 
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rotor systems, these motions are coupled and some new dynamie phenomena may occur. 
In this section, a coupled lateral transverse and angular motion of an isotropic rotor with 
an axi-symmetric disk, isotropic rotor, and anisotropic support will be discussed. The rotor 
model is a combination of the models presented in Sections 3.4 and 3.6 of this chapter. 
The eąuations of the rotor motion will now be coupled through new, additional stiffness 
coefficients. 

The rotor model expressed in stationary coordinates is as follows: 

Mx + D sx x + K x x — K xr j,(p = mrO 1 cos{Qt + 8) + P cos y 
Mv + D sv y + K y y + K r gO — mrQ 2 sin(f3t + 8) + P sin y 

(3.8T) 

1/0 £2Ip<p T DsQ0 ~b KgG Kg v y = — I2~( / p -)- Ip)/ cos {C2t y 8y) T Pci 

Ii <j) + QIpd + + Kq x x — — Q~(Ip + ly)/ sin(th + 8^) — Pb 

where Pa and Pb are moments of the unidirectional constant force P , and K xr p, K y<h K,p x , Kg v 
are coupling stiffness components. The flrst two stiffness components have units (N/rad) 
and the second two have units (N rad), thus they differ from the typical stiffness unit (N/m). 
Notę that usually the following ineąualities hołd true: 



K x K y KgK ( p > K x< f,KygKg y K x< j, 



The moments generated by the mass unbalance, mr, are neglected; they would create 
another synchronous excitation in the angular modę. The coupling of eąuations through 
damping has been omitted, as secondary. In the next subsections, the eigenvalue problem, 
the rotor forced responses to unbalance, and its response to constant unidirectional force 
will be discussed. 



3.8.2 Eigenvalue Problem and Rotor Free Vibrations 

In the analysis of the rotor eigenvalues, the damping will be omitted. The free vibration 
solution of Eqs. (3.8.1) is sought as x — A x e sr , y — A v e st , 0 = Age sl , c/> = A^', where ^ is 
eigenvalue and A x , A v , Ag, A,p are constants of integration related to modal functions. The 
characteristic eąuation for Eqs. (3.8.1) can be developed from the following determinant 
eąuation: 



K x + Ms 2 0 

0 K y + Ms 2 
0 Kgy 

— K,j> x 0 



0 —K x <p 

KyO 0 

Kg — / /A IpQs 

—IpQs Ką + Ips 2 



= 0 (3.8.2) 



This eąuation leads to a fourth order algebraic eąuation for 5 2 , so it is not easy to solve 
it analytically for s. Further, it is reasonable to consider the rotor natural freąuency, 
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Figurę 3.8.1 Natural frequencies of the rotor lateral coupled transversal and angular free motion expressed in 
stationary coordinates (Campbell Diagram). For the unbalance-related excitation force with 
frequency synchronous with rotational speed, the cross-sections of the straight linę co n = Q mark 
four balance resonance freguencies (critical speeds) for four lowest modes of the rotor. 



a> n (s — ja,,), instead of the eigenvalue s, as in absence of damping the eigenvalues 
would appear as purely imaginary. Due to the gyroscopic effect, the natural freąuencies 
will depend on the rotational speed, C2. The characteristic eąuation resulting from Eq. (3.8.2) 
is as follows: 



(K x - Mo? n ){(K y - Mo? n )[(K () - I T co 2 n )(Kt - I T col) + I 2 P Q 2 co] ]]} 
{-K x4> K 4!X [(Ko - I T co 2 )(K y - Mcol) - K ye K ev ]} = 0 



It can be easily solved with regard to the rotational speed, Q (Q assumed positive): 



y/(K x - Mafiom - 7rg) - K^K^(K y - MafijKę - Tyg) 
IpcoJ{K x - Mo? n )(K y - MaĄ) 



This eąuation can be graphically presented in the piane (O, &>„), which represents the 
Campbell Diagram. An example is shown in Figurę 3.8.1. The natural freąuencies as 
functions of rotational speed co„ — co„(Q) have four branches, corresponding to two 
lateral transverse modes and two lateral angular modes. Usually the transverse modes are 
lower modes, as the transverse stiffness is smaller than the angular stiffness. As prev- 
iously, the synchronous resonance speeds may be found graphically as points of intersection 
of the curves a>„ — co„(Q) and a straight linę co n = Q. For these synchronous resonance speeds, 
the amplitudes of the unbalance-excited responses have, in absence of damping, infinite 
values. 
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At zero rotational speed, the natural freąuencies can directly be calculated from 
Eq. (3.8.2): 




Three lower branches of the natural freąuencies tend to the following horizontal asymp- 
totes: co = 0, co — *JK X /M, and co = J K y /M , respectively (provided that K x < K y ). These 
asymptotes correspond to the lateral transverse modę natural freąuencies. The upper branch 
of natural freąuencies, the largest natural freąuency, corresponding to the angular modę, 
tends to an inclined asymptote I P Q/ Ir- 
in case of an isotropic rotor with K x — K y = K, Kg = K^, K x ^ — K y g, — Kg v , Eq. 
(3.8.3) reduces to the following (Figurę 3.8.2): 

_ {,< - MŚMl ~ ItW n) ~ KrtZu 

Ipco n (K— Mafy 

In this case, for zero rotational speed, there exist only two values of the natural freąuen- 
cies co n , as co„ 2 i = to„u, 1=1, 2 and two branches corresponding to transverse (lower) and 
angular (upper) modes. 

3.8.3 Rotor Response to Constant Unidirectional Force 

The rotor response to a constant unidirectional force P is as follows: 

x = C x , y = C y , 6= C e , 0 = C 0 (3.8.4) 

where the constant values C x , C v , Cg, C $ can be calculated from the set of algebraic 
eąuations, obtained after the Solutions (3.8.4) are input into Eqs. (3.8.1): 

K x C x — K^Cfi = P cos y, KgCg + Ke y C y — Pa 

K y C y + KygCg — Psin /, K^C $ - C x — -Pb 

From here: 

_ cos y — K x( pb _ Kg&my + K y ga 

X ~ K x K < s> - K x ^ x ’ y ~ K y Kg - K y gKg y 

_ cos y - K x b r - p ~ Key sin Y + K ' a 

0 “ K x K ( , t - K x<p K ( „ x ’ 6 ~ KyKg - KygKgy 



© 2005 by Taylor & Francis Group, LLC 




BASIC ROTORDYNAMICS: EXTENDED ROTOR MODELS 



155 



The rotor response to the constant unidirectional force depends, in this case, exclusively 
on the system stiffness distribution. 



3.8.4 Rotor Forced Response to Unbalance 

The rotor forced response to mass unbalance and skewed disk unbalance forces is as 
follows: 



x — B x cos (Qt + fi x ), y — B r sin(£2/ + fi y ), 6 — B g cos(Qt + fig), </> = B$ sin(f2t + fy) 



By inputting these Solutions into Eqs. (3.8.1), and following the routine described 
in Appendix 3, the amplitudes and phases of the rotor responses can be calculated. With 
smali damping in the system, all amplitudes have peaks close to the natural frequencies 
discussed earlier. For a rotor with a thick disk, there will be four resonance peaks, or 
what happens morę often, “two pairs of resonances”, as “horizontal” and “vertical” 
resonances are usually close to each other. For a rotor with a thin disk there will be only 
three resonance peaks. Each resonance speed corresponds to a specific modę, either trans- 
verse or angular. 



3.9 MODEL OF COUPLED LATERAL TRANSVERSAL AND LATERAL ANGULAR 
MOTION OF AN ANISOTROPIC ROTOR WITH UNSYMMETRIC DISK 

3.9.1 Rotor Model 

The coupled lateral transverse and lateral angular equations of motion of an aniso- 
tropic rotor (with stiffness components K%, K tp similar to these discussed in Sections 
3.5 and 3.7) carrying unsymmetric disk with principal moments of inertia l p , I v , are as 
follows: 



M(k - 2 Qfi - Q 2 $) + - K $v u = F cos 8 

M(r) + 2 — (i 2 rj) + K^rj + K l)p p — Fsin 8 



(3.9.1) 



I p p + Q(Ię — I p — I v )v + ( K p + Q~(Ię — Iv))p + — 0 

I v v - G(/ f -I p - I v )p + (K„ + Q 2 (/ ( - Ipj)v- Kyg = 0 



(3.9.2) 



where K- ąv , K np , K v ę, K pn are corresponding cross-stiffness components, which make the 
equations coupled. The units of K K rp are (N/rad) and the units of K v ę, K m are (N rad). 
In Eqs. (3.9.1) and (3.9.2) damping has been omitted. For clarity, it is assumed that the disk 
is not skewed, so there is no additional unbalance. The excitation by a unidirectional 
constant force is omitted as well. Eqs. (3.9.1) and (3.9.2) are a coupled combination of 
Eqs. (3.5.1) and (3.7.3). 
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3.9.2 Eigenvalue Problem: Natural Frequencies and Stability Conditions 

The natural freąuencies u> n (.ę — jco n , where s is an eigenvalue), can be calculated frorn 
the following determinant eąuation: 



Kę - M(ar n + Q 2 ) -2jQ 2 Mw n 
2 jQ 2 Mm n K n - M(pr n + Q 2 ) 



K, 



np 



-k Hv 

0 



= 0 



o 

-K vH 



K, 



PV 



Kp + Q 2 (I ( - I v ) - (Ąlp jQco„(Ię -Ip- I v ) 
—jQco n (Ię — I p — I v ) K v + Q 2 (Ię — I p ) — u> 2 Iy 



This eąuation leads to a fourth order polynomial eąuation for ar n with real coefficients: 

M 2 I p I v oł n + a 6 co 6 n + a ¥ Ą + cijco 2 , + ( - MQ 2 )(K v + Q 2 {I k + I p )) - K] v j 
x \(K n - MQ 2 ){K P + Q 2 (I k + I v )) -K ] p } = 0 



(3.9.3) 



where aj, uą, a( t are corresponding coefficients, not presented here explicitly. The roots of 
Eq. (3.9.3) will be pure inraginary, thus a>„ would not exist, if ag, the last term of the 
polynomial eąuation (3.9.3), is negative (see Appendix 2): 

{(^| - MQ 2 )(K V + Q 2 (I ę + Ip)) - K] v j j (Kp - MQ 2 )(K P + 0 2 (/ f + I v )) - ^ > 0 (3.9.4) 



This is the condition of stability of the rotor. Notę that if there are no coupling stiffness 
components, Kę v , K, m , K v ę, K pt] , then the ineąuality (3.9.4) would result in two ineąualities, 
corresponding respectively to the transverse and angular modę stability conditions, discussed 
in Sections 3.5 and 3.7. 

The ineąuality (3.9.4) provides the ranges of rotational speed values, for which the 
Solutions of Eqs. (3.9.1) and (3.9.2) are stable. The rotational speed values limiting these 
ranges, calculated from Eq. (3.9.3) are as follows: 



Qu — 



2(I P - / f ) 



* L 
2 M 



(-1)' 



Ky 

2 {I P -h) 



K t\ 2 | ĄyK* 

2 M) M(I p - I r ) 



Q 2 i — 



K P 

2 (/„ - k) 



■*L + (- 

2 M y 




i= 1,2 



(3.9.5) 



For I p <Iy<Ię, the rotor is unstable if: 



min(Q\2,£l22) < & <max (®u,&22) (3.9.6) 

For Ip<I K <I v , there are two zones of instability. If the values Q\j, Qu, ^22 are put in 
order according to their increasing seąuence, then the first region of instability appears 
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between the first and the second value. The second region is infmite: 

Q > max(Q l2 ,Q22)- (3.9.7) 

For I^<I P <I V , there are also two zones of instability for the rotational speed between 
the First and second and between the third and fourth values (3.9.5), if they are ordered in 
their growing seąuence. In all these considerations, it has been assumed that 

K H K v K n K p - K Hv K v ,K m ,K Pn >{) 

which is usually satisfied, following physical evidences. 

As stated before, the regions of rotor instability can be explicitly calculated if the 
eąuations of the transverse and angular motions of the rotor are not coupled (stiffnesses 
Ką v , K,ą. K, 1P , K pr] neglected). The coupled system has, however, morę regions of instability 
than the uncoupled system mentioned above. The new zones of instability occur in the 
regions where the lines of the natural freąuencies versus rotational speed of two uncoupled 
system intersect. The coupling makes these lines degenerate into hyperbolas: either 
“horizontal” or “vertical” (these terms will be explained later). 

The additional zones of instability can be found by applying the Routh-Hurwitz criterion 
to the characteristic eąuation (3.9.3) (see Appendix 2). 

Figures 3.9.1 and 3.9.2 present numerical examples of the rotor natural freąuencies in 
the rotating coordinates versus rotational speed, respectively, for the uncoupled (stiffnesses 




Figurę 3.9.1 Natural freąuencies of an anisotropic rotor lateral transversal and angular uncoupled free motion 
versus rotational speed, expressed in rotating coordinates. K)„ = K vt; = K vp = K m = 0. 
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Figurę 3.9.2 Natural frequencies of an anisotropic rotor lateral transversal and angular coupled free motion 
versus rotational speed, expressed in rotating coordinates. The remaining parameters are the 
same as in Figurę 3.9.1. 



K- Ęv , K v ę, K np , K pn neglected) and the coupled system. Adding and subtracting rotational 
speed, Q to each natural frequency, the transformation to the classical Campbell Diagram 
format in stationary coordinates can be achieved. For the uncoupled system, the modes 
can easily be distinguished: two lateral transversal and two lateral angular modes. For the 
coupled system (Figurę 3.9.2), the course of graphs changes. Numerically, in the rangę of 
Iow and very high rotational speed, there is almost no difference between natural freąuen- 
cies of the uncoupled and coupled modes. The changes appear in the middle zonę, and in 
particular, when the natural frequencies of the uncoupled Systems cross each other. At 
Iow rotational speed in the uncoupled system, the highest natural frequency corresponded to 
the angular modę. At high rotational speed, the highest frequency is that of the transverse 
modę. When the system has been coupled, there is no linę Crossing: two Crossing natural 
frequencies of the uncoupled system degenerated into “horizontal” hyperbola-like curves. 
These two highest natural frequencies correspond to the modes of the coupled system. At Iow 
rotational speed, there is a similar degeneration around the Crossing point between the lateral 
and angular natural frequencies. Again, around this Crossing point, there appears a smooth 
“horizontal” hyperbola instead. In addition, there exists one supplementary instability 
zonę in the high rotational speed rangę, where the other branches of the uncoupled natural 
frequencies crossed. This time the lines have degenerated into a “vertical” hyperbola, creating 
an additional instability zonę. 

As previously discussed, in order to obtain the rotor natural frequencies in the stationary 
coordinates (Campbell Diagram) it is necessary to add and subtract the rotating speed frorn 
all natural frequencies, so the number of natural frequencies doubles. 
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3.9.3 Rotor Response to Unbalance 

In the rotating coordinates the rotor response to unbalance is constant: 

m = ą, 17(0 = B„, MO = Bp, v(t) = B v (3.9.8) 

The constant responses can be calculated if Eqs. (3.9.8) are implemented into Eqs. (3.9.1), 
(3.9.2). The result is as follows: 

Fcos8[K v + Q 2 (Ię-I p )\ Fńn8[K v + Q 2 (Ię~I p )] 

f “ (K ę - MO 2 ) [K v + {P(I ( - I p )] - K Hv K vH ’ " _ (K„ - MO 2 ) [K p + I2 2 (7 f - /,)] - K m> K m 



B P = 



—FK pil sin 8 



B v = 



FK v $z cos 8 



(K tl - MQ 2 )[K p + 0 2 (Ię - 7,)] - K np K m ’ (K ą - MQ 2 )[K v + 0 2 (I^ - I p )\ - K Hv K lĄ 

(3.9.9) 

Four balance resonances occur at the following rotational speeds: 



Qi — 



£2/+ 2 = 



K„ Kę 






2(1 p - 0) 2 M 



Kp 



2(7, - / f ) 2 M 



( K" , 


2 KęK v -ią v K v ę 


\2(7 P - k) 2 M) 


1 


( K p ( 7^ 


, 2 K n K p - K m ,K pv 



2(7, - lę) 2 M) M(I V - 10 



i = 1,2 
(3.9.10) 



Similarly to the uncoupled case, discussed in Section 3.7, depending on the disk moment 
of inertia values, now in correlation with the rotor stiffness and mass values, some of these 
resonances may not occur. In particular, if 



h~b> 



K V M 

Kh 



and 



k~Iv> 



K P M 



then the balance resonances will take place only at rotational speeds Oi and O 4 . Again, this 
is the positive input of the gyroscopic effect. 

In the stationary coordinates the rotor response is as follows: 



or 



x(t) = B ą cos Ot — B t} sin Ot, 9(t) = B p cos Ot — B v sin Ot, 

y(t ) = Bj: sin Ot + B n cos Ot, (p(0 — B p sin Ot + B v cos Ot 

z(t) = x +jy = (ą + jB n )e J °‘ = B-e j(Q,+M , 
m = 0(t) +M0 = (Bp +jB v )M Ql = B f M {Q,+ ^ 
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where 



B B 

B- = y Bi: + B, v P- = arctan — ^ , B e = JB P + B v , 0 e = arctan-^ 

b p 

Due to the internat coupling, the synchronous response to unbalance, which existed 
in the transverse modę only, appeared now in both lateral transverse and lateral angular 
modes. Notę that in spite of the rotor lateral anisotropy, the responses to unbalance are 
circular orbits. 



3.10 TORSIONAL AND TORSIONAL/LATERAL VIBRATIONS OF ROTORS 
3.10.1 Introduction: Role of Damping in the Torsional Modę 

The torsional modę is related to the rotor main function: transmission of torąue 
from the driving to load end of the rotor. Historically, torsional modes in machinery rotors 
were always the first to consider and analyze, in order to avoid extreme stresses, which 
might occur at resonances and during transient responses due to sudden torsional per- 
turbations. Today, torsional vibration analysis of rotors is routine throughout design of 
rotating machines. During most machinę operations, the existence of torsional vibrations 
is, unfortunately, often overlooked. One of the reasons for this is that the torsional vibra- 
tions are “ąuiet”. Unlike rotor lateral vibrations, the torsional vibrations do not propagate 
through the supports to the machinę corpus, and to the air as acoustic waves, so they 
cannot be detected using indirect measurements. Their existence can be discovered only 
when using dedicated instruments to measure torsional vibrations (see Section 2.4.4 of 
Chapter 2). 

Yet, torsional vibrations are very dangerous! The reason for this lies in the extremely 
Iow damping in the rotor torsional modę. In comparison to the damping in lateral modes, 
the torsional damping is about 10 times lower. Contributions to the lateral modę damping 
consist of materiał internal damping (rotor materiał resistance to deformations and 
mechanical energy dissipation), structural damping (energy dissipated due to micro stick- 
slip friction between two fastened machinę elements, which, due to rigidity differences — 
deform differently, as between a rigid disk and an elastic rotor), and finally, external 
damping. The latter is mainly fluid-related damping, which occurs in oil-lubricated bear- 
ings and damping supplied by the fluid emdronment. The environment of the rotor is the 
highest provider of rotor damping in the lateral modę. In the torsional modę, there exists 
only the single internal materiał damping mechanism (internal friction). Such Iow damping 
causes resonances, due to periodic excitations, to have very high amplitudę peaks. Transient 
responses to torsional impulses are long-lasting. Both vibrational regimes may induce 
extreme stresses on the rotor. The first type of excitation may lead to low-cycle fatigue; the 
second, to high-cycle fatigue damage of the rotor. In industry, torsional vibrations of rotors 
have caused several machinę catastrophic failures. 

There exist many sources of rotor torsional excit alians, which are related to the 
rotor-specific operating conditions, like flow oscillations in fluid-handling machines, crank 
mechanisms in reciprocating machines or belt and chain drives. Several other excitations 
have their origins in faults and transients in operation of rotating machines (Drechsler, 
1984). Many such faults exist in electric machines, such as faulty synchronization in 
generators, short circuits, faults in transmission lines (short circuits or switching opera- 
tions), detuning between synchronous and rotational speed in synchronous electric motors. 
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Moreover, it has been discovered that when series capacitors are used in transmission 
lines, electrically close to the generator, steady State and transient currents can be generated 
at freąuencies below the normal power system freąuency. The existence of such currents 
causes alternating torąues in the generator, which can excite lateral modes of the rotor, 
and result in significant dynamie variable torąues at, or near, the rotor train couplings. 
As the load on the electrical power system is inductive, it is a common practice to compensate 
the system by a series of capacitors. Thus, this system has the possibility to oscillate with 
its natural freąuency, transmitting and interposing these oscillations on the torąue. The 
freąuency of these oscillations may coincide with a torsional modę natural freąuency, 
especially when the first natural freąuency of the torsional modę is Iow. When this happens, 
the subsynchronous resonances occur, as the resulting rotor vibration freąuency is lower than 
the operational rotational speed (Ahlgren et al., 1978; Balance et al., 1973; Broniarek, 1966, 
1968; Goldberg et al., 1979). 

Uneven tooth mesh stiffness and tooth profile errors in gear-boxes, misaligned gears 
and/or couplings, or faulty rolling element bearings are another sources of torsional vibra- 
tion excitations. Finally, an important source of torsional excitation is coupling with lateral 
modę of vibration. This coupling occurs through rotor unbalance, unidirectional lateral 
constant forces acting on a rotor, through tangential forces (like those generated by 
rotor-surrounding fluid), and through gyroscopic effect. To a certain degree, the latter 
sources of rotor torsional vibrations always exist in rotating machines. This all creates serious 
reasons that the rotor torsional vibrations cannot be neglected. 

In the rotordynamic field, there exists a customary opinion that the concern on rotor 
torsional vibrations applies only to rotating machines, which are subjected to considerable 
torsional excitations, such as synchronous and induction motor-driven machines, reci- 
procating machines, gear train drivers, long propeller drive rotors in ships, large coupled 
Systems for Utilities and, generally, machines operating under variable torąues and those 
transmitting high power. On other machines, the torsional vibrations are not routinely 
measured. Since torsional vibrations do no propagate to other modes, the users of the latter 
machines do not know the levels of torsional vibrations in their machines. Unfortunately, 
this level may reach a very high value, leading to high cycle fatigue-related cracks on the 
rotor (see Section 6.5 of Chapter 6 and Section 7.2.8 of Chapter 7). Measuring torsional 
vibrations has another important aspect. Through on-line monitoring of torsional vibra- 
tions, an appearance of symptoms of rotor cracks can be detected earlier than when 
monitoring rotor lateral vibrations only. Torsional vibrations in rotating machines may 
result not only from direct torsional excitations, but also froni typical, common lateral 
modę excitations, mentioned above, as the torsional/lateral modę coupling mechanism is 
related to the eccentricity of the bending and twisting centers along the rotor. An excellent 
survey of torsional vibration-related dynamie problems in rotating machines was presented 
by Rieger (1980). 

This section introduces the basie rotor model of lateral-torsional modę coupling. 
The coupling effects include an appearance of new rotor instability zones, coupled lateral/ 
torsional excited vibrations due to forces acting in the rotor lateral modę and due to the rotor 
variable torąue. Pure torsional vibration analysis begins the section. The materiał is based on 
publications by Bently et al. (1991), Muszyńska et al. (1992), and Goldman et al. (1994). 



3.10.2 Model of Pure Torsional Vibrations of Rotors 

Pure torsional vibrations of rotors (uncoupled from lateral modes) can reasonably 
be considered, whenever the rotor lateral motion is substantially absent, as for example 
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when the rotor is either extremely stiff laterally, or because there are sufficiently closely 
spaced lateral supports constraining the rotor, or if coupling effects between lateral 
and torsional motion are negligible. Pure torsional vibrations of a rotating rotor do not 
substantially differ in their dynamics from those of a rotor, which is not rotating. This is 
in contrast to lateral vibration characteristics, which are generally functions of the rotor 
rotational speed. 

If a rotor is composed of n massive disks mounted on a torsionally elastic rotor 
(Figures 3.10.1 and 3.10.2) then the linear eąuation of motion of an individual disk is as 
follows: 



lit i + Dtiiti - ti+ 1) + D,i-l(ti - ti- 1) 



+ K ti (ti - ti+ 1) + K,i-i(ti - ti- 1 ) = T,{t), i=l,2,...,n 



(3.10.1) 
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Torsional angle of twist = - P, 



Rotor section between two disks 

Ot - Center of rotor cross section 
adjacent to the disk i-1. 

0 2 - Center of the rotor cross section 
adjacent to the disk i. 



Figurę 3.10.1 Physical model of rotor torsional vibrations. 




3 . 

n 



Figurę 3.10.2 Rotor torsional displacement and rotor cross-section shear stress distribution. The surface 
shear stress r max can be calculated as r max = fl r G((^/ - i^,-i)/€), G = E/(2(1 + fi)), 
where R r is the rotor radius, t the rotor section length, G the shear modulus, E the Young 
modulus, and ^ the Poisson ratio. 
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where for each i, Ij is a polar moment of inertia about a fixed point at the centerline of 
the rotor, i//,- is an instantaneous angle of twist of the z-th disk, D th measured in (kgm 2 /s), 
is a torsional damping coefficient, T, (Nin), is an excitation torąue applied to the z-th 
disk, 7= 1, 2, . . ., zz, and K ti , measured in (kg nr/s 2 ) are torsional stiffnesses of the individual 
sections of the rotor. The torsional stiffness of a rotor section can be calculated front: 
K ti — nc%G/(32li), where dj is a section diameter, G is shear modulus, and /,■ is a rotor section 
length. The rotor torsional system has zz degrees of freedom. In Eq. (3.10.1), (7=1), 
K , o = 0, D , o = 0 and in the last eąuation (z'= zz), t/r !+ 1 = 0, K ni = 0, D ui — 0. In Model (3.10.1) 
the ntassive disks represent relatively rigid elements mounted on the rotor, such as flywheels, 
inner and outer parts of flexible couplings, or turbinę disks. 

There is a similarity between the pure torsional vibration model (3.10.1) and the lateral 
vibration model of the rotor. These similarities and differences are presented in Figurę 3.10.3 
and Table 3.10.1. 

Calculation of pure torsional vibrations from model (3.10.1) is relatively simple. The 
solution of Eqs. (3.10.1) consists of free and excited responses of the rotor. The rnain 
purpose of assessing free vibrations is to obtain the natural frequency spectrum. In generał, 
the excited responses consist of responses to the constant torque (“rigid body modę,” 
discussed in the next Section) and responses to the variable torque. That is why the equations 
of torsional motion (3.10.1) are often presented not in absolute, but in relative variables. 
An example is given in the next section. Resonances may result when an applied periodic 
torque frequency coincides with one of the natural frequencies of the system. Very often, 
the frequencies of external torques are somewhat related to the rotor rotational speed. 
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Figurę 3.10.3 Comparison of rotor lateral and torsional vibration models. 



Table 3.10.1 Comparison of Lateral and Torsional Vibration Models of a Rotor 





Lateral 


Torsional 


Variables 


Lateral displacements, x„ y, (m) 


Angular displacements, (rad) 


Mass properties 


Masses, /W, (kg) 


Polar moments of inertia, /,- (kg m 2 ) 


Stiffness 


Lateral stiffness, K, (N/m) 


Torsional stiffness, Kj (Nm) 


Damping sources 


Materiał, structural, fluid, D, (kg/s) 


Materiał, D ( , (Nms) 


Load 


Lateral forces (N) 


Torques (N m) 


Rotor normal 


No lateral vibrations, no 


Pure rotation required by machinę 


operation 


lateral deflections 


Design, no torsional vibrations 
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For instance, the basie freąuency of an external torąue may be twice the rotor rotational 
speed, so that the resonance will occur when the rotor operational speed is equal to a half 
of the natural freąuencies of the system. This is the usual case with the four-cycle internal 
combustion engine. Another example, which includes coupling of torsional and lateral 
modes, is a unidirectional lateral constant force (like the gravity force), which results in a 
once-per-revolution pulsating torąue load in the torsional modę, if any attached disk has 
unbalance. This case is discussed below. In this case, a resonance occurs when the rotational 
speed is eąual to one of the torsional (or rather torsional/lateral coupled system) natural 
freąuencies. 



3.10.3 Model of Pure Torsional Vibrations of a Two-Disk Rotor 
and its Solution 

Simplified Eqs. (3.10.1), for a rotor with only two disks are as follows: 

If\ + D,iri + K,(f ! - ^2) = F10 + T\(Vt), I\ir 2 + D ,^2 + K,(ir 2 - \jf\) = ~T 2 o ~ T 2 (&t) 

(3.10.2) 

where T m, T 2 q are constant driving (input) and load (output) torąues respectively, and 
T\(i)t), T 2 ($t) are oscillating driving and load torąues, $ is torąue freąuency, and D, is 
torsional damping. The torąues acting on the second disk have conventionally opposite signs 
to the torąues acting at the first disk in order to emphasize that there exists a steady-state 
stationary solution. For clarity of further calculations, the disk moments of inertia and 
damping were assumed to be eąual in Eqs. (3.10.2). 

In the first step, a stationary solution will be discussed. This solution provides a constant 
rotational speed, as rotor response to constant torąues: 



^10 — ^20 = & (3.10.3) 

Inputting Eq. (3.10.3) into Eąs. (3.10.2) results in (variable torąue temporarily omitted): 

D t Q + K t (ijr 10 — 1^20) = Tio, D,Q + K t (\j/ 2 Q — i/^io) = — T 2 q 

From here, the constant twist of the rotor between two disks, as a result of the constant 
torąues, can be calculated: 



yno - 1A20 = 



T\p + T 2Q 
2 K, 



T\q — D,Q 

K, 



In order to assure the constant rotational speed, Q, this constant twist is a function 
of the input torąue and rotor torsional damping and stiffness. Both damping and stiffness 
decrease the constant twist value for a given torąue and given rotational speed. 

Using this constant twist, new relative torsional variables, <pi, (p 2 , will be introduced to 
Eqs. (3.10.2) as follows: 

(fw + tym) tyi-fi- (fw ~ 1A20) 

<P\ = ^ , ^2 = z (3.10.4) 
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The first relative variable, ę i, represents the torsional rigid body modę, as the response to 
the net constant torąue. The second relative variable, q> 2 , represents the torsional ribration 
modę. Introducing Eqs (3.10.4) into Eqs. (3.10.2) results: 



Iip\ 4- D,(pi — D,Q 4~ 



T u (Vt) — Tni&t) 

2 



lip 2 + D,(p 2 + 2K,(p 2 = 



T u m + T\ 2 (&t) 
2 



(3.10.5) 



Now the equations become uncoupled, and the constant torque has been eliminated. In 
the rigid body modę, both disks are twisted in the same direction (in phase). In the torsional 
vibration modę, the disks vibrate in opposite directions (in anti-phase), so on the flexible 
rotor between two disks there exists one nodal point (Figurę 3.10.4). 

Assume that the variable torques are periodic with a single frequency: 



Tu = Ti cos(dt+ Soi), T i2 — T 2 cos(tft + S 02 ) 



Thus, Eqs. (3.10.5) result as follows: 

T - n ■ _ n n T\ cos (dt + Sio) — T 2 cos (&t + S 2 o) _ . . . 

Iipi + Dj(p — DfC2 H — = D fCl T 2 cos (dt T S03) 

r . . n . , T\cos(m + S l0 )+ T 2 cos(m + S 20 ) _ , 

Iip 2 + D,(p 2 + 2K,cp 2 — = Tą cos (fit + S 04 ) 



(3.10.6) 



where the driving input and load output torques have been lumped together, with the 
following magnitudes and phases: 



T-} — - Jt i + T\ — 27) T 2 cos(Sio — S 2 o), 



<$30 



= arctan 



T\ sin Sio + T 2 sinS 2 o 
T\ cos Sio — T 2 cos S 20 



Tą 



1 

2 



^ T x + 7k + 2T\ T 2 cos(Sio — S 2 0 ), 



^40 



= arctan 



T\ sinS 10 - T 2 sin S 2Q 
Ti cos Sio + T 2 cosS 20 



Now there is one harmonie exciting torque in each equation (3.10.6). The forced 
responses of the rotor to these variable torques and to the constant torque are as follows: 

cpi(t) = Qt + Bi cos (&t + fa), (p 2 (t) — B 2 cos (ftt + PT) 




Figurę 3.10.4 Rotor rigid body modę and torsional modę with one nodal point. 
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Figurę 3.10.5 Phases and amplitudes of torsional vibration response to torsional periodic excitation with 
frequency d. (a) In phase, (b) Out of phase. 



where 



Bi = 



B , = 



T 3 D, 

— - B\ — S 0 3 + arctan — 

^ + D] 



T 4 



(2 K, - IV 2 ) 2 + D 2 V 2 



p 2 — <5 0 4 — arctan 



D,V 



(3.10.7) 



2 K, - IV 2 



The forced torsional in-phase vibrations, <pi, have an amplitudę which is decreasing 
with freąuency V (assuming that the torąue magnitude T 3 , does not depend on freąuency) 
and a phase also decreasing with freąuency. The forced torsional out-of-phase vibrations, 
(fi 2 , have an amplitudę peak, and a sharp phase shift around —90°, if the input torąue 
freąuency is V — * J2K t /I (Figurę 3.10.5). In the absence of damping, an infinite amplitudę 
resonance occurs at this freąuency. 



3.10.4 Model of Coupled Lateral and Torsional Vibrations of an Anisotropic 
Rotor with One Massive Disk 

3. 10.4. 1 Rotor Model 

In all previous sections on lateral modę vibrations, it has been assumed that the rotational 
speed of the rotor is constant. It means that the variation of the rotor angle of rotation was 
assumed a linear function of time: 



— Qt 

This is related to an assumption that the power source of the rotor driving torąue is 
powerful enough to balance the load torąue and all other energy losses in the machinę 
mechanical system. The assumption of a constant rotational speed is not ąuite adeąuate in 
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real rotor Systems, especially those that have lateral and torsional stiffness of the same order 
of magnitude. In the previously considered rotor models, the coupling between the lateral 
and torsional vibrations was neglected. Yet, this coupling usually exists, as it is determined by 
the most common malfunction — rotor unbalance and/or an action of a radial force applied 
to the rotor. Neglecting this coupling may result in inaccurate predictions of the system 
dynamics. The coupling of the rotor lateral and torsional motion also becomes significant 
when the rotor driving or load torąues are unsteady. 

In the derivation of the rotor coupled lateral — torsional vibration model an assumption 
has been madę that the flexible rotor is mass-less and the major mass is concentrated in 
the rotor disk. A classical model of coupled lateral and torsional motion of a rotor with an 
unbalanced massive disk is as follows: 

Mx + Kx = Mr(ij / 2 cos \/r + \jr sin i jr). 

My + Kx = Mr(\j/ 2 sin \[r — ifrcos xfr) — Mg , (3.10.8) 

hjr + K t (i/r — \j/ e ) + &(xsin 1 jr — vcos \j/) — T(t) + Mgr cos i/r 

where K is the rotor lateral stiffness (momentarily assumed isotropic), M is the disk mass, 
K, is the torsional stiffness, / is a disk polar central moment of inertia, ijĄt) is the rotor 
angle of twist at the disk, i jr e is an angle of twist at the rotor power supply, driving end. The 
lateral and torsional eąuations (3.10.8) are coupled through the disk mass eccentricity, r. 
It is assumed that the rotor is horizontal and the uni-directional lateral constant force is 
due to gravity (g is the gravity acceleration). 

Assume that the instantaneous angular rotation ratę of the rotor can be presented by 
a sum of a steady rotational speed Q and a smali perturbation < p(t), where <p(t) represents 
torsional ribrations. Thus 



W) - ‘łe = i{r e = Qt (3.10.9) 

Introducing Eqs. (3.10.9) into (3.10.8) and linearizing the eąuations, by developing 
nonlinear functions as Taylor series and limiting attention to the first terms, the model of 
rotor coupled lateral - torsional vibrations becomes as follows: 

Mx + Kx — Mr((ip — <pQ 2 ) sin Qt + 2Q<pcos Qt ) = MrQ 2 cos Qt 

My + Ky + Mr(((p — <pQ 2 ) cos Qt — 2Q(psm Qt ) = MrQ 2 sin Qt — Mg (3.10.10) 

lip + K,(p + Kr(. x sin Qt — y cos Qt) — T(t ) + Mgr cos Qt 

During the linearization, the following relationships have been taken into account: 
cos(T2? + cp) — cos Qt cos <p — sin Qt sin cp ^ cos Qt — ip sin Qt 
sin(I2? + (p) — sin Qt cos cp + cos Qt sin q> ta sin Qt + <p cos Qt 

Eqs. (3.10.10) have periodically variable coefficients, so they cannot directly be solved. 
The set of Eqs. (3.10.10) will now be transformed into rotating coordinates f(t), rj(t) attached 
to the rotor. The direction of the axis § has been chosen so that it passes through the rotor 
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centerline and the disk mass center, so the disk mass unbalance radius is on the axis £. 
The coordinate transformation is as follows: 



X 




cos Qt — sin Qt 0 




T 


y 


= 


sin Qt cos Qt 0 










1 

O 

o 
1 







Eqs. (3.10.10) expressed in rotating coordinates have constant coefficients: 

M(Ś - 2Qrj - Q 2 ę) + Ką - 2MrQ(p = MrQ 2 - Mg sin Qt 
M(rj + 2Q% — Q 2 rj) + Kij + Mr(ip — Q 2 q>) = —MgcosQt (3.10.1 1) 

lip + K t (p — Kryj = T(t) + Mgr cos Qt 

Eqs. (3.10.11) represent the model of coupled lateral - torsional vibrations of an iso- 
tropic rotor with one unbalanced massive disk. Notę that if the disk is perfectly balanced 
(r = 0) then, in the set (3.10.1 1), equations describing the lateral and torsional modes become 
decoupled. 

In order to make this case morę generał, it is now assumed that the rotor lateral stiffness 
is anisotropic, with stiffness components Ką i, K n \ along main stiffness axes fi, rj\ 
(Figurę 3.10.6). In projection on the axes f, ij the rotor stiffness is as follows: 



Ką = Ką i cos ę — K n \ sin ę, K J] — Ką\ sin ę + K,^ cos ę 



where g- is a constant angle, which represents an angular offset between the disk eccentricity 
and the main moments of inertia of the rotor cross-section, determining its stiffness. The 
mathematical model of the coupled lateral/torsional vibrations is, therefore, as follows: 

M(Ś - 2Qrj - Q 2 ź) + Kąź - 2MrQ(p = MrQ 2 - Mg sin Qt 
M(rj + - Q 2 rj) + K tl rj + Mr(ip - Q 2 (p) = -Mg cos Qt (3. 10. 12) 

lip + K t (p — K n rrj = T(t) + Mgr cos Qt 




Figurę 3.10.6 Coordinate system and rotor main stiffness axes. 
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Eqs. (3.10.12) represent the model of coupled lateral - torsional vibrations of a rotor 
with anisotropic lateral stiffness and with one unbalanced massive disk. The solution of 
this set of eąuations consists of free vibrations and forced vibrations due to unbalance 
force, gravity force and due to the variable torąue. In the next section these Solutions 
will be discussed. 



3.10.4.2 Eigenvalue Problem: Natural Freguencies and Stability Conditions 



Assuming the free vibration solution in the form 

HU) = A^ 1 , r 1 (t) = A tl e st , <p(t) = A v e*‘ (3.10.13) 



where Aę, A n , A v are constants of integration related to modal functions and inputting 
solution (3.10.13) into Eqs. (3.10.12), the characteristic equation for calculation of 
the eigenvalues, s, for the rotor model (3.10.12) can be developed froni the following 
determinant equation: 



K h + Mis 2 - Q 2 ) -2MQs —2MrQs 

2MQs K n + Mis 1 - Q 2 ) Mr(s 2 - Q 2 ) 

0 —K n r K, + Is 2 



= 0 



(3.10.14) 



From Eq. (3.10.14), the characteristic equation is as follows: 

K, + K„r , K f + K„ , 2fi2 ] , 2 f K„ ( K, , Ką , n4 n2 K, + K„ 



s 6 + s 4 



K, + 2 MQr 
MI 



M 



(K, + K,/) 



+ sr 



M \ I + M/ + 



M 



- MQ 2 
M 2 ! 



(3.10.15) 



[K n K t - MQ 2 (K, + K n r 2 )] = 0 



The characteristic equation (3.10.15) will have one positive real root, s, which means that 
the free vibration solution of Eqs. (3.10.12) will be unstable, if the last term of Eq. (3.10.15) 
is negative (see Appendix 2), that is 

[K n Kt - MQ 2 (K, + K,/)]<0 



Kę - MQ ■ 
M 2 I 



Sohńng this inequality for the rotational speed, the instability condition results: 




< Q < 




(3.10.16) 



This rangę of the instability is approximately between two natural frequencies of the rotor 
lateral modes. In order to illustrate this zonę of instability, the eigenvalue s in Eq. (3.10.15) 
will be replaced by the natural frequency, &>„ ( s—j(o n ) expressed in rotating coordinates. 
Then, sińce an analytical solution is rather cumbersome, for particular numerical values of 
the system coefficients, Eq. (3.10.15) can be solved, resulting in one, two, or three positive 
values co 2 , for each value of the rotational speed Q. The results are plotted versus rotational 
speed £2 in Figurę 3.10.7. 
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Figurę 3.10.7 Example of rotor natural frequencies of the coupled lateral and torsional vibrations versus 
rotational speed expressed in rotating coordinates. 



Except for the instability rangę of the rotational speeds (3.10.16), which due to 
uneąual rotor stiffness components, the characteristic eąuation (3.10.15) may also have 
another positive root, which creates an additional instability zonę. This zonę appears 
in the vicinity of the intersection (point TT in Figurę 3.10.7) of the curves describing 
the natural freąuencies in the rotating coordinates, if there is no coupling of the lateral and 
torsional modes (no coupling occurs if there is no unbalance, that is disk mass unbalance 
radius r— 0). In fact, the natural freąuencies of the uncoupled system represent 
asymptotes for the natural freąuencies of the coupled system (Figurę 3.10.7). The coupling 
of the system causes some numerical differences between coupled and uncoupled values, 
while the natural freąuencies of the coupled system remain relatively close to 
those of the uncoupled system. The coupling also causes some modification of modes: the 
torsional modę at Iow rotational speeds transforms smoothly into the lateral modę, with an 
increase of the rotational speed. Similarly to the case discussed in the previous section, 
the coupling creates degenerations of Crossing natural freąuencies into hyperbolas. 
Around the point of intersection of the uncoupled natural freąuencies, P\, the natural 
freąuencies of the coupled system are transformed into a “horizontal hyperbola”, without 
causing any instability. Around the intersection at the point P 2 , the coupled natural 
freąuencies are transformed into a “vertical hyperbola”, thus causing an appearance of the 
instability zonę (Figurę 3.10.7). 

The result of interest for applications will be the natural freąuency versus rotational speed 
Q, expressed not in rotating, but in stationary coordinates (Campbell Diagram). For this 
purpose, to each branch of &>„, the rotational speed has to be added and subtracted. Three 
branches can be illustrated in the first ąuadrant of the (Q, &>^' Y )-plane: 



o/i x = I (o n 



Q, 



,SlX — 






co f : x = 1 co„ 



Q 



where assumed positive, denotes rotor natural freąuency in stationary coordinates. 
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3.10.4.3 Rotor Forced Response to Unbalance 

The forced response of the rotor to the disk unbalance, as a particular solution of 
Eqs. (3.10.12), is sought as constant displacements in the rotating coordinates: 

m = ą, r,(t) = B„ (p(t) — By (3.10.17) 

When the Solutions (3.10.17) are implemented into Eqs. (3.10.12), the result is as follows: 

MrQ 2 



B* = - 



B n — B v — 0 



K h - MQ 2 ' 

In the stationary coordinates the rotor forced response to unbalance is 

x(t) — Bę cos Qt, y(t) — sin Qt, (p(t) — 0 (3.10.18) 



The result (3.10.18) looks very simple. The rotor responds with the classical harmo- 
nie motion, without the phase lag, as damping was neglected in the model. The rotor 
lateral response orbits are circular. At the rotational speed Q — JK^/M, amplitudes of 
the lateral response become infinite, thus a resonance occurs similarly to the uncoupled 
case. While the unbalance represents the factor, which couples the lateral and torsional 
modes, based on the simple model, Eq. (3.10.12), the unbalance force does not directly excite 
torsional unbalance-related forced vibrations. For morę information on this subject, see 
Section 6.6 of Chapter 6. 



3.10.4.4 Rotor Forced Response to Gravity Force 

The rotor forced response to the gravity force, as a particular solution of Eqs. (3.10.12), 
is sought as follows: 

$(t) — Q sin(Ot + y ? ), rj(t) — C n cos(Ql + y n ), q>(t) — C v cos(Qt + (3.10.19) 



The amplitudes of the responses can be calculated when the Solutions (3.10.19) are 
implemented into Eqs. (3.10.12). They are as follows: 



Q = Mg 



K,,( 1 - ( 2 Mr 2 Q 2 /(K, - IQ 2 ))) - 4 MQ 2 
Kt:K n ( 1 - ( 2 Mr 2 Q 2 /(K t - IQ 2 ))) - 2MCf(K Ę + K,,) 



C n — Mg 



KĄ\ - ( 2 M r 1 Q 2 /( K, - IQ 2 ))) - 4 MQ 2 
K,K ri (\ - ( 2Mr 2 Q 2 /(K , - IQ 2 ))) - 2MQ 2 (K Ę + K n ) 



(3.10.20) 



2 M 2 grQ 2 


Kr, - A* 


\k,-iq 2 \ 


K ( K ]} ( 1 - (2Mr 2 Q 1 /(K, - IQ 2 ))) - 2MQ 2 {K H + K v ) 



Since damping has been neglected in the model (3.10.12), the response phases are either 
zero, —90° (at resonances), or —180°. Ali response amplitudes (3.10.20) may have infinite 
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values; thus resonances occur at the following two rotational speeds: 



, KęKgjl+lMr 1 ) K, ■ / / Kj i K, 1 (I+ 2 Mf) K,\ 2 K^K, 

4MI(K H +K tl ) 21 ’ V \ 4MI(K H + K r) ) 21 ) 2Ml(K ą + K n ) 



(3.10.21) 



The lower resonance speed in Eq. (3.10.21) is close to a half of the resonance speed caused 
by the unbalance. 

The response amplitudes for the lateral components, C £ and C n , have two respective zero 
values at the following rotational speeds: 



(2 — i 2:/ = 



(2 — Q T jj — 



K 1} , 2 K t + K r f 



8M 



41 



K h t 2 K t + K H r 2 
8M + 



41 



+ (-!)' 



+ (-!)' 



(K, 2 K t + K„r 2 \ 


, 2 K,K t 


\8M 41 ) 


1 4MI 


( K h + 2K t + K ą r 2 ^ 


1 

CM 



i =1,2 

(3.10.22) 



When the rotational speed tends to infinity, both lateral response amplitudes approach 
a constant value, (2 Mg/(Kt= + K n )). Of course, in practical cases, this would never happen, 
as with an increasing rotational speed the rotor will reach the next modę, so amplitudes 
would start increasing again. The response amplitudę of the torsional component does 
not have zero values, except at zero rotational speed. 

The transformation of the rotor response to the stationary coordinates is as follows: 



x(t) — | cos (2t — r] sin (21 = 
= Mg 



Cę + C '' sin(y ? - y^) + ^ 0 C " sin(20t + + y,,) 



2 v "" 2 

((K, + K n )/ 2)| 1 - (2 Mr 2 Q 2 /(K, - IQ 2 )) - 4 MQ 2 



Mg 



K H K n ( 1 - (2Mr 2 Q 2 /(K, - IQ 2 ))) - 2MQ 2 (K H + K n )\ 
(|*f - A,|/2)|l - (2 Mr 2 Q 2 /(K t - ffi 2 ))| 



K ą K v {\ - (2 Mr 2 Q 2 /(K t - IQ 2 ))) - 2MQ 2 (K £ + K n ) 



sin()/| - Yr,) 
sin(20? + Yi= + y n ) 



y(t ) = £ sin Qt + rj cos Qt = — - cos(y^ — y n ) — - cos(2 Qt + y$ + Y n ) 



— Mg 



2 2 

((Kt: + K rl )/2)\ 1 - (2Mr 2 Q 2 /(K, - IQ 2 )) - 4Mf2 2 | 
KęK n { 1 - (2 Mr 2 Q 2 /(K t - IO 2 ))) - 2M(2 1 (K £ + K tl ) 



cos(y f - y tl ) 



( \Kt - K„ /2 1 - (2Mr 2 Q 2 /(K, - 1(2 2 )) 

■ Mg M-Ą , / ^ cos(2Qt + n + y„) 

K £ K rt {\ - (2Mr 2 Q 2 /(K, - /O 2 ))) - 2MQ 2 (Kt= + K,,) ą n 



(3.10.23) 
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Therefore, due to uneąual lateral stiffnesses of the rotor, the constant gravity force causes 
not only a static displacement in the direction of the force (in absence of damping), but 
also excites a vibrational component with frequency equal to double the rotational speed 
(2x). This 2x vibrational component creates circular orbits of the rotor. Notę that if the 
rotor is isotropic Kę — K^; then the 2x component vanishes. This feature is used in early 
detection of rotor cracks (see Section 6.5 of Chapter 6 and Section 7.2.8 of Chapter 7). A 
crack on the rotor causes an isotropic rotor to become anisotropic. A pending crack would 
cause an appearance of the 2x component in the rotor vibrational spectrum, especially 
pronounced during start-up or shutdown transient conditions, passing speeds corresponding 
to about a half of unbalance resonance speeds. 



3.10.4.5 Rotor Forced Response to a Variable Torque 

A variable torque, 7)7), is another source of excitation of lateral - torsional vibrations. 
In practical rotor systems, it is usually difficult to describe the applied torque or transient 
operational disturbances of the rotational speed as explicit functions of time. Attempts 
to improve the assumption that the rotational speed is constant include an assumption that 
the torque is proportional to the instantaneous rotational speed, or an assumption that 
the torque, rotational speed, and rotational acceleration are all coupled by the characteristics 
of the driving engine. 

In order to investigate an effect of a variable torque on the rotor lateral/torsional 
vibrations it is here assumed that the torque is a harmonie function of frequency d: 

T(t) = Tq cos d/ (3.10.24) 

The rotor response is being sought as a particular solution of Eqs. (3.10.12), as follows: 
H(i) — B h sin(dt + fe), rj(t) — B t] cos(dt + /3, ? ), <p(t) — B v cos(&t + Ą>) (3.10.25) 



Substituting Eqs. (3.10.24) and (3.10.25) in Eqs. (3.10.12), a set of algebraic equations 
results, from which the response amplitudes can be calculated: 



Bt = 



2ToMrQ&K tl 



B n = T ^- |^(Q 2 + d 2 ) - M(Q 2 - d 2 ) 2 | 



To, 



(3.10.26) 



2\2 I 



B v = -j\ KęK, - M(Q Z + d 2 )(7^ + K„) + M (Q - d 2 ) 



where 



A = (K t - M 2 )[Kt:K v - M(Q 2 + d 2 )(^ + K n ) + M 2 {Q 2 - d 2 ) 2 ] 
+ Mr 2 K n [M{Q 2 - d 2 ) 2 - Kj:{Q 2 + d 2 )] 



Response amplitudes (3.10.26) have infinite values if A — 0. This polynomial equation 
is of the third order for d 2 and the second order for Q 2 . The rotor resonances versus 
variable torque frequency occur at coupled lateral/torsional natural frequencies, which, in 
turn are functions of the rotational speed. Two rotational speeds, Q 2 2 , at which the lateral 
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and torsional resonances occur, can be calculated from the eąuation A = 0. These resonances 
occur at the following rotational speeds: 

I 

2 , /=1,2 (3.10.27) 



Qj = 



v 2 + i ( Kh + v + (“ 1 ~ ¥)1 + 8M#2 ^ + v 



where 



W — 



K n (K, - M 2 ) 
K, - M 2 + K„r 2 



There exist zero values of the response amplitudes. The lateral amplitudę B, t has a zero 
value if 



Q = = 






The torsional amplitudę B ę has a zero value if 



Q = Qą = 



V 2 + T (k h + K„ + - K,) 2 + 8M02(Af + K„) 



Since damping in the system has been neglected, the response phases, /3ę, p v in 
Eqs. (3.10.25) are zero, —90° (at resonances), or —180°, similarly to the case of gravity 
force excitation, discussed in the previous section. Notę the rotor lateral response in the 
stationary coordinates is as follows: 

x(t) — f cos Qt — rf sin Qt — — — - sin((d — Q)t + /Jj — p, t ) H — ^ — - sin((i7 + Q)t + 

y(t) — £ sin £2/ + /;cosf2 1 = — — -cos((?7 — Q)t + Pę — /!,,) — -cos((# + Q)t + + p n ) 

where 



Bą + B n 
2 

^ ~ 

2 



MrTo 
2 A 

MrTo 
2 A 



[2 Q&K„ + \Ki:(Q 2 + & 2 ) - M(Q 2 - ?? 2 ) 2 |] 
|2 Q&K n - \K h (Q 2 + tf 2 ) - M(Qr - d 2 ) 2 | | 



In the stationary coordinates, the rotor forced lateral responses have two freąuencies, one 
being a difference, the other a sum of the original input torque frequency, t>, and the 
rotational speed Q. The torque frequency may be independent of rotational speed or may be 
a function of the rotational speed. For instance, in the case of four-cycle internal combustion 
engine as a torque provider, the torque variation is twice the rotational speed (d = 212); thus, 
the rotor forced lateral responses will become as follows: 

x(t) = g 0 — -sin(f2t + Pę — p tl ) H — — - — -sin(3f2t + Ą + /3 J? ) 

£ i £ Ę ^ 

y(t) = 5 0 — -cos(f2t + Pt:- P n ) ' 2 — -cos(3f2r + Pu + P n ) 
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Figurę 3.10.8 Bodę plots of rotor lateral response amplitudę B ri and phase fi rj for different values ot the 
torsional excitation frequencies: (a) i) 2 < min(((Kf + K rl r 2 )/2I),(K^/ M)), (b) (K r f /4M)<i? 2 <min 
(((K t + /C,,r 2 )/2/).(K’ f /M)), (c) i? 2 > Damping neglected. = T 0 r/(K t - It) 2 + K n r 2 ). 



where 



B>- + B, t MtTqQ 1 



2 A 1 n 1 * 



2 2A [4^+|5A f -9Mi3 2 |], 2 

A = (K, - 4IQ 2 )[KyK„ - SMQ\K h + K„) + 9M 2 Q 2 ] + Mr 1 K ri Q 1 [9MQ 2 - 5A' ę ] 



In this case the rotor lateral response has freąuencies Q and 3Q. The lateral and torsional 
resonances may occur at three different rotational speeds. 

Figurę 3.10.8 illustrates the response amplitudes and phases versus rotational speed 
for several cases of the input torąue with relatively smali freąuency f>. As can be seen, the 
variable torąues in the torsional modę excite rotor lateral vibrations with freąuencies being 
sums and differences of the torąue freąuencies and rotational speed, especially magnified 
when these freąuencies coincide with the rotor coupled lateral/torsional modę natural 
freąuencies. 



3.10.5 Torsional/Lateral Cross Coupling due to Rotor Anisotropy: 

Experimental Results 

The influence of rotor stiffness anisotropy, such as due to a transverse crack on the lateral 
vibration responses of the rotor, was analytically discussed in the previous subsections. It was 
also shown that anisotropy of the rotor can lead to torsional vibrations, which may reach a 
high level due to very poor damping in this rnode. The next subsection presents results of 
experiments on a laboratory rotor rig. 
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Figurę 3.10.9 Experimental rig. (1) 1/2 hp electric motor, (2) rotor base, (3)— (6) brass bushing oilite bearings, (7) 
inboard disk with 36 gear teeth, (8) outboard disk with 36 gear teeth, (9) 0.386 inch diameter rotor 
with anisotropic part between bearings 4 and 5, (10) flexible coupling, (11) speed controller, (12) 
two XY sets ot proximity transducers, (13) optical pickups observing gear tooth disks. 



3. 10.5. 1 Experimental Rotor Rig 

Figurę 3.10.9 illustrates the experimental test rig, which was designed to model the effect 
of the constant radial force and rotor anisotropy on the torsional response. The rotor 
supported in two laterally rigid pivoting bearings (#3 and #6) at the ends, is driven by 
a synchronous one-half horsepower electric motor, which is connected through a laterally 
llexible, torsionally rigid coupling. A speed controller varies the rotor rotational speed and 
angular acceleration. There are two disks fixed on the rotor, each with 36 precisely machined 
notches, which serve for measuring torsional vibrations (see Section 2.4.4 of Chapter 2). 
In order to simulate stiffness anisotropy of the rotor, a part of the rotor between these 
two disks was machined to produce two symmetric flats, so the rotor thickness was reduced 
from 2 R to 2 b (Figurę 3.10.9). The rotor lateral vibrations were measured by two sets of 
two proximity transducers in XY configuration at the inboard and outboard disk locations. 
The lateral and torsional vibration data was processed through the data acąuisition and 
Processing system. 

In order to excite responses due to the anisotropy of the rotor, a rotor bow at the mid- 
span was induced by misaligning the rotor at the additional bearings (#4 and #5) using shims 
of 0.125 inches (3.175 mm) at their supports. The misalignment introduced constant radial 
force acting on the rotor. The rotor was then balanced. 

3.10.5.2 Experimental Results 

Experimental results are presented in the form of rotor overall lateral and torsio- 
nal vibration amplitudes versus rotational speed at start-up (Figures 3.10.10, 3.10.11), 
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spectrum Cascade plot of the torsional response (Figurę 3.10.12), torsional and lateral lx 
filtered and 2x filtered Bodę plots and lateral lx filtered polar plots (Figures 3.10.13- 
3.10.18). The lateral displacements at the inboard disk location were relatively smali and 
are not shown. 

Direct overall amplitudes of lateral vertical and horizontal responses (Figures 3.10.10 
and 3.10.11) show three peaks: the lowest peak at the freąuency 2880 rpm and two high 
peaks at the freąuencies 4800 and 5500 rpm, respectively. The first peak occurs at the 2x 
resonance freąuency, as is shown in the 2x filtered Bodę plot of horizontal response 
(Figurę 3.10.18) and coincides with lx torsional resonance freąuency (Figurę 3.10.12). 




Figurę 3.10.10 Overall amplitudę of rotor vertical and horizontal vibration during start-up, measured at the 
outboard disk location. The data presented versus rotational speed indicates existence of rotor 
torsional and lateral resonances. 



Torsional 

resonances 




Figurę 3.10.11 Overall amplitudę of the torsional vibrations of the rotor at start-up. The data indicates high 
torsional amplitudes at 1 x, 2x, 4x, 6x, and 8x. The highest amplitudę occurs at 2x. 
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of the torsional modę 

Figurę 3.10.12 Spectrum Cascade of the rotor torsional response. High torsional vibrations occur at 1x, 
2x, 4x 6x, and 8x multiples of rotational speeds. Their frequency corresponds to the natural 
freguency of the first torsional modę (2880 cpm). 




Figurę 3.10.13 Bodę plot of filtered synchronous, 1 x torsional vibration versus rotational speed. The calculated 
torsional modę synchronous damping factor is 0.011. 
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Figurę 3.10.14 Bodę plot of filtered 1 x vertical vibrations at the outboard disk location versus rotational speed. 



The next two peaks correspond to the split lx resonance, which is due to the residual 
unbalance and the stiffness anisotropy of the rotor system. Figures 3.10.13-10.15 present 
filtered synchronous lx vibration Bodę plots for the torsional and lateral components of 
rotor vibrations. Figures 3.10.16 to 3.10.18 present Bodę plots of the 2x torsional and 
lateral vibration components. 

The results of torsional measurements exhibit the first torsional natural frequency of 
48 Hz (2880 rpm), which is excited at the rotational speeds of 360, 480, 720, 1440 and 
2880 rpm, respectively. These speeds correspond to 8x, 6x, 4x, 2x, and lx rotational speed 
excitation freąuency. Notę that the torsional 8x component appears in the spectrum at a very 
Iow rotational speed, one-eighth fraction of the first torsional resonance speed, which in the 
considered system corresponds to the first natural freąuency of the rotor system. The highest 
resonance amplitudę occurs at the rotational freąuency corresponding to 2x. Ali torsional 
response peaks are very high and sharp. This indicates that damping in the torsional modę 
is smali. The calculated damping factor was 0.011. 
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Figurę 3.10.15 Bodę plot of filtered 1x horizontal vibrations at the outboard disk location versus rotational 
speed. 



3. 10.5.3 Discussion 

In the rangę of rotational speeds considered, the analysis of lateral vibrations alone 
does not provide sufficient information to diagnose the existence of the rotor anisotropy, 
which might be due to a pending crack on the rotor. A smali amount of the 2x component, 
which is present in the lateral vibration spectrum, could be caused by just the bow-related 
constant radial force load on the rotor (see Section 3.11 of this chapter). At the same time, 
the rotor torsional response exhibits distinct high peak responses with the first torsional 
natural freąuency at four rotational speeds of (2880/2 i) rpm (i— 1 -4), starting at a very 
Iow rotational speed. The rotor torsional responses were caused mainly by the rotor aniso- 
tropy. Rotor torsional responses measured before machining the flats on the rotor showed 
a very Iow level of vibration. After introducing rotor anisotropy, the torsional vibra- 
tions were characterized by very high amplitudes due to generally poor damping in the 
torsional modes. On one hand, the strong harmonie resonances of torsional vibration are 
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Figurę 3.10.16 Bodę plot of filtered 2x torsional vibrations versus rotational speed. Bodę plot ot filtered 1x 
horizontal vibrations at the outboard disk location versus rotational speed. 



hazardous to the rotor integrity. On the other hand, the increase of torsional vibrations 
due to anisotropy of the rotor should be used for rotor crack diagnostic purposes, as the 
rotor transverse crack creates its stiffness anisotropy (see Section 6.5 of Chapter 6). Due 
to rotor pending crack, torsional vibrations appear already at very Iow rotational speed. The 
torsional vibrations should, therefore, be monitored for early detection of rotor cracks. 
Morę materiał on the rotor crack detection is in Section 6.5 of Chapter 6 and Subsection 7.2.8 
of Chapter 7. 



3.10.6 Summary and Conclusions 

This section presented several models of rotor torsional vibrations and coupled 
torsional/lateral vibrations with a number of external exciting forces in the lateral modę and 
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Figurę 3.10.17 Bodę plot of filtered 2x vertical vibrations at the outboard disk location versus rotational 
speed. 



exciting moments in the torsional modę. The analysis of pure torsional vibrations in rotors 
is easy and usually routinely performed. It does not provide, however, satisfactory results 
when there is a strong coupling of torsional and lateral modes. The analysis of rotor 
coupled torsional/lateral vibrations is much morę complex, as it involves nonlinearities. It 
has been emhasized that in most rotors, the lateral/torsional coupling is quite strong and 
should not be neglected. The forces acting within the lateral modę excite responses not only 
of lateral modes, but also torsional modes. Due to very poor damping in the torsional 
modę (damping factors in the rangę of 0.01), the torsional resonance vibrations have very 
high amplification factors. As a result of the nonlinear naturę of lateral/torsional coupling, 
the torsional resonances occur not only when the freąuency of excitation corresponds to 
a natural freąuency of the torsional modę, but also at even fractions of these natural 
freąuencies. Conseąuently, the torsional vibrations appear in the rotational spectrum 
already at ąuite Iow rotational speeds. This effect has been experimentally shown within 
the first three modes, torsional and anisotropic lateral modes. Bearing in mind the modal 
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Figurę 3.10.18 Bodę plot of filtered 2x horizontal vibrations at the outboard disk location versus rotational 
speed. 



naturę of vibrational behavior of mechanical Systems, one can speculatively assume that 
similar effects would also accompany higher modes. 

It has been shown that in specific zones of rotational speeds, the coupled torsional/lateral 
free vibrations become unstable. These zones of rotational speeds must be avoided as 
operational speeds. During rotor transient conditions of start-up and shutdown, the rota- 
tional acceleration must be appropriate in order to prevent build-up of rotor vibrations while 
passing through these instability zones. 

Additional instabilities in the torsional modę can also occur due to a variable torsional 
stiffness or variable moments of inertia in the system. Following the Mathieu eąuation 
(Minorski, 1947; Stocker, 1950), these unstable free torsional vibrations appear at freąuencies 
eąual to half of the system natural freąuencies, as well as higher freąuencies, as discussed by 
Rao (1991). This subject was not included, however, in this section. 

Two important conclusions have been drawn out in this section. The first conclusion 
concerns the commonly used yibration monitoring of rotor lateral vibrations, which is 
insufficient to assess the rotor integrity State in rotating machines. Overlooking monitoring 
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torsional vibrations creates a false sense of security that machinę operates correctly. The 
conclusion is, therefore, that it is very important to measure torsional vibrations on rotating 
machines, even though there are no evident torsional excitations, which are erroneously 
judged to decide that “no torsional problems are expected”. 

The second conclusion concerns a useful application of the information on rotor tor- 
sional vibrations. Since the torsional modę is poorly damped, vibration amplitudes are at 
resonance freąuencies are very high. Trended on-line at each start-up and shutdown 
and trended in time during operational conditions, torsional vibrations may provide an 
invaluable warning signal about a propagating crack on the rotor. While torsional vibra- 
tions are still often considered beyond the scope of ordinary monitoring and diagnostics 
on rotating machines, this situation may, however, soon change. With advancements in 
transducer design, torsional vibration monitored, along with lateral vibration monitoring, 
will create a new tool in machinę health diagnostics, which is especially useful in the early 
detection of rotor cracks. 

For morę materiał on rotor torsional/lateral coupled vibrations see Section 6.7 of 
Chapter 6. 



3.11 MISALIGNMENT MODEL 



3.11.1 Introduction 

Misalignment in rotating machinery is the second most common malfunction after 
unbalance. The literaturę on rotor unbalance malfunction and corrective balancing 
procedures is estimated to include thousands of papers, books, and reports. Amazingly, 
misalignment has not drawn that much attention from researchers. The literaturę on rotor 
misalignment malfunction is very scarce. Alignment procedures, now involving sophis- 
ticated laser-optic instrumentation, are considered routine on machines. Handbooks on 
“how to align a machinę train” are popular. There is, however, very little published on 
misalignment malfunction, its destructive, overloading effects on rotors and bearings, 
physical phenomena involved, or how to diagnose misalignment by using vibration 
monitoring (see Section 6.4 of Chapter 6 and Subsection 7.2.2 of Chapter 7). 

A definition of rotating machinę alignment consists of two parts: The flrst part considers 
one-span rotors, the second, multi-span rotors. During normal operation, the reąuired 
alignment of a rotating machinę with a one-span rotor takes place when, at each axial 
position of the rotor, the average centerline position of the rotor is centered within inter- 
stage seals and/or diaphragms and is located at the reąuired eccentric position within 
fluid-lubricated bearings. In addition, during normal operation, the reąuired alignment of 
a rotating machinę train, with multi-span rotors takes place when the rotor centerlines 
are collinear at the couplings and the rotors operate in correct axial positions within each 
span. Notę that the “normal operation” must include thermal and working fluid-related 
conditions of the rotating machinę. 

Misalignment, as one of the rotating machinę malfunctions, occurs when the above- 
defined reąuirements are not satisfied within design tolerances. Misalignment may be caused 
by cocked bearings, distorted diaphragms, locked inner rings in floating seals or bearings, 
thermal warping of casing, and/or piping strain due to fading hangers and snubbers, or 
damaged pipes by corrosion and/or fluid yariable pressure (e.g. water hammer effect). 
Other sources of misalignment are due to foundation problems, such as grouting or support 
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deterioration, leading to displacements of machinę supports. Such deterioration can result 
from environmental damage, such as unstable ground. While due to restriction of allowable 
clearances, machinę misalignment may cause a decrease in the overall lateral vibration 
level; it would lead to an increase of the stress in the rotor. When the rotor rotates in a 
misalignment-related displaced or bent condition, then its internal stress becomes reversal 
(see Section 6.4 of Chapter 6). In addition, nonlinearity of the rotor system starts being 
active. 

In the previous Sections, linear models of rotor Systems were discussed. This Section 
presents misalignment-related nonlinear vibration phenomena in rotating machines. A very 
simple mathematical model, which includes unbalance and misalignment-causing radial 
forces as well as nonlinearity of the rotor system stiffness, provides relationships that may 
well serve for numerical calculations. The solution is, however, cumbersome and does not 
provide a elear quantitative picture of the rotor response, especially as the response 
parameters depend directly on the rotational speed. That is why an approximate analytical 
solution for rotor static radial deflection, synchronous (1 x ) and twice rotational speed (2x) 
response vectors is also given. It provides an insight on misalignment-related vibrations 
of rotors and helps in understanding and diagnosing the rotor misalignment malfunction 
(see Section 7.2.2 of Chapter 7). The response amplitudes and phases are presented in 
typical Bodę plot formats. This provides a possibility to compare responses of linear and 
nonlinear Systems. 



3.11.2 Mathematical Model of Misaligned Rotor 
3. 1 1.2. 1 Rotor Nonlinear Model 

One of the main effects of misalignment between rotors in a machinę train is the 
generation of rotor load in a specific radial direction. The misalignment causes a constant 
radial force, which pushes the rotor to the side. At higher rotor eccentricity, nonlinear effects 
of the system become important. A simple one-lateral modę symmetric (isotropic) rotor 
model of this phenomenon is 

Mx + Dx + Kx — mrO 2 cos (Qt + 5) (3.11.1) 

My + Dy + Ky + K n y 2 — mrQ 2 sin(f2t + 8) + P (3. 1 1 .2) 

where x(t) and y(t) are the rotor lateral deflections in the horizontal and vertical direc- 
tions respectively, and t is the time. In Eqs. (3.11.1) and (3.11.2) M, D , and K are the 
modal mass, damping, and stiffness respectively; m, r, S are the unbalance mass, radius, 
and angular location; Q the rotational speed; P the misalignment-related radial force, 
applied in the vertical (up) direction; K n (kg/ms 2 ) is a generalized nonlinear stiffness 
coefficient. It is assumed that the only nonlinearity in the system has the quadratic 
form (the first nonlinear term in the Taylor series of any nonlinear function). The 
steady-state solution of Eq. (3.11.2) with relatively significant static eccentricity of the 
rotor will be considered only. There is no worry about the symmetry of the stiffness 
nonlinearity (in a morę generał case, y 2 should be replaced by y\y\, or by the third power 
of displacement, y 3 ). 
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3. 1 1.2.2 Harmonie Balance Solution for the Rotor Forced Response 

The steady-state solution of Eqs. (3.11.1) and (3.11.2), as the rotor response to the 
external forces, is assumed as follows: 



x — B x cos(Qt + p x ) 



(3.11.3) 



y — (3 + B\ sin(£2t T P\) -T Bi sin(2 Qt + pp) (3.11.4) 



One of the effects of nonlinearities of a mechanical system is generation of higher 
harmonics in response to a periodic excitation with a single freąuency. In the assu- 
med solution, the second harmonie in the response is included. The higher harmonics are 
neglected. 

Since the cross-coupling between rotor vertical and horizontal motion has been 
neglected in the model, Eq. (3.11.3) represents pure unbalance-related horizontal response 
with amplitudę B x and phase p x : 



B x = 



mrQ 2 



(K- MQ 2 y+D 2 Q 2 



— S — aretan - 



DQ 



K-MQ 2 



(3.11.5) 



The harmonie balance method is used for calculating five unknown vertical response 
parameters: static displacement, C, amplitudes, B \ , B 2 , and phases, P \ , p 2 , of the 
synchronous response, and the second harmonie (2x). When Eq. (3.11.4) is substituted in 
Eq. (3.11.2), then the expressions standing in front of sine and cosine functions of lx and 2x 
frequencies are equated to zero. This provides four algebraic equations with trigonometric 
functions, which eventually can be transformed into two equations with exponential 
functions (see Appendix 3). In this operation, several trigonometric identities are taken into 
account (see Appendix 6). The fifth equation is given by the response to the static radial 
force. The following set of five algebraic equations is obtained: 

[K — MQ 2 )B\ cos fi\ — DQB\ sin P\ + K„B\ (2C cos Pi + Bi sin(/h — P 2 )) = mrQ 2 cos S 

(3.11.6) 

(K — MQ 2 )B\ sin P\ + DQB\ cos/0i + K„Bi(2C sin P\ + B 2 cos(/0i — Pi)) = mrQ 2 sin S 

(3.11.7) 

( “ 2 >* “ SA - 2 “^ cos ft+ (|) si „2,,) =0 ,3.1. .8) 

KC + K„(C 2 + ( B 2 + B\)/2) = P (3.11 .10) 

This set of five Eqs. (3.11 .6) (3. 1 1 .10), is sufficient to calculate the five unknown, C, 

B 2 , Pi, P 2 . These equations are, however, nonlinear and an analytical solution is not obvious. 
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It can, however, be approximated. From Eq. (3.11.10) the static response can be calculated 
as follows: 



C — — 




P 

Kn 



B\ + B\ 
2 



(3.11.11) 



It is seen that this response exists only if the amplitudes of the first and second harmonics 
are smali enough. 

The set of Eqs. (3.11.6) and (3.11.7) can be transformed as follows: First, Eq. (3.11.6) is 
multiplied by cos /h and added to Eq. (3.11.7) multiplied by sin/Jj. Then Eq. (3.11.6) 
is multiplied by — sin and added to Eq. (3.11.7) multiplied by cos ji\. The resulting two 
equations are as follows: 



(K — MQ 2 )B\ + 2K n CB\ + K n B\Bi sin( 2 / 6 i — f} 2 ) = mrQ 2 cos(S — fi\) 

DQB\ + K„B\B 2 cos( 2 / 6 i — /F) = mrQ 2 sin (<5 — y 3 i) 

Eqs. (3.11.8) and (3.11.9) are transformed the same way: 

2(K- 4MQ 2 )B 2 + K„B] sin(2/fi - fi 2 ) + 4 K„CB 2 = 0, 
4DQB 2 — K„B 2 cos(2/li — /F) = 0 



(3.11.12) 



(3.11.13) 



Eqs. (3.11.1 1) (3. 1 1.13) may well serve for numerical calculations of the rotor response 
amplitudes and phases. The unknowns are coupled in these equations. 

Below, another transformation of Eqs. (3. 1 1 .6) — (3.1 1 .9) is offered. This transformation 
leads to a partial decoupling of the involved unknowns and possibly makes numerical 
analysis simpler. 

Eqs. (3.11.6) and (3.11.7) can be presented in the complex number format. Eq. (3.11.7) 
is multiplied by j — V— I and added to Eq. (3.11.6). The result is as follows: 

K\B\Q j P l + K n B\ [2 Ce m +jB 2 e j( ^- f> ' ) ] = mrQ 2 e jS (3. 11.14) 



where 



ki — K +jDQ — MQ 2 

has a format of dynamie stiffness. Similarly Eqs. (3.11.8) and (3.11.9) can also be presented 
in complex number format: 

d2 

K 2 B 2 e jf>1 + 2K n CB 2 d h = 0 (3.11.15) 



where 



k 2 = K+ 2 jDQ - 4MQ 2 

is 2x dynamie stiffness. From Eq. (3.11.15) B 2 e jfil can be extracted: 



B 2 e if>1 = 



jK„ B]e, 2jti ' 
2 k 2 +4K„C 



(3.11.16) 
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From here, splitting Eq. (11.6) into real and imaginary parts, B\ as a function of B\ 



and C, as well as f) 2 , as another function of fi\, and C can be calculated: 



Ą = 



K 2 A 



4((K — 4 MQ 2 + 2K n Cf + (2 DO) 2 ) 
K-4MQ 2 +2K„C 



ft 2 = + arctan- 



2DQ 



(3.11.17) 



(3.11.18) 



Introducing B\ from Eq. (3.11.17) into Eq. (3.11.10) provides a relationship between 
Bi and C: 



KC 

A 



+ C 2 + 



B] 

2 



AA = A 

8 (( K - 4M(f + 2 K n O 2 + (2 DQ) 2 ) K n 



This equation is bi-quadratic in B { and it has the following solution for Bj as a function 
of C: 



B\(C) = ->¥ + 




(3.11.19) 



where 



2n2 






2( K — MQ - + 2K„C) + HD'Q 

A 



Introduce B\ from Eq. (3.11.17) into Eq. (3.11.11): 



B l e jfi '[K l +2K n C- 



K 2 n B I 



2k 2 + 4 K„C 



= mrQ 2 e jS 



From this equation B jand as functions of C and B\(C) can be calculated: 



Bi = 



mrQ 1 



\/Rc 2 + Im 2 



^ Im 

Pi = 8 — arctan— — 

Re 

where Re and Im denote respectively the real and imaginary parts: 

K 2 n B](K- 4MQ 2 + 2 K n C) 



Re = K— MQ + 2K n C — 



2[(K- 4MQ 2 + 2K ll cf+4D 2 Q 2 ^ 



IiiieM 1 



K 2 ,B] 



[(K-4MQ 2 + 2 K„C) + 4D 2 Q 2 ] 



(3.11.20) 

(3.11.21) 



(3.11.22) 



Notę that the “Solutions” (3.11.20) and (3.11.21) still contain the nonlinear function B\. 
Finally, an equation to calculate B 0 can be obtained from Eqs. (3.11.17) and (3.11.18). 



© 2005 by Taylor & Francis Group, LLC 




BASIC ROTORDYNAMICS: EXTENDED ROTOR MODELS 



189 



It appears as an ugly polynomial eąuation of the 8th degree with radicals coming from 
Eq. (3.11.11). If the radicals are removed, the polynomial increases to the 16th degree. This 
eąuation may well serve, however, for numerical calculations. If such calculation is per- 
formed, first, therefore, Bq will be obtained. Then, in the reverse order, all other parameters 
of the nonlinear solution (3.11.4) can be calculated. 

3.11.2.3 Approximate Solution 

Since the form of the solution obtained above does not allow qualitative deductions 
regarding the relationships between the rotor response parameters and the rotational speed, 
an approximate solution will now be presented. 

Introduce a new notation, A, s: 

—2DQ — A sin s, K+ 2K„C — MQ 2 — A cos e 



thus 



A = J(K + 2 K„C - 4MQ 2 ) 2 + (2 DO) 



(3.11.23) 



e — — arctan - 



2DQ 



K+2K n C-4MQ 2 



(3.11.24) 



Eqs. (3.11.6) and (3.11.7) provide the following expressions for the rotor synchronous 
response amplitudę and phase: 



Bi — J ( K + 2 K n C — MQ~ + K„B 2 cos e) + ( DQ + K„B 2 sin e) 



(3.11.25) 



?! = S — arctan 



DQ + K„B 2 sine 



K + 2 K„C — MQr + K„B 2 cos e 



(3.11.26) 



Then, from Eqs. (3.11.8) and (3.11.9), the rotor response amplitudę and phase for the 
second harmonie are 



Bl = K i?’ & = 2/1, + e - 90° (3.11.27) 

Eqs. (3.11 .25) — (3.1 1 .27) are still coupled, but their form suggests some further 
simplifications, leading to approximate expressions for the rotor vertical response amplitudes 
and phases. 

Analyze the angle, e, Eq. (3.11.22), versus rotational speed, Q. assuming that the static 
displacement C is not a function of rotational speed (as Eq. (3.1 1.11) shows, is not true, but it 
is also known that the amplitudes B\. B 2 must be smali). Taking Eq. (3.11.1 1) into account, 
Eq. (3.11.24) will look as follows: 



2 DQ 

s = — arctan — 

Jk 2 + 4K„P - 2K 2 n (B\ + B 2 ) - 4MQ 2 



(3.11.28) 
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Figurę 3.11.1 Angle c, Eq. (3.11.28), versus rotational speed. 



At zero rotational speed, also s — 0. At high rotational speeds s tends to —180°. Notę that 
at the rotational speed: 



« = 0 2m = + ( 3-1 1 - 29 ) 

the denominator in Eq. (3.11.28) becomes zero, thus the angle s is equal to —90° 
(Figurę 3.11.1). At the same speed, the 2x response amplitudę, B 2 , is the highest, as it is only 
controlled by damping: 



B 



2 res — 



K n B\ 
AD Cii res 



Since the response phase /F is directly related to e, in the rangę of rotational speed 
(3.11.29), the phase will sharply change value, following the angle s. At the rotational speed 
(3.1 1.29), which is close to 0.5 value of the rotor First natural frequency of the linear system, 
y/K/M, the classical resonance therefore occurs for the rotor second harmonie response. 
In Eq. (3.11.29), the expression under two radicals represents a nonlinearity-related 
adjustment to the linear system natural frequency. 

Now analyze the lx response phase, /Si from Eq. (3.1 1.26). Since at Iow rotational speed 
e ss 0, therefore ~ <5, which means that the “heavy spot” and “high spot” are close 
together (see Section 1.7 of Chapter 1). At high rotational speeds, the phase tends to the 
value 8 — 180°. At the rotational speed: 



Q = Q 



1 res — 




4K n P + K n B 2 cos e - 2^(B} + B\) 
+ K 2 



(3.11.30) 



the denominator in Eq. (3.11.26) becomes zero and the lx response phase equals 
/Si =5 — 90°. At the same speed, from Eq. (3.11.25), the lx response amplitudę has a 
peak, as it is only controlled by damping and nonlinear stiffness term: 



DQ 1 res + K n B 2 sin s 

The Bodę plot of the rotor lx response is illustrated in Figurę 3.11.2. 

Notę in the flrst Eq. (3.1 1.29) that the 2x amplitudę is proportional to the lx amplitudę 
squared. The appearance of the second harmonie is not, therefore, a direct result of the 



© 2005 by Taylor & Francis Group, LLC 



BASIC ROTORDYNAMICS: EXTENDED ROTOR MODELS 



191 




Figurę 3.11.2 Bodę plot of the rotor synchronous (1 x) response. 




Figurę 3.11.3 Bodę plot of the rotor 2x response. 



radial constant force (as occurs in rotors with anisotropic stiffnesses; see Section 3.5 of this 
chapter), but is a result of rotor stiffness nonlinearity. The proportionality of the 2x 
amplitudę to 1 x amplitudę squared means that the 2x will also have a peak at the rotational 
speed (11.30). The Bodę plot of the rotor 2x response is illustrated in Figurę 3.11.3. 
Both Bodę plots, for lx and 2x components represent the main qualitative features of 
the rotor nonlinear response to misalignment. The latter was introduced into the model, 
as an involvement of the rotor stiffness nonlinearity into dynamics of the system. 



3.11.3 Case History on Nonlinear Effects of a Side-Loaded Rotor 
Supported in One Pivoting Bronze Bushing and One 
Fluid Lubricated Bearing 

3.11.3.1 Introduction 

This case history is presented as a supplement to the section on misalignment in order to 
demonstrate an example of the nonlinear stiffness behavior and subsequent generation of 
the second harmonie in the rotor vibration spectrum. 
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The behavior of journals in fluid-lubricated bearings is usually considered linear within 
the operational rangę of eccentricities. This has brought into existence the linear theory 
of bearing coefficients (see Section 4.11 of Chapter 4). However, if the journal exhibits 
large amplitudę displacements and orbiting, so that the entire bearing clearance creates 
the arena for journal motion, the properties of the fluid film have to be considered as 
significantly nonlinear. This problem was discussed, for instance, by Kirk and Gunter, 1975 
and by Crandall, 1995. 

The subsection below presents vibration data taken from a laboratory rig. A radial force 
applied to the rotor results in a high eccentricity journal position inside the fluid lubricated 
bearing, which was thus performing in the nonlinear rangę of the fluid film. It has been 
shown that higher harmonics appear in the rotor vibration response. The second harmonie 
becomes significantly amplified when the rotational speed is approximately 0.5 of the 
rotor/bearing system first lateral resonance freąuency. Notę that there was no anisotropy 
in the rotating rotor, thus the appearance of the second harmonie is not due to the effect 
discussed in Section 1.5 of this chapter. Since shapes of orbits obtained from rotor vibra- 
tion response play a significant role in machinery diagnostics, the seąuences of journal 
orbits are also presented to accompany other formats of vibration data. With inereasing 
eccentricity, the journal lateral motion exhibits circular, elliptical, then “figurę 8”, 
and “C shaped” orbits. 

This subsection is based on the paper by Bently et al. (1998). 

3. 1 1.3.2 Description of the Rotor Rig 

A rotor carrying one 221 g disk, and supported inboard by a laterally rigid, pivoting 
bronze oilite bushing and outboard by a cylindrical oil-lubricated bearing with 6 mil radial 
clearance, was driven by a 0.1 hp electric motor (Figurę 3.1 1.4). Masses of the rotor shaft and 
journal were 848.4 and 104.8 g, respectively. The rotor was additionally supported by a radial 
isotropic spring support frame, madę of four adjustable, orthogonally mounted, S-shaped 
aluminum springs. These springs could be assumed working in their linear rangę sińce the 
displacement (~6mil) was much smaller than the length of the springs (~3 in.). By using these 
springs, not only was the effect of gravity on the rotor compensated for, but also the rest- 
position of the journal inside the bearing became adjustable within the entire clearance. The 
rig was eąuipped with a speed/angular acceleration controller, Keyphasor® transducer, and a 
set of proximity transducers mounted in XY (horizontal, vertical) configuration at the 



Vertical 

displacement 

Keyphasor transducer 




Figurę 3.1 1.4 Rotor rig. 
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fluid-lubricated bearing. This bearing was axially supplied with T10 oil. The hydrostatic 
oil pressure in the fluid-lubricated bearing was constant at 0.4 psi. 

3.11.3.3 Static Load Testing 

Since the stiffness of the flexible spring support was not previously identified, a static load 
test was performed. The rotor was not rotating during this test. The results revealed the 
nonlinear combined stiffness of the spring support, fluid film, and the rotor system. 

At the beginning of this test, the journal was centered inside the bearing. Static loads 
of (1) 0.7760 N, (2) 2.999 N, (3) 5.925 N, (4) 7.917 N, (5) 15.88 N, (6) 23.83 N, (7) 29.79 N, 
and (8) 35.72 N were applied in the horizontal direction to the rotor next to the journal, by 
using weights attached to the rotor through a string and a pulley. The weights had corre- 
sponding masses: 0.0791, 0.3057, 0.604, 0.807, 1.619, 2.429, 3.037, and 3.641 kg, respectively. 
The centerline position plot of the journal during this test is illustrated in Figurę 3.11.5. 
Figurę 3.11.6 presents the combined stiffness versus journal displacement when the rotor 
rotated at 500 rpm. As expected, the stiffness increased considerably when, due to the static 
horizontal force, the journal approached to the bearing wali. It is well known that the fluid 
film stiffness depends on the rotational speed, thus the relationship of the combined stiffness 
versus journal displacement (Figurę 3.11.6) for different rotating speeds will be numerically 
different, although qualitatively similar. 

3.11.3.4 Rotor Lateral Response Data During Start-up with 
Concentric Journal 

The journal was centered inside the bearing before the start-up run. There were sonie 
unbalance and slow roli effects in the system. The fuli spectrum Cascade plot of the lateral 
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Figurę 3.11.5 Journal centerline plot in XY coordinates for static load applied horizontally to the nonrotating 
rotor. The numbers represent successive application of the static loads. The initial load, (1), was 
used to establish an unambiguous reference point. 
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0 50 100 150 200 

Journal displacement [pm] 

Figurę 3.11.6 Combinative stiffness of the spring stand and bearing fluid film versus joumal displacement. 
In comparison with Figurę 3.11.5 the effect of fluid film rotation is visible. 



Point: BRG 1 vertical Z0° 

Point: BRG 1 horizontal Z90° right 
Machinę: rotor kit 

From 06 May 96 10:28:08 to 06 May 10:34:39 start-up 167 rpm 




T3 

E 



CL 

E 

< 



Rev vib components 



Frequency: 0.5 kCPM/div 
CCW rotation 



Fwd vib components 



Figurę 3.11.7 Fuli spectrum Cascade plot of the journal lateral vibration response during start-up. At rest and 
slow roli, the journal was centered inside the bearing clearance. Notę that the fuli spectrum 
includes the data from both horizontal and vertical probes (see Section 2.4.5 of Chapter 2). 



vibration response data during start-up, with very Iow angular acceleration, is presented 
in Figurę 3.11.7 (see Section 2.4.5 of Chapter 2). The plot indicates that the first balance 
resonance occurs at about 4200 rpm (as is well seen on the left side of the graph). Except in 
the resonance speed rangę, the rotor lx response is very isotropic; the orbits are almost 
circular (the forward vibration components are much larger than the reverse vibration 



© 2005 by Taylor & Francis Group, LLC 



BASIC ROTORDYNAMICS: EXTENDED ROTOR MODELS 



195 



components). The 2x component is negligibly smali. The fluid-induced instability threshold 
(see Chapter 4) was above the rangę of rotational speeds examined. 



3.11.3.5 Rotor Lateral Response Data During Start-up with 
Side-loaded Journal 

Using the spring stand, the journal at rest was pulled to the horizontal side of the 
bearing to 0.9 eccentricity ratio position (5.4 mil), so it operated in the nonlinear rangę of 
the fluid film. The fuli spectrum Cascade plot of the lateral vibration response data during 
a start-up run is presented in Figurę 3.11.8. The lx vibration component is now much 
smaller than the one presented in Figurę 3.11.7 and has become anisotropic; the orbits are 
highly elliptical, some of them close to straight lines. Amplitudes of the rotor 1 x responses 
are smaller, compared to the “concentric” case in Figurę 3.11.7, sińce stiffness at higher 
eccentricity is larger (see Figurę 3.11.6). 

The journal orbits in Figures 3.11.9-3.11.11 were captured every 500 rpm between the 
rotational speeds 1 500 and 4000 rpm. These figures present unfiltered (direct), filtered 1 x and 
2x orbits, respectively. The orbits in Figures 3.11.12-3.11.14 were captured every lOOrpm 
in the rotational speed rangę between 2000 and 2500rpm. Figures 3.11.12-3.11.14 present 
unfiltered (direct), filtered lx and 2x orbits, respectively. The rotor centerline plot of 
the lateral vibration response data during startup, when the journal was pulled to the side 



Point: BRG 1 vertical Z 0° 

Point: BRG 1 horizontal Z90° right 
Machinę: rotor kit 

From 06 May 96 1 1 :25:06 to 06 may 96 1 1 :43:41 start-up 224 rpm 
Window: nonę 
Spectral lines: 400 
Resolution: 15 cpm 



1x 1x 




] 




Rev vib components Frequency: 0.5 kCPM/div 

CCW rotation 



Fwd vib components 



Figurę 3.11.8 Fuli spectrum Cascade plot of the journal lateral vibration response data during start-up. At rest, 
the journal was pulled to the side of the bearing to the eccentricity ratio 0.9. During start-up, 
when the rotor orbital motion is present, the journal centerline shifts towards the center of bearing 
(see Figurę 3.11.15). 
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Figurę 3.11.9 Rotor lateral vibration response data: unfiltered orbits taken every 500 rpm: at 1510, 2000, 2500, 
3000, 3500, and 4000 rpm during start-up. At rest, the journal was pulled to the side of the 
bearing to the eccentricity ratio 0.9. Orbit fuli scalę = 2 mil pp. During the start-up, the journal 
centerline shifts towards the center of bearing to accommodate large amplitudę responses (see 
Figurę 3.11.15). 
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Figurę 3.11.10 Rotor lateral vibration response data: 1 x filtered orbits from Figurę 3.1 1.9, at 1510, 2000, 2500, 
3000, 3500, and 4000 rpm during rotor start-up. Orbit fuli scalę = 2 mil pp. At rest, the journal 
was pulled to the side of the bearing to the eccentricity rafio 0.9. 
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Figurę 3.11.11 Rotor lateral vibration response data: 2x filtered orbits presented in Figurę 3.11.9, at 1510, 
2000, 2500, 3000, 3500, and 4000 rpm during rotor start-up. Orbit fuli scalę = 0.4 mil pp. At rest, 
the journal was pulled to the side of the bearing to the eccentricity ratio 0.9. 
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Rotor lateral vibration response data around 2x resonance speed: unfiltered orbits taken every 
100 rpm: at 2000, 2100, 2200, 2300, 2400, and 2500 rpm, during start-up. Orbit fuli scalę = 2 mils 
pp. At rest, the journal was pulled to the side of the bearing to the eccentricity ratio 0.9. 
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Figurę 3.11.13 Rotor lateral vibration response data around 2x resonance speed: orbits presented in Figurę 
3.11.12, taken every 100 rpm at 2000, 2100, 2200, 2300, 2400, and 2500 rpm, during start-up 
are now 1 x filtered. Orbit fuli scalę = 2 mil pp. At rest, the journal was pulled to the side ot the 
bearing to the eccentricity ratio 0.9. 
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Figurę 3.11.14 Rotor lateral vibration response data around 2x resonance speed: 2x filtered orbits recorded 
every lOOrpm, at 2000, 2100, 2200, 2300, 2400, and 2500 rpm, during start-up. At rest, the 
journal was pulled to the side of the bearing to the eccentricity ratio 0.9. Orbit fuli scalę = 0.4 mil 
pp. Notę the anisotropy-related “split resonance” (compare with Figurę 3.4.4 in Chapter 3): the 
orbits at 2300 and 2400 rpm are almost perpendicular to each other and their orbiting direction 
is opposite. The 2x backward orbits, inclined to the right, create the raw (unfiltered) orbit in “8” 
shape (Figurę 3.11.12), the 2x forward orbit inclined to the left creates ‘C'-shape unfiltered orbit. 
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Figurę 3.11.15 Journal centerline plot in XY coordinates during start-up. At rest, the joumal was pulled to the 
horizontal side of the bearing to the eccentricity ratio 0.9 (5.4 mil, radial clearance = 6mil); 
displacement scalę is thus relative to the beginning point, marked on the graph as zero. During 
the startup, the centerline shifts in the direction of rotation (as marked, counterclockwise) 
towards the center of the bearing. Numbers indicate rotational speed [rpm], 

of the bearing, is presented in Figurę 3.11.15. At lower speeds, the journal centerline 
moves vertically up, due to rotor rotation. At higher speeds, when the orbital motion 
becomes dominant, the journal drifts closer to the bearing center. With increasing speed, 
the fluid film stiffness increases and, in addition, larger orbits “push” the journal from the 
bearing side, restricted by the stiff bearing wali. 

3.11.3.6 Discussion 

The system nonlinearity, related to the fluid film in the bearing, manifests itself in 
an appearance of a 2x component in the response spectrum. This component is relatively 
large, especially when the rotational speed is close to a half of the first balance resonance. 
The ratio of the 2x to lx component magnitudes is significantly larger in the nonlinear 
case than in the linear case. Usually, in nonlinear systems, the 2x component is considered 
as a secondary effect of the 1 x component. The analysis of the simple rotor model presented 
at the beginning of this section shows that the radial force has a considerable effect on 
the appearance of the second harmonie in the response spectrum. 

With increasing rotational speed, the shape of the orbits shown in Figures 3.11.9 and 
3.11.12 change from “elliptical” shape through the “8” shape to the “C”-shape. These orbit 
shapes, which are generated mainly by the combination of synchronous (lx) response and 
large double-freąuency (2x) component, signal that the side-loaded rotor operates close to 
a half of the first balance resonance speed; this occurs each time at approximately 2300 rpm. 
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which is slightly higher than the original lx resonance (Figurę 3.11.7; notę that during this 
run the journal was concentric in the bearing). At this speed, the 2x component has the peak 
resonance amplitudę, which causes a significant change of the unfiltered orbit appearance: 
the “8” and “C”-shapes occur due to high 2x component contribution to lx component. 
Thus, from a diagnostic standpoint, the “8” orbit, transforming into “C” orbit, indicates a 
severe anisotropy and nonlinearity of the rotor system. In this region of rotational speeds, the 
1 x component dominates in the “softer and linear” direction (vertical in this case), while the 
2x component exhibits a resonance (and, therefore, dominates) in the “rigid and nonlinear” 
direction (horizontal in this case). In this particular case, the significant anisotropy and 
nonlinearity were due to the rotor journal operating under pronounced side-loaded 
conditions within the fluid-lubricated bearing clearance. 



3.11.4 Closing Remarks 

This section provided a brief insight into nonlinear effects in rotor behavior due to 
misalignment, analytically and experimentally. 

The rotor system mathematical model, representing misalignment, which was discussed in 
the first part of this section, was very simplified. In particular, it took into consideration only 
one lateral vertical modę, and did not include cross-coupling with the horizontal modę. It was 
assumed that only stiffness was affected by nonlinearity. The latter was assumed in a simple 
ąuadratic form, as a single first term of a Taylor series expansion of any nonlinear function. 
Ali these assumptions certainly affected the applicability of the results. It was demonstrated 
that even for such a simple system, the mathematical expressions became ąuite complex, and 
the analysis leading to the analytical solution was notably cumbersome. On the other hand, 
the system model simplicity allowed for obtaining meaningful approximate qualitative results 
for the response vectors, as functions of the rotational speed. Thus, the model adeąuately 
illustrated the most pronounced features of the nonlinear rotor Systems. It was shown that 
the rotor synchronous response had peak amplitudę at the rotational speed close to the linear 
system first natural freąuency. It was also shown that the rotor unbalance and radial force 
excited double-freąuency component. This 2x component amplitudę had a peak, at the 
rotational speed close to the same lx resonance speed. The 2x amplitudę had also another 
peak at a lower rotational speed, about 0.5 of the first natural freąuency of the linear system. 
This speed represents the main resonance for the 2x component of the rotor response. In the 
considered example, the appearance of 2x component in the rotor response was not caused 
by the radial constant force and rotor anisotropic stiffness, as discussed in Section 3.5 of this 
Chapter, but was due to rotor stiffness nonlinearity. 

It is well known that misalignment of rotors in machinery generates the second harmonie 
in the rotor vibration response. An appearance of the 2x component in the vibration 
spectrum is a warning signal that something is wrong with the rotating machinę. 
Nonlinearity-related misalignment malfunction of rotors can be one of these causes (the 
other, even worse, is cracking of the rotor; see Section 6.5 of Chapter 6, and Subsection 7.2.8 
of Chapter 7). 

Nonlinearities in rotor Systems may be generated by various sources. Usually, large 
lateral displacement amplitudes of the rotor trigger nonlinear effects. One such source is fluid 
film in fluid-lubricated bearings. When rotor displacements are high and orbital motion have 
large amplitudes, the journal operates within nonlinear rangę if the fluid film. The presented 
case history illustrated the rotor responses modified by nonlinearities, as well as anisotropic 
features in the fluid film. It also demonstrated the use of rotor orbits, for vibration diagnostic 
purposes in rotating machinery. 



© 2005 by Taylor & Francis Group, LLC 



204 



ROTORDYNAMICS 



NOTATION 
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damping 

viscous internal friction coefficient 
internal friction nonlinear function 

rotor support stiffness components in horizontal and vertical directions 
rotor stiffness in horizontal and vertical directions 
angular momentum 

rotor polar and transverse moment of inertia respectively 
moments of inertia 

moments created by the unidirectional force, P 

stability rnargin 

torąue 

rotor radial deflection in rotating coordinates 

complex conjugate of the rotor radial deflections in rotating coordinates 
modal functions 
rotor axial coordinate 

angle between the principal axes of inertia of the rotor and that of the disk 
axis parallel to the rotor axis 
loss factor 

rotor angular deflections in stationary coordinate system, sometimes referred to 
as “yaw” and "pitch” angles respectively 
torąue freąuency 

rotor lateral deflections in two orthogonal directions in rotating coordinates 
rotor angular deflections in two orthogonal directions in rotating coordinates 
rotor torsional vibration 

angular displacement (skewed rotor disk) causing rotor unbalance 
complex angular variable of the rotor 
instantaneous angle of twist of a rotor section 
electromagnetic coefficient 

angle of inclination of the major or minor axis of the elliptical orbit measured 
from axis x 

freąuency of the external rotating force 
freąuency of the electromagnetic field rotation 
rotor natural freąuency at the instability threshold 

freąuencies at which the rotor response ellipse degenerates to straight lines 
freąuency at which the rotor response ellipse degenerates into a backward- 
rotating circle 
instability threshold 



INDICES 



i, v, & integers 

x, y, z, f , rj in directions x, y, or z, or in directions f or 17, or p, v, ę or \jr p , v , 1//, <p, 

respectively 

min, max, opt minimum, maximum and optimum respectively 

n "nonlinear”; also “natural” 

peak corresponds to maximum amplitudę 

P related to the constant radial force with magnitude P 

res resonance 

rot, fix in rotating or stationary coordinates, respectively 

st related to stability 

t torsional 
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9, (p 
X 



related to angular displacements 
related to the rotor disk skewed position 



Other notations are the same as in Chapter 1. 
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CHAPTER 4 



Fluid-Related Problems in Rotor/Stator Clearances 



4.1 INTRODUCTION 



4.1.1 Some Personal Remarks 

I begin this chapter with some personal remarks. I started studying Rotor Dynamics in 
1961, while working at the Institute of Fundamental Technical Research of the Polish 
Academy of Sciences in Warsaw. Twelve years la ter, after having reviewed over 1000 papers 
and books on the subject, I published a survey paper entitled “On Rotor Dynamics”. Ali 
topics related to rotordynamic phenomena, as well as the corresponding mathematical 
models, seemed ąuite elear and elegant to me, except for rotor/fluid interaction problems. At 
that time, I was unable to find a single publication, which could convince me as to the 
correctness of the interpretations of the physical phenomena taking place in the clearances 
between the rotating and stationary parts of rotor Systems. Actually, at those times, the only 
rotor/fluid interaction Systems being considered in the rotordynamics literaturę were fluid- 
lubricated bearings, and most often, the model of the fluid-induced forces was simply a set of 
so-called “bearing coefficients”. Even when a description of the rotor/bearing dynamie 
phenomena was offered, the researchers usually presented differing and confusing points of 
view. The complexity of these phenomena, and the large number of factors affecting them, 
madę the picture extremely obscure. Even the names used to label these phenomena differed. 
The names “fluid whirl” and “fluid whip”, the fluid-induced self-excited vibrations of rotors, 
used in this book, are “generalizations” of the terms, which have appeared throughout 
the rotordynamics literaturę. Among them, there were “oil film whirl”, “oil whip”, 
“resonant whip”, “steam whirl”, “half-speed whirl”, “steam whip”, “gas swirl”, “self-excited 
vibrations”, or even just “rotor instability”. The terms “oil film whirl” and “oil whip” were 
introduced over 75 years ago, and in later publications were used together with other 
terms (see Newkirk, 1924; Newkirk et al., 1925, 1934; Robertson, 1933; Poritsky, 1953; 
Sherwood, 1953; Pinkus, 1953, 1956; Tondl, 1957, 1962, 1965a, 1967a; Hori, 1959; Gunter, 
1966; Elwell, 1961; Whitley, 1962; Ausman, 1963; McCann, 1963; Sternlicht, 1963; Cheng 
et al., 1963; Someya, 1964; Sternlicht et al., 1964; Michell et al., 1965, 1966a,b; Lund et al., 
1967; Ono et al., 1968). 

At the time when I began the survey paper, machinę monitoring was in its infancy, 
so that very little was generally known about measured fluid-related effects in rotating 
machinery behavior. Reluctantly, sińce I had many unanswered ąuestions, I devoted one of 
the sections of this survey to the topie “Dynamics of Shafts Rotating in Plain Bearings”. 

209 
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In all the literaturę, which I reviewed, the phenomena labeled "fluid whirl” and “fluid whip”, 
with a myriad of other names for these phenomena, were always discussed separately and 
each one was explained in entirely different ways. 

In most publications, there was little disagreement that “fluid whip” had the naturę of a 
self-excited vibration, and that it was caused by fluid-related forces in bearings. However, 
there was no explanation on “how actually” the fluid caused the rotor whip self-excited 
vibrations. Since the freąuency of these self-excited vibrations was the rotor natural fre- 
ąuency, and the modę corresponded to a typical rotor lateral modę, the fluid was practically 
not taken into account at all in the models offered. The inconsistency of the name "fluid 
whip” with a lack of fluid parameters in the description of this phenomenon was puzzling. 

“Fluid whirl” was most often explained by a "loss of the bearing load-carrying 
properties”, which at least partly explained the “half freąuency” characteristic. It was not 
elear what kind of vibration the fluid whirl represented. Additionally, the literaturę never 
mentioned that fluid whirl and fluid whip might occur in the same machinę! 

In 1980, while I worked as a visiting scientist at the University of Dayton in Ohio, I 
attended the First Workshop on Rotor Dynamie Instability Problems in High Performance 
Turbomachinery, held at Texas A&M University, College Station, Texas. Don Bently of 
Bently Nevada Corporation brought a smali rotor/bearing kit to the workshop, along with 
an oscilloscope, spectrum analyzer, and a portable computerized data acąuisition system. 
After the demonstration of the fluid whirl and fluid whip, he passed around copies of the 
spectrum Cascade plots presenting rotor lateral vibration, which had just been generated by 
the rotor and collected by data acąuisition eąuipment. It was fascinating! For the first time in 
my life, I saw these enigmatic phenomena pinpointed before my very eyes! The fluid whirl 
freąuency value was about 0.48 fraction of the rotational speed and a very smooth transition 
was seen to occur from the fluid whirl to the fluid whip. The latter had a constant freąuency 
corresponding to the rotor natural freąuency of the First lateral modę; this was later 
confirmed by an unbalance test. In a very short time, this demonstration answered many of 
the ąuestions, which I previously had. 

One year later, I began working with Don Bently, first at Bently Nevada Corporation 
and then, a year later, at its newly created subsidiary, Bently Rotor Dynamics Research 
Corporation (BRDRC), as a Research Manager. I stayed with the company until 1999. 

In 1982, during the Second Instability Workshop at Texas A&M University, Don and 
I presented the first experimental results we had obtained on identification of fluid forces 
in bearing clearances, which demonstrated the existence of a newly described function, the 
fluid circumferential average velocity ratio, referred to as /. (lambda). 

Four years later, I published analytical results and the basie model of fluid forces in 
rotor/stator clearances (Muszyńska, 1986a). By means of formal mathematics, with the 
parameter A, I was able to connect fluid whirl with fluid whip. I had finally answered a few 
ąuestions for myself! 



4.1.2 What this Chapter Presents 

This chapter presents the fluid force model known as the Bently/Muszynska (or B/M) 
model, which is supported by a consistent theory of the unwelcome fluid-related vibration 
phenomena in rotating machinę clearances. Experimental and analytical results are presented 
on rotor/fluid interactions in rotating machines, as obtained by Don Bently and the author 
at BRDRC between 1982 and 1999. We published over 50 papers on rotor/fluid phenomena 
during this period. The most important of these are listed in the references at the end of this 
chapter. The fluid force model so presented can be used for bearings, operating with journals 
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at low-to-medium eccentricities, as well as for seals, with or without pre-swirls and/or 
injections. The model is also applicable for other rotor-to-stator radial or axial clearances 
filled with fluid — the latter clearances exist, for example, between the stator and a balance 
piston in fluid handling machines. 

There can be no doubt that the dynamie characteristics of most rotating machines 
depend on physical phenomena taking place in rotor-surrounding fluids, particularly the 
phenomena occurring in fluid-lubricated bearings, inter-stage seals, blade-tip clearances, 
shrouded impellers or even in rotor/stator air gaps. In all these cases, the description of the 
physical situation leading to specific unwelcome dynamie phenomena can be simplified as 
“an elastically supported solid body rotating inside (or outside, see Section 4.14.7) a 
stationary containment”, with a relatively smali clearance filled with fluid (liąuid or gas) 
between them. The fluid motion is, in generał, three-dimensional. Independently of the axial 
component of the flow within the clearance, as well as minor radial components and 
secondary flows, the rotating body (a rotor in most cases), through viscous friction, forces the 
fl uid to rotate and conseąuently creates a strong circumferential flow (see Figurę 4.1.1). The 
fluid, as a result of its rotational motion, begins to participate in the system dynamics. From 
the rotational energy, new forces are generated in the fluid film, which then in feedback act 
on the rotor (Figurę 4. 1 .2). In specific circumstances, which will be discussed in the chapter, 

Fluid-lubricated 

bearing, seal or 




Figurę 4.1.1 Circumferential flow inside the rotor-to-stationary part clearance is due to rotor rotational motion. 
Fluid circumferential average velocity is aQ. 




Figurę 4.1.2 Rotor/fluid system scenario. 
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the rotor may respond with lateral self-excited vibrations, resulting in the forward, almost 
circular, orbiting known as “fluid whirl” or “fluid whip”. Both fluid whirl and fluid whip 
are unwelcome phenomena in rotating machinery, sińce they disturb the normal operation 
of the machinę, decrease efficiency, can also cause serious damage and, in extreme cases, 
catastrophic failure. 

The majority of recent publications document occurrences of fluid-related instability 
phenomena in rotating machinery at Iow rotational speeds (Kirk et al., 1980; Wachel, 1982; 
Doyle, 1980; Baxter, 1983; Schmied, 1988; Laws, 1985). Most freąuently, the fluid forces 
generated during rotating machinę operation are considered separately from the rotor 
motion, along with the assumption that the rotor rotates at constant angular velocity, is 
rigid, and has a perfect geometry. The classical literaturę on fluid-lubricated bearings, which 
concentrates on lubrication problems rather than rotor instabilities, reports only occurrences 
of fluid whirl vibrations of rigid rotors. 

When the rotor and surrounding fluid involved in the motion are considered as a single 
system, it is evident that vibration modes interact. If the fluid whirl or fluid whip vibra- 
tions occur at relatively Iow rotational speeds, the rotor will vibrate as either a rigid body 
with a freąuency proportional to the rotational speed (fluid whirl), or in the rotor first 
lateral bending modę at a constant freąuency corresponding to the first natural freąuency of 
the rotor (fluid whip). 

Fluid whirl and fluid whip were first discovered separately in different machines, 
sińce some units had operational speeds less than twice the first balance resonance speed, 
and in other machines which operated at higher speeds, the instability thresholds were greater 
than twice the first balance resonance speed (see Section 4.2). For a long time, no correla- 
tion between these two phenomena was observed. However, as measurement technology 
and experimental techniąues improved significantly about 30 years ago, it became evident 
that the fluid whirl and the fluid whip phenomena were two varieties of the same pheno- 
menon. If the instability threshold occurs at a relatively Iow rotational speed, fluid whirl 
occurs. If, then, the rotational speed increases to about twice the first balance resonance 
speed, a smooth transition from fluid whirl to fluid whip takes place (see Section 4.2). Beyond 
that, the fluid whip continues with increasing rotational speed. It is obvious that both these 
phenomena are generated by the same source. In addition, as has been morę recently 
discovered, both of these phenomena follow the generał rules of modes (Muszyńska, 1990c, 
199 lb). As the rotational speed increases further, the fluid whirl and fluid whip of the second 
modę may occur, and even higher modes of fluid whip and/or whirl may follow, although the 
appearance of higher than the second modes have not yet been documented. Problems of 
rotor multi-mode fluid whirl and fluid whip are presented in Section 4.9. 

In the field, the current confusing generał State of knowledge about fluid-induced insta- 
bilities of rotors leads to practical rotating machinery instability problems being corrected 
on an “ad hoc” basis. Most often a trial and error approach is applied, with several measures 
such as increasing rotor radial load forces, modifying the lubricant temperaturę and/or 
pressure, shortening or stiffening the shaft, or replacing bearings or seals with “morę stable” 
ones. This topie is discussed in Section 4.14. 

The results of improved modal testing procedures , adapted to the specifics of rotating 
machinery (see Section 4.8), have provided a basis for the identification of an adeąuate 
fluid force model (see Section 4.3) which is especially useful for prediction of rotor system 
thresholds of instability, as well as suggesting possible modifications of the rotor/fluid 
system. The novel nonlinear fluid force model discussed here also adeąuately describes 
the rotor post stability threshold, self-excited vibrations fluid whirl and fluid whip. The 
model can also be easily extended for many other applications. An often heard criticism 
of this model, and the theory supporting it, is that they are "phenomenological”, sińce the 
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model is perfectly adeąuate for describing and predicting observable, measurable, physical 
phenomena, the author regards as something of an accolade! 

As stated above, the most important new element in the theory being presented is the 
introduction of the fluid circumferential average velocity ratio (/.) as a nonlinear function 
of the rotor radial position (eccentricity) inside the clearance between the rotor and a bearing, 
seal, or stator. The parameter (or rather a function) X represents a measure of the circum- 
ferential flow within the rotor/stator clearances. This circumferential flow is mainly genera- 
ted and sustained by the rotation of the rotor. In order to achieve stability of the rotor 
operation, the circumferential flow can be modified, though, by either passive means, for 
example by changing the rotor/stator clearance geometry, or by active means, for example 
by means of fluid anti-swirl injections (see Section 4.5.11). 

The existing theories (Bolotin, 1963; Black, 1969; Black et al., 1970; Crandall, 1982, 1983, 
1990, 1995) consider the fluid circumferential average velocity to be constant and equal 
to half of the rotor rotational speed. The self-excited vibration fluid whirl is even called 
“half-speed vibration”. In most other popular theories, there is even no connection at all 
of rotor instabilities with circumferential flow. In all these theories, nonlinearities, if they 
are even considered, are associated with the fluid stiffness and fluid damping, only. The 
nonlinear relationship involving the function X, introduced by the author (Muszyńska, 
1986a), not only permits an adeąuate explanation of all observable and measurable 
physical phenomena, but also leads to elegant and uniąue mathematical Solutions for the 
post-threshold self-excited vibrations as well as fluid whirl and fluid whip. The fluid force 
model, implemented in the rotor model on the basis of a modal approach, permits adeąuate 
prediction of instability thresholds and provides a practical tool for controlling self-excited 
vibrations, fluid whirl and fluid whip. 

The theory presented in this chapter is backed up by many experimental results. In fact, 
this new fluid dynamie model was in the first instance identified experimentally, using modal 
perturbation testing techniąues (see Section 4.8). Several important new results have been 
obtained. Among these are the following: 

• instability threshold prediction related to strength of circumferential flow (Sections 4.3 — 4.7 
and 4.10), 

• rotor stability control measures (Sections 4.5 and 4.14), 

• instability margins (Section 4.8), 

• stability of synchronous vibrations of rotor in fluid environment (Section 4.6; Muszyńska, 
1988a), 

• application of modal testing for identification of rotor/fluid parameters (Section 4.8), 

• multi-mode fluid whirl and fluid whip (Section 4.9). 

Section 4.2 of this chapter provides a physical description of the fluid whirl and fluid 
whip phenomena. Both of these represent post-instability threshold self-excited vibrations. 
Following the classical theory of self-excited vibrations (Minorski, 1947; Stocker, 1950), it is 
shown that the freąuencies of fluid whirl and fluid whip are very close to the natural fre- 
ąuencies of the system, the closeness depending on system damping and nonlinearities. These 
natural freąuencies of the rotor/fluid system are also discussed in Section 4.2. Thus, the 
freąuency of the fluid whirl is very close to the natural freąuency of the rotor I [fluicl system. 
Probably for the first time, the classical theory of mechanical vibrations is supplemented by 
solid-fluid effects, resulting in new fluid-related natural freąuencies. Section 4.3 introduces 
the formal mathematical model of fluid forces in rotor/stationary structure clearances. This 
model is known as Bently/Muszynska (B/M) model. The model is also valid in the case of two 
rotating bodies at different freąuencies, as discussed in Section 4.14.8. Section 4.4 presents 
the natural freąuencies of rotor/fluid Systems, as well as discusses the system Dynamie 
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Stiffness. Sections 4. 5-4. 7 and 4.10 discuss applications of the fluid force model as applied 
for several rotor configurations. 

Section 4.8 provides an overview of modal testing of rotating Systems, for identification 
of rotor/fluid system characteristics and parameters. These experimental identification tests, 
which were begun over 20 years ago, provided the origins of the fluid force model discussed 
in this chapter (see Bently et al., 1982a, 1983, 1984, 1985a-c, 1986; Muszyńska et al., 1985a, 
1986a-c). These model test results are compared with results obtained by other investigators 
using different data reduction schemes. 

In Section 4.11, the B/M fluid force model, extended to an anisotropic format, is 
confronted with classical bearing (and seal) coefficients. There are simple and direct 
relationships between these two types of model. Since bearing and/or seal coefficients are still 
the most commonly used tools for implementation of bearings and/or seals into mechanical 
structures, this section provides elear formulae for assessment of instability thresholds and 
other aspects of rotor/fluid system dynamics. 

Section 4.12 discusses the B/M model as applied to poorly lubricated bearings, based on 
experimental results. Section 4.13 summarizes the formal derivation of fluid dynamie forces 
in narrow circumferential clearances having a single rotating boundary, based on the fluid 
dynamie theory. The results connect the classical theory with the B/M model. Summary of 
physical factors that affect fluid whirl and fluid whip, as well as some auxiliary results, are 
outlined in Section 4.14. 

Finally, Section 4.15 discusses possible modifications and generalizations of the B/M fluid 
force model, which are addressed to futurę investigators. 



4.2 FLUID WHIRL AND FLUID WHIP: ROTOR SELF-EXCITED VIBRATIONS 

4.2.1 Description of the Start-up Vibration Behavior of 
a Rotor/Bearing System 

Historically, the names “oil whirl” and “oil whip” were associated with the lateral 
vibrations of rotors rotating in oil-lubricated bearings, when the rotor pure rotational motion 
(usually accompanied with rotor unbalance-related synchronous orbital vibrations) becomes 
unstable. The names “whirl” and “whip” are not, however, consistent in the literaturę. In 
addition to the papers ąuoted in Section 4.1, these discrepancies in explanation of the 
fluid whirl and fluid whip phenomena occurred in such publications as Haag (1946), 
Hull (1958), Elwell (1961), Ausman (1963), McCann (1963), Sternlicht et al. (1963), Cheng 
et al. (1963), Michel et ai (1965, 1966). This fluid-related rotor instability was first identified 
in history in lubricated bearings; thus the name refers to the “oil”. Later on, the “oil whirl” 
and “oil whip” were recognized as rotor lateral self-excited vibrations — the limit cycles of 
rotor unstable rotation (Lund et al., 1967; Crandall, 1990). While there is no disagreement 
among researchers that fluid whip represents self-excited vibration, in the literaturę, 
unfortunately, not all authors agree that "fluid whirl” is ais o the self-excited yihration. as 
described by Loevy et al. (1969). 

The distinction of these fluid whirl and fluid whip phenomena can better be understood 
from the following explanation of the start-up vibration data, presented in the fuli spectrum 
Cascade format (see Section 2.4.5 of Chapter 2). 

The description of the fluid whirl and fluid whip phenomena presented below, is based on 
the dynamie behavior of a horizontal flexible rotor supported by a laterally rigid, pivoting 
bearing at the inboard end and by a plain 360° full-oil-lubricated cylindrical bearing at 
the outboard, as described by Muszyńska (1986a) (Figurę 4.2.1). The rotor was slightly 
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Figurę 4.2.1 Rotor/bearing system. A — speed controller, B — 75W electric motor, C — speed controller 
transducer, D — elastic coupling, E — Keyphasor® (once per turn) transducer, F — laterally rigid, 
pivoting brass oilite bearing, G — 9.5 mm diameter Steel shaft, H, K — four proximity eddy current 
transducers mounted in XY orthogonal configuration respectively, I — rotor disk ot mass 1.63 kg 
with some unbalance, J — a stand ot four radial spring supporting the rotor, L — oil (T-10) lubricated 
bearing with 51 mm length, 220 pm radial clearance, and two-port oil supply with 10342 Pa 
pressure. 

unbalanced and lightly radially loaded by constant radial forces (resulting in Iow eccen- 
tricity of the journal within the clearance). It was laterally almost isotropic and was driven 
through a flexible coupling by an electric motor, furnished with a speed and angular 
acceleration controller. In order to set the rotor journal at any radial position inside the 
outboard bearing clearance, adjustable radial supporting springs were attached to the rotor 
through a rolling element bearing. In particular, the concentric journal position was chosen, 
as for this demonstration it created the most favorable conditions for the unwelcome 
fluid-induced instability to occur. The stiffness forces of the spring stand and the gravity 
force were these “constant radial forces” mentioned above. 

Figures 4.2.2 and 4.2.3 present the fuli spectrum cascades of the rotor lateral vibrations 
during start-up (with Iow constant angular acceleration), measured by XY displacement eddy 
current transducers mounted, respectively, at rotor mid-span and at the fluid-lubricated 
bearing. The spectra are accompanied by seąuences of rotor unfiltered orbits at several 
rotational speeds. The orbits are magnified actual paths of the rotor centerline during lateral 
vibrations. 

At Iow rotational speeds, the only lateral vibration component in the spectrum is a smali 
synchronous vibration component (lx), due to some unbalance in the rotor (Figures 4.2.2, 
4.2.3). The rotor unbalance acts as a centrifugal rotating force, exciting rotor 1 x responses. 
At Iow rotational speeds, these synchronous yibrations are stable; an impulse perturbation 
of the rotor (by tapping the rotor using a hammer) causes a short-time transient vibration 
process, with the rotor system natural freąuencies (see Section 4.3.2), and shortly the same 
vibration pattern is re-established. 

At a higher rotational speed, the speed known as the threshold of instability, which, 
for the considered rotor/bearing system, is usually lower than the first balance-related 
resonance speed (the latter called "first balance resonance”), a new, relatively high-amplitude, 
subsynchronous component appears in the spectrum (see Figures 4.2.2 and 4.2.3, at 
about ~2400rpm). At that speed, called instability threshold, the previous rotor regime 
becomes unstable, and the overall lateral vibration amplitudes start increasing. At first, this 
amplitudę growth is almost instantaneous, then it slows down, due to activation of fluid 
film nonlinear effects at higher eccentricity in the bearing clearance, until, in barely a few 
rotations, a new State of eąuilibrium is achieved. This new component in the rotor lateral 
vibration response spectrum is the limit cycle of self-excited yibrations, known as fluid whirl 
(in this case, indeed, oil whirl). 
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Fuli spectrum Cascade of the rotor mid-span lateral vibrations with unfiltered orbits at a sequence of rotational speeds. Using information from two orthogonal 
transducers, the fuli spectrum displays forward and reverse circular amplitudę of rotor filtered elliptical orbits of all frequency components (mathematically — 
an ellipse is the locus versus time of the sum of two vectors, one rotating clockwise, the other counterclockwise at the same frequency; the fuli spectrum 
displays double values of amplitudes of these vectors: the amplitudę of the vector rotating in the direction of rotation — on the right side of the fuli spectrum 
Cascade graph, in the backward direction — on the left; see Section 2.4.5 of Chapter 2). The rotor orbit at 5370 rpm shows the fluid whirl pattern 
superimposed on 1 x vibrations, orbits at 6770 rpm and 8070 rpm show the mid-span fluid whip. All fluid whirl filtered orbits are circular; the fluid whip orbits 
are almost circular. Compare with Figurę 4.2.3. In order to assess the rotor deflection linę, notę different amplitudę scales here and in Figurę 4.2.3. 



© 2005 by Taylor & Francis Group, LLC 



216 ROTOR DYNAMI CS 



Figurę 4.2.3 
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Fuli spectrum Cascade of the journal lateral vibrations with unfiltered orbits at a sequence of rotational speeds. The orbit at 5370 rpm shows journal fluid whirl 
pattern superimposed on 1 x vibrations, orbits at 6770 rpm and 8070 rpm show journal fluid whip. Ali fluid whirl filtered orbits are circular; the fluid whip orbits 
are almost circular. Their amplitudes are as high as the bearing clearance. Notę different amplitudę scales here and in Figurę 4.2.2. 
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Figurę 4.2.4 Rotor orbit sequence during the transition between the instability threshold (smali orbits in the 
middle ot the journal) and limit cycle of self-excited vibrations — fluid whirl (large amplitudę orbits). 
The distance on the orbit between two bright dots, created by Keyphasor (see Section 2.4.1 of 
Chapter 2) represents one rotation of the rotor. Picture from oscilloscope screen in orbital modę; 
exposure during the time of about 100 rotor rotations. 

Figurę 4.2.4 presents a seąuence of rotor journal orbits during the transition from 
the instability threshold (smali orbits in the middle of the picture) to the limit cycle of the 
“fluid whirl” self-excited vibrations. Smali dots on the orbits, seen in Figures 4.2.3 and 4.2.4 
as black dots, and in Figurę 4.2.4 as white dots, are generated by pulses from the Keyphasor® 
transducer (see Section 2.4.1 of Chapter 2). Each Keyphasor dot on the rotor orbit indicates 
one rotation of the rotor, thus providing the lateral vibration-to-rotation freąuency 
relationship. Since between two consecutive dots there is one rotation, the whirl orbits of 
freąuency 0.475 Q will show two dots with the angle between them eąual to 0.475 x 
360° = 171°. On the oscilloscope screen, set in orbital modę, these two dots will appear in 
time to move in the direction against rotation, as at each two rotations, they lag the orbit fuli 
circle by 360° — 2 x 171° = 18° (Figurę 4.2.4). 

With an increase of the rotational speed, the fluid whirl persists and is stable: slight 
tapping of a rotor with a hammer creates a short-term transient response process, and 
the fluid whirl is re-established (see Sections 4.2.3 and 4.5.13). As can be seen in Figures 4.2.3 
and 4.2.4, the freąuency of fluid whirl is proportional to the rotational speed, Q, and for the 
considered system is eąual to 0.475 Q. In generał, it can be any fraction, of the rotational 
speed Q, this fraction is further denoted k (lambda); a formal defmition of k is given in 
Section 4.3. The important characteristic of the fluid whirl is that its freąuency is proportional 
to the rotational speed, thus generally this freąuency is eąual to kQ. This proportionality of 
the fluid whirl freąuency to the rotational speed can be observed on the spectrum cascades 
between about 2400 and 2600 rpm and between 4300 and 6000 rpm (Figures 4.2.2, 4.2.3). 
Notę that in most literaturę related to rotor/fluid interactions, the fluid whirl freąuency 
is assumed constant, and eąual to 0.5 Q (e.g. Bolotin, 1964; Black, 1969; Black et al., 1970; 
Crandall, 1982, 1983, 1990, 1995). The fluid whirl self-excited vibration is even traditionally 
called “half-speed whirl”. It will be shown in this Chapter that the alleviation of the 
assumption about the constant value 'A of the fluid whirl freąuency allows for morę adeąuate 
explanation of the observable phenomena. 

Fluid film nonlinear forces in the bearing clearance determine the amplitudes of the 
fluid whirl self-excited vibrations. With increasing rotational speed, these amplitudes retain 
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Figurę 4.2.5 Rotor modes during fluid whirl and fluid whip. Notę that during the fluid whirl the journal whirl phase 
slightly leads the disk phase, thus the rigid rotor has a slight torsional twist. Compare the fluid whip 
modę with the classical second modę of the elastic rotor: The relative phase between rotor two 
ends is 180°, during fluid whip this phase is about 90°, thus the rotor modę is like a corkscrew. 



almost the same, relatively high, values. The isotropy of the rotor/bearing system caused 
the journal orbits to be almost circular. The orbits are forward: the most vibration 
components are in the right side of the fuli spectrum. The fluid whirl phase at the journal 
is slightly leading the rotor mid-span phase. Since the inboard bearing is laterally rigid, 
the modę of rotor vibration at the freąuency of the fluid whirl is conical. The journal 
amplitudes are higher than those of the rotor mid-span section. The rotor behaves like a rigid 
body with a smali torsional twist (Figurę 4.2.5). 

In this rangę of rotating speeds above the instability threshold, the bearing fluid dynamie 
effects clearly dominate. As the spectra indicate, the forced synchronous (lx) vibrations 
represent a smali fraction of total vibration response. When using a Teflon stick, a radial 
unidirectional force is manually applied to the rotor, forcing it to move frorn concentric to 
eccentric position — the rotor gets stabilized, the fluid whirl disappears. At each rotational 
speed, there exists a radial journal position, corresponding to the radial force applied, which 
makes the fluid whirl vanish. In Iow rotational speed rangę, the force to move the rotor 
to such eccentric position is smali. In higher rotational speed rangę, the reąuired force is 
distinctly larger. The disappearance of the fluid whirl self-excited vibrations, when the rotor 
is moved to higher eccentricities, is related to lowering strength of the circumferential flow 
(2 reduced ) and magnified fluid film stiffness in the higher eccentricity region (see Section 4.3 
for the defmition of 2). 

As inereasing rotational speed approaches the first balance resonance, i.e. the rotor lateral 
bending modę first natural freąuency, co„, the synchronous, lx vibration amplitudes 
start inereasing. In this condition, the force of rotating unbalance pushes the journal to the 
walls of the bearing in the rotational fashion. This effect is very similar to the pushing of 
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the journal to the bearing side using the Teflon stick: in the latter situation, the journal is 
moved to the higher eccentricity in linear unidirectional fashion. In the case of unbalance 
force, it is moved to higher eccentricity in the rotational fashion. The physical effects in 
both cases are, however, similar. This problem is discussed in Section 4.6. Within the rangę 
of rotational speeds around the first balance resonance speed, the action of the unbalance 
force temporarily suppresses the fluid whirl, causing the flow pattern to change, and the 
fluid-film radial stiffness to increase. In both cases, either unbalance force, or external 
radial force provided by manually pushing the Teflon stick, the cessation of tlie fluid whirl 
follows. The unbalance force acts similarly to a radial constant unidirectional force (such 
as gravity or misalignment-related force), forcing the journal to increase its eccentricity. With 
the journal at a higher eccentricity, modification of the flow pattern in the bearing occurs 
(from a dominantly circumferential to a dominantly axial flow). At higher eccentricity, 
an increase of the fluid-film radial stiffness and a decrease of X, which represents the 
weakening circumferential flow, stabilize the rotor: the fluid whirl ceases. 

In the synchronous (lx) resonance rotational speed rangę, unbalance-related forced 
synchronous vibrations dominate, reaching the highest amplitudes at a resonance freąuency 
of the first lateral bending modę, co„. The bearing fluid effects now yield priority to the elastic 
rotor dynamie effects. 

The width of the rotational speed rangę over which there is no fluid whirl depends on 
the amount of rotor unbalance and, conseąuently, on amplitudę magnitudes of the lx 
vibrations. For a well-balanced rotor, this rangę is reduced to zero and, with the increase 
of the rotational speed, the fluid whirl continues without any interruption (see Section 4.6.6). 

Above the first balance resonance speed, with still steadily inereasing rotational speed, 
after passing the resonance, the lx amplitudes decrease, the flow pattern in the bearing 
returns to predominantly circumferential flow, and the fluid forces come back into action. 
The fluid whirl re-occurs at the second threshold (onset) of instahility. The fluid whirl con- 
tinues with further increase of the rotational speed (see Figures 4.2.2 and 4.2.3 at about 
4500 rpm, and above). This subject is further discussed in Section 4.6 of this Chapter. The 
re-occurred fluid whirl characteristics are similar to those in the lower rotational speed rangę, 
maintaining the same proportionality X of its freąuency to the rotational speed. 

When the rotational speed approaches a value about twice the first balance resonance 
freąuency (actually, this speed is close to the inverse of X times the first natural freąuency, 
cl >„ , and in the considered case, it is (1/0.475 = 2.11) &>„; see Sections 4.6 and 4.7), the whirl 
freąuency no longer maintains proportionality to the rotational speed. The freąuency ratio 
starts decreasing, while fluid whirl amplitudes, especially those at the mid-span location, 
significantly increase. At the end of this smooth “hyperbola-like” transition, the freąuency 
of the resulting self-excited vibrations asymptotically approaches a constant freąuency, 
which corresponds to the rotor first natural freąuency, u>„ of the lateral modę of a flexible 
rotor in both rigid bearings. This self-excited ribration is called fluid whip. At this freąuency, 
the rotor modę is no longer a conical, rigid body motion. Now the modę corresponds to 
the rotor first bending modę natural freąuency, which looks like half of a sinusoid, but with a 
torsional twist (Figurę 4.2.5). The rotor parameters, its mass, stiffness and external dump- 
ing become dominant dynamie factors. The fluid whip orbits at the journal are almost 
circular, forward, and their amplitudes are approximately eąual to the bearing clearance; 
thus at this end the rotor support acts now as a rigid one. The journal slides around the 
bearing walls with almost no fluid film between. (Sometimes the journal amplitudes exceed 
even the bearing clearance, if the bearing itself is flexible; notę that to observe this, the journal 
lateral vibration measuring transducers must be mounted outside the bearing.) 

During fluid whip, the rotor orbits at the mid-span are much larger than those at 
the journal and are slightly elliptical, sińce the rotor system support has some residual 
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lateral anisotropy. The unfiltered orbits in Figures 4.2.2 and 4.2.3 show the effect of two 
major freąuency component interactions: self-excited plus unbalance-excited 1 x vibrations. 
With further increase of the rotational speed, the rotor continues to vibrate in this self-excited 
regime like at its “resonance conditions” of the first lateral bending modę. 

Similar to fluid whirl, the fluid whip is a ąuite stable regime. When tapped using 
a hammer, the rotor responds with a short transient process, leading back to the same fluid 
whip regime. 

When using a Teflon stick, a unidirectional force is applied to the rotor, and the journal is 
forced to move from rotationally concentric to eccentric position in any selected radial 
direction. As a result, the rotor gets stabilized. In order to stabilize the rotor from its fluid 
whip regime, the reąuired force to move the rotor to the side is ąuite high, in comparison to 
the same effort applied to stabilize rotor from the fluid whirl regime at lower rotational 
speed. When the radial force is removed, the rotor always returns to the same whirl or whip 
regime. 

If, due to an external supply system, fluid pressure inside the rotor/bearing clearance 
increases, then the fluid film radial stiffness increases. This relationship is almost linear over 
a wide rangę of pressures. The fluid pressure plays, therefore, a positive role in the ąuest of 
suppressing the fluid whirl and fluid whip (see Section 4.6.9). 

Among the described dynamie phenomena, there is a elear distinction related to their 
naturę: (a) rotor synchronous lateral vibration (lx) due to unbalance, and (b) rotor fluid- 
related vibration. The first type is usually referred to as forced vibration. The rotating 
periodic inertia force due to unbalance, considered “external” to the rotor lateral modę, 
as the coupling with the torsional modę has been neglected, causes the rotor response with the 
same freąuency. The resulting motion has the form of classical synchronous (lx) excited 
vibration with a resonance, when the rotational speed (the freąuency of the unbalance-related 
exciting force) coincides with the natural freąuency of the rotor lateral modę. 

As there is no other external force to excite the vibrations, the second type of vibration 
is referred to as self-excited vibrations, occurring due to an internal feedback mechanism 
transferring the rotational energy into vibrations. Self-excited vibrations cannot arise 
in a conservative or “passive” structure, with no energy supply (in stationary, nonrotating 
Systems, in particular). In passive structures, free vibrations (with natural freąuencies) 
following an external perturbing impulse, have a decaying character, due to the stabilizing 
effect of damping, naturally existing in the system. Another situation takes place if the 
system is subject to a constant supply of energy (an “active”, nonconservative structure). Weil 
recognized, for example, are steady wind-induced vibrations, known as flutter. The rotat- 
ing machinę also belongs to such “active” system category. The internal energy transfer 
mechanism — in this case a rotor-surrounding fluid involvement in motion — uses a part of 
the rotational energy, which comes in a constant supply, to create fluid dynamie forces, 
having the direction opposite to the damping force. The result consists of reduction, then, with 
their inereasing value, a nullification of effective damping, the stabilizing factor. In such 
conditions, free vibrations do not have the decaying character any morę (effect like “a 
negative damping”). Beyond the instability threshold (which is usually easily determined 
by simple linear models of the Systems), while unstable vibration amplitudę grows, causing 
the rotor deflection to increase, nonlinear factors (in the fluid whirl case — nonlinearities 
of the fluid film force) become significant, and they eventually limit the amplitudes’ growth. 
Vibrations become periodic with constant amplitudes. A stable limit cycle of self-excited 
vibrations is reached. Following the basie rule of self-exciting vibrations, their vibration 
freąuency is close to one of the system natural freąuencies (usually the lowest) at the 
instability threshold. In view of this fact, the product of X the and rotational speed is one of 
the system natural freąuencies (see Section 4.2.2). This represents practically observed cases 
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of both fluid whirl and fluid whip. As the fluid whirl and whip occur in the system having 
a constant energy supply through rotor rotation, the resulting vibration is referred to as 
self-excited. The last term is also closely related to the nonlinear character of the phenomena. 
In particular, sizes of the fluid whirl/whip orbits (limit cycle vibration amplitudes) are 
determined by the nonlinear factors in the fluid film (for the fluid whirl), and determined by 
the mechanical parameters of the rotor (for the fluid whip). In the latter case, not so much the 
fluid film, but the bearing clearance itself is the main factor in the fluid whip modę of 
the rotor. 

Thus, both fluid whirl and fluid whip are self-excited vibrations — two varieties of the 
same phenomenon, known also as fluid-induced instabilities of rotors. One may ask why they 
are named differently. The names “fluid whirl” and “fluid whip” have a long history. They 
were independently discovered in different fluid-handling machines: the fluid whirl in 
machines with operating speed lower than twice first balance resonance speed, the fluid whip 
in high speed machines with the threshold of instability larger than twice first balance 
resonance. Since the fluid whirl and fluid whip were observed independently, in different 
circumstances, nobody at that time connected them together. 

As has been mentioned in the Introduction, the literaturę on Rotordynamics contains a 
number of different names attached to the above-described phenomena, as many researchers 
discovered these phenomena independently. (The nomenclature in Rotordynamic literaturę 
is unfortunately inconsistent. Freąuently sonie names acquired different connotations; one 
of these names is “whirl”, often meaning rotor orbital lateral motion in generał, like 
“orbiting” or “precession”; the whirl is used in this book only as “fluid whirl”, self-excited 
vibration, and “orbiting” is used for rotor generał lateral vibrational behavior). 

In various fluid-handling machines and machines furnished with fluid lubricated bear- 
ings and/or seals, the above-described phenomena of fluid whirl and fluid whip may take 
slightly different forms, as other factors may affect the system dynamie behavior. Generally, 
however, similar patterns of these fluid-related machinę malfunctions are expected. 



4.2.2 Fluid-Related Natural Frequency of the Rotor/Fluid System 

Both fluid whirl and fluid whip are self-excited vibrations. From the nonlinear vibration 
theory, it is well known that the self-excited vibrations, as limit cycles of transition from an 
unstable modę, starting at the instability onset, are conditioned by a source of constant 
energy supply and by system nonlinearities. In the considered case, the constant energy 
supply to sustain the self-excited vibrations is provided by the rotor rotation. It is also known 
from the theory that the limit cycle self-excited vibration freąuency is weakly sensitive to 
nonlinearities, and is almost eąual to a natural freąuency of the system at the instability onset. 
There is no doubt about such a relationship in the case of the fluid whip; its freąuency 
corresponds to the rotor natural freąuency of the rotor first bending modę. The following 
important conclusion for fluid whirl emerges: The fluid whirl freąuency, k£2, must be eąual or 
very close to a natural freąuency of the rotor/bearing fluid system (see Sections 4.6 and 4.7; 
for the definition of k see Section 4.3.1). Some authors (Pinkus, 1953, 1956; Tondl, 1965b) 
considered that ViQ was the system natural freąuency. In contrast to classical natural 
freąuencies of linear mechanical systems, which are mainly based upon stiffness and mass, 
this fluid whirl natural freąuency is fluid-related, and its dominant characteristic is associated 
with fluid viscous damping. In fact, due to dominant circumferential flow in the bearing, the 
radial damping in the fluid film is high and usually has an over-critical value. 

There is also an important difference in the fluid film damping force behavior in rotor/ 
stator clearances, in comparison to classical dashpot damping, which become a classical 
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viscous damping force representation. Actually, in the case of seals and lightly loaded 
bearings, and in all other physical situations of a rotating body within a smali clearance, the 
fluid damping force rotates. It means that the dashpot, classically representing the viscous 
damping force, is no longer stationary, but rotates at the angular relocity IQ. Thus the fluid 
force in a bearing, or seal, or any other similar situation, is represented by only one rotat- 
ing dashpot. In the Rotordynamic literaturę four stationary radial dashpots consistently 
appear, with 45° between them. This is an entirely incorrect and misleading illustration 
of the damping forces in bearings and seals, as two of these dashpots depicted at 45° are, 
in fact, not at all radial, but tangential, thus perpendicular to the radial direction (see 
Section 4.11). 

In the fluid force mathematical model, which will be introduced in Section 4.3, the 
dashpot performs not only radial motion, providing classical damping force, but it also 
rotates. The dashpot rotation inside the clearance generates an additional, angular velocity- 
related force, acting on the rotor in the tangential direction, which adds to the original 
radial damping force. This tangential force is the ultimate driring agent for the fluid whirl and 
fluid whip to occur. In the next section, the formal fluid force model, which was identified 
by modal perturbation testing (see Section 4.8), will be presented. Besides the rotating fluid 
linear and nonlinear damping, this model contains also fluid radial linear and nonlinear 
stiffness, as well as rotating fluid inertia effect (Figurę 4.2.6). 

The energy to sustain the self-excited vibrations (both fluid whirl and fluid whip) origi- 
nates from the rotational motion of the rotor. The rotor concentrically rotating inside the 
clearance (and possibly synchronously laterally orbiting with a smali amplitudę) drags 
the surrounded fluid into rotational motion. After some transient process, the fluid exhibits 
a regular pattern of motion. The angular velocity of the fluid layer next to the rotor is 
the same as its rotational speed, Q\ the fluid layer next to the bearing (or seal, or stator) 
has zero velocity. Figurę 4.1.1 illustrates the fluid velocity diagram averaged in the axial 
direction. Without pre-swirl or anti-swirl, which will be discussed in Section 4.5.11, the fluid 
circumferential average angular velocity is close to 'A of the rotor rotational speed, Q. 
Actually, it is very seldom exactly equal to Q /2 (due to friction losses, axial and secondary 
flow losses, etc.). The fluid average velocity in clearances varies also in assorted types of 

Fluid 




Figurę 4.2.6 Fluid force model: circumferential flow-related radial spring, dashpot, and fluid inertia rotate in the 
clearance with rotational speed XQ. 
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bearings and seals; it signiflcantly depends on rotor-to-stationary part geometry, and on 
the rotating machinę operating conditions. In bearings, the design of the lubricant supply 
system also plays an important role. 

It was, therefore, reasonable to introduce a coefficient, or rather a function of several 
arguments, describing the fluid circumferential arerage relocity ratio. X, instead of a constant 
value, 14, as commonly used in the rotordynamic literaturę. As will be presented in the 
following sections, the function X becomes an important key factor in solving rotor/fluid 
stability problems. 

The fluid circumferential pattern for a steadily rotating concentric rotor within the 
clearance is well recognized. The conseąuences of this pattern are very important. The fluid 
involved in motion generates a dynamie effect and, conseąuently, creates fluid-related 
rotating forces, which in feedback act on the rotor, dragging it in lateral orbital motion, 
ending up in limit cycles of the fluid whirl and/or whip, when the rotor system threshold of 
stability is exceeded. 

Observation of the fluid whirl/whip initiation indicates that the loss of rotor stability, 
followed by the self-excited vibrations, is associated with the strong fluid circumferential 
regular flow , which is dominant in the flow pattern. This fact has been well known to 
the bearing designers. Any geometrie shape of the bearing, different from cylindrical, is better 
for the rotor/bearing stability (Figurę 4.2.7). The grooves, lobes, etc., cause the regularity of 
the circumferential flow to be broken and the circumferential flow strength lowered due 
to vortices in cavities, and due to axial and/or baekward flows. Conseąuently, the fluid 








Figurę 4.2.7 Types of fluid-lubricated bearings which are “morę stable" than the cylindrical bearings. They 
produce lower fluid circumferential average yelocity ratio. 
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circumferential flow becomes weaker, and the fluid average velocity rafio becomes lower in 
comparison with plain cylindrical bearings. 

When a rotor is displaced from its concentric position inside the bearing, seal, or stator 
clearance, the fluid circumferential average velocity decreases (Figures 4.2.8 and 4.2.9). 
Again, however, the fluid circumferential average velocity per cycle can be associated with 
the fluid circumferential pattern of motion: its value is smaller, however, than in the 
concentric rotor case, because of possible secondary flows and increased strength of the axial 
and backward flows. In the limit of eccentricity, when the rotor approaches the bearing (or 
seal, or stator) wali, the fluid circumferential average velocity becomes zero: usually in this 
situation, there is no such dominant periodic circumferential pattern of the fluid motion as 
described above any morę. The fluid average velocity ratio represents, therefore, a decreasing 
function of the rotor eccentricity (Figurę 4.2.9), beginning at a largest value Ao, for a 
concentric rotor, and reaching zero for the rotor eccentricity approaching the bearing, seal, 
or stator wali. This experimentally conflrmed behavior is discussed in Section 4.3.2. 

Systems which supply fluid into the clearance, and their operational conditions may 
significantly affect the magnitude of the fluid circumferential average velocity ratio, as 
they may suppress or create an additional circumferential flow. This subject is discussed in 
Sections 4.5.3 and 4.5.11. 




Figurę 4.2.8 Fluid circumferential average angular velocity for eccentric rotor within the clearance. 




Figurę 4.2.9 Qualitative representation of the fluid circumferential average velocity ratio versus rotor eccentricity 
(c = radial clearance, |z| = rotor radial displacement, eccentricity). 
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The analysis of rotor/fluid Systems, similar to those described above, has generated 
several important results. Among them are: (a) Extension of Modal Analysis to encompass 
fluid/solid interaction effects, including higher modę fluid whirls and fluid whips (Section 4.9), 
(b) Adjustment of the fluid force models in seals, and lightly loaded bearings (originally 
published by Muszyńska, 1986a, 1988a), and (c) Extension of the fluid force model for other 
cases, such as blade tip clearance, shrouded impellers, and rotating stall cases (Bently, 1994; 
Muszyńska, 1998c; Bently et al., 2001). 



4.2.3 Stability Versus Instability. Practical Stability of a Rotating Machinę 

Very often fluid whirl and fluid whip are described as “unstable” rotor motion, in a sense 
which is rather close to the terms “undesirable”, or “unacceptable”, or “unwelcome” rotor 
vibrations. Obviously, fluid whirl/whip vibrations are highly undesirable; they disturb 
the machine’s normal functioning by taking energy away from the main operation related 
to rotor rotation, and due to high-amplitude lateral vibrations in resonance-like condi- 
tions, threaten with further damage to the machinę. The machinę “normal operation” is 
usually associated with pure rotational motion of the rotor, around an adeąuate axis 
and following a suitable, designed, rotational speed. This is normally the only regime 
of motion that is reąuired for the rotational machinę operation. The occurrence of the fluid 
whirl/whip vibrations signifies that this pure rotational regime (accompanied often by forced 
unbalance-related synchronous vibrations with limited amplitudes), becomes unstable , 
and the fluid whirl/whip vibrations, as a limit cycle of the rotor unwinding unstable lateral 
motion, represent a stable regime (Figurę 4.2.4). The term “stability” is used here in the 
most popular sense (following the classical Lyapunov’s definition of stability “in the smali” 
(Minorski, 1947; Stocker, 1950). Beyond the instability threshold, the pure rotational 
motion (meaning zero lateral vibration of the rotor) is unstable. The fluid whirl/whip lateral 
vibrations are stable. They exist, and any impulse perturbation (using, for instance, a 
hammer) cannot significantly modify their pattern. If perturbed, after a short-time transient 
process, the fluid whirl/whip pattern is reestablished. 

The rotor fluid whirl or fluid whip vibrations are certainly not welcome, as they disturb 
the machinę operation. In this sense, the machinę is “practically unstable”, as it cannot 
efficiently perform the designed work. A practical definition of stability for the rotating 
machinę is, therefore, as follows: 

“A rotating machinę is stable if its normal operation associated with rotor rotational motion 
is not accompanied by any other modes of \ibrations of the rotor itself or any other elements of 
the machinę structure. If, however, some yibrations occur, then in order to fulfill the practical 
stability conditions, their magnitudes must be lower than the assigned, acceptable limits”. 

On the basis of this definition, the rotor fluid whirl and fluid whip vibrations represent 
unstable regimes. 



4.2.4 Fluid Whirl and Fluid Whip in Seals and in Fluid-Handling Machines 

The name “oil whirl/whip” has traditionally been associated with rotor/oil lubri- 
cated bearing instability problems, which historically were first recognized and analyzed. 
During the last several decades, other forms of rotor/fluid-related instabilities have been 
identified and reported. In particular, such instabilities were observed in rotor/seal Systems, 
and in fluid-handling machines due to effects of the process fluid (Alford, 1965; Vance 
et al., 1982; Franklin et al., 1984; Massey, 1985; Iwatsubo et al., 1988; Childs et al., 1988; 
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Adams et al., 1988). That is why the attribute “oil” has been dropped, and replaced by 
generic “fluid”, implying that not only oil as bearing lubricant, has been responsible for rotor 
instabilities. Some other names were also associated with the resulting rotor lateral 
subsynchronous vibrations. One of them was “swirl”. This name became popular recently 
through the “anti-swirl” techniąue for seals (Ambrosch et al., 1981; Miller, 1983; Kirk et al., 
1985; Wyssmann, 1986; Brown et al., 1986; Muszyńska et al., 1988b; Bently et al., 1989), 
which is presented in Section 4.5.11 of this Chapter. As all reported phenomena were, 
however, very similar, in occurrences, to the fluid whirl and/or fluid whip, and as it will be 
shown in the following sections, their mathematical models are similar, it seems, therefore, 
morę logical to choose a comrnon name. That is why the above-described self-excited 
vibrations are called “fluid whirl” and “fluid whip”. 



4.2.5 Summary 

In summary, this section described “fluid whirl” and "fluid whip” phenomena occurring 
in rotating machines as an effect of the rotor/fluid interaction. The fluid whirl and fluid whip 
both are self-excited, forward, lateral, orbital vibrations of the rotor, drawing energy front 
rotation. Their amplitudes are determined by nonlinear factors of the system. The fluid whirl 
and fluid whip are both often referred to as “rotor instabilities”, in the sense that the rotor 
pure rotational rnotion, usually accompanied by some rotor unbalance-related synchronous 
vibrations, becomes unstable. According to Lyapunov’s definition, the “fluid whirl” and 
“fluid whip” are stable, but, sińce they are highly undesirable regimes, they make the rotating 
machinę “practically” unstable. A definition of “Practical Stability” of the rotating machinę 
has been given. The fluid whirl and fluid whip represent periodic limit cycles of self-excited 
vibrations, occurring when the rotor instability threshold, determined by linear character- 
istics of the system, is exceeded. The freąuencies of both fluid whirl and fluid whip are very 
close in value to the system natural freąuencies. The fluid whip has usually the natural 
freąuency of the rotor first bending modę. The fluid whirl has the freąuency XQ, thus this 
freąuency has been identified as proportional to the rotational speed, with a multiplier X, 
natned “fluid circumferential average velocity ratio”. The physical meaning and importance 
of X will be discussed in the next section. The amplitudę of the fluid whirl is rnainly deter- 
mined by fluid film nonlinear characteristics. In the presented experimental example, the fluid 
whirl modę was conical with a slight twist, as at the source of instability, the fluid-induced 
vibration has always a leading phase. The fluid whip amplitudes of the rotor at anti-nodal 
locations may become very high, as the rotor vibrates at its resonance conditions of the first 
lateral-bending rnode. This modę, however, differs by the phase front the typical first rnode 
at the balance resonance: the rotor centerline is not planar, but resentbles a corkscrew. 
Again, the leading phase is at the journal, the source of instability. At the fluid whip, the 
journal slides around the bearing wali; thus this bearing practically acts like a rigid one. 
While the fluid whip rnode is “mechanical”, the source of it remains in the bearing clearance. 



4.3 MATHEMATICAL MODEL OF FLUID FORCES IN 
ROTOR/STATOR CLEARANCES 



4.3.1 Fluid Force Model 

In this section, the mathematical model of fluid forces on rotor/stator clearances will 
be derived. The emphasis is on such fluid forces, which lead to the rotor instabilities of 
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the fluid whirl and fluid whip type. Sonie qualitative features of the model were adopted 
from analytical results obtained previously by Bolotin (1964), Black (1969), Black et al. 
(1970), Crandall (1982), Allaire et al. (1981), and Tam (1986). Their proposed models have 
not, however, been fully developed, or exploited, and they were not popular. 

The derivation of fluid forces in bearings or seals or any circumferential space between 
“a rotating and nonrotating cylinders” filled with fluid, is based on the consideration that 
the fluid rotation (dragged through viscous friction into circumferential motion by rotor 
rotation) and thus its circumferential flow, play an appreciable role in resulting dynamie 
phenomena and have, therefore, a significant effect on rotor dynamie behavior. 

The assumption on the “nonrotating” cylinder, and the assumption on “rotation of 
the other cylinder, as the only source of circumferential flow within the clearance” must 
be immediately improved and supplemented: Fluid preswirls and injections may signifi- 
cantly alter the circumferential flow. The “cylinder”, as the specific shape, is not a necessary 
assumption. The geometrie shapes of the above-mentioned elements do not have to be 
cylindrical (although rotors usually are). In addition, sometimes not only one, but also 
both, bodies may be involved in rotational motion, causing fluid whirl vibrations related 
to their resulting much higher fluid circumferential average velocity (Franklin et al. 1984, see 
Section 4.14.8). 

In the following presentation, an assessment of the original assumptions is attempted 
in simplified terms. It is assumed, at the beginning, that when the rotor is rotating centerecl , 
in the clearance of a bearing, or a seal, or other rotor/stator clearance space, the fully 
developed fluid flow is established in the circumferential direction; that is, on the average, 
the fluid is rotating at the ratę 1Q, where Q is the rotor rotational speed and 2 is the fluid 
circumferential average velocity ratio (Figurę 4.3.1). At this point, the considerations here 
differ from those of other authors (such as Bolotin, 1964; Black, 1969; Black et al., 1970; 
Crandall, 1982, 1983), who assume that 2 = 0.5, and is always constant, in spite of practical 
evidences reported from the field. It is supposed that lateral vibrations of the rotor are 
smali enough to make modifications of this pattern negligible in the average sense; thus, the 
radial component of the fluid flow pattern is neglected. It is assumed that the axial 
flow component affects values of the fluid forces in the piane XY perpendicular to the rotor 
axis in a parametric way only, i.e. the amount of fluid in the circumferential pattern may be 
modified by changes in the axial flow, and thus the axial flow may alter the circumferential 
average velocity ratio, 2. It is assumed, however, that there is no feedback, i.e. the fluid axial 
motion is uncoupled from the circumferential motion, and, as such, is not investigated here. 

Notę that there are two reasons that the rotor rotation-related regular circumferential 
flow in rotor/stator clearances cannot be separated into classical Couette flow patterns 
(see Appendix 7). The first reason is due to the fact that the rotor is elastically supported, thus 
has freedom to move within the clearance. The second reason is that, in most cases, there 
exists an input/output lubricant flow in most bearings and leakage axial flow in seals. The 
latter creatc forced flows through the clearance. 

The vital assumption is that the fluid force, which results from averaging the circum- 
ferential and radial flow components, is rotating at angular relocity /Q , assuming, at this 
point, that 2 is constant. In the reference coordinates x r , y r , rotating at the ratę /li 
(Figurę 4.3.1), the fluid force, F R , can be written as follows: 



Fr = [A 0 + ^(\z r \)\z r + [D + f D (\z r \)\ż r + Mf'ż r 



(4.3.1) 



where 
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Fluid average 





Figurę 4.3.1 Fluid force model: a radial fluid force represented by a spring, dashpot, and fluid inertia is 
attached to the rotating coordinate system, which rotates within annular clearance at angular 
velocity Ż.Q . 



In Eq. (4.3.1), z r (t) represents rotor lateral motion as a function of time t, expressed in 
the rotating coordinates; Kq, D, and Mf are fluid film radial stiffness, damping, and inertia 
coefficients respectively. The fluid force has, therefore, a typical format of most common 
forces occurring in mechanical Systems. In fluid-lubricated bearing analyses, the stiffness 
and damping forces are usually taken into account, fluid inertia being omitted. Consistent 
with the assumptions inherent in reducing the Navier-Stokes eąuations to the Reynolds 
eąuation, the conventional laminar, thin film lubrication theory ignores the inertia forces 
in the fluid film (Schlichting, 1960; Pinkus et al., 1961). This is theoretically justified for 
smali values of the Reynolds numbers (of order of 1). On the other hand, the assumption on 
the laminar flow ceases to be valid when there is a transition to either Taylor vortex flow 
or to turbulence flow, which, for fluid-lubricated bearings, occurs at a Reynolds number of 
approximately 1000-1500. Thus, there is an intermediate rangę, where fluid inertia effects 
become noticeable, without affecting the assumption of laminar flow. Using nonsynchronous 
perturbation testing (see Section 4.8 of this Chapter) the fluid inertia terms in the fluid force 
were always clearly present and identified. Additional reasoning behind omitting the fluid 
inertia effect in fluid-lubricated bearings is discussed in Section 4.11 of this Chapter. 
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Figurę 4.3.2 Model of the fluid film radial stiffness. The springs have nonlinear characteristics. 




Figurę 4.3.3 Fluid film radial stiffness versus rotor eccentricity (c= radial clearance, |z| = rotor radial 
displacement, eccentricity). 



In Eq. (4.3.1) the functions r// and \ j/ D are respectively nonlinear stiffness and damping 
functions of the rotor radial displacement \z r \, in a very generał form: It is assumed that 
these functions have analytical character (or at least are continuous, with continuom first 
derivatives), and that i/r(0) = i///>(0) = 0. It is well known that the fluid film generated by 
the rotor rotation provides a distinct radial stiffness, similarly to a rotor supported in 
a number of radial springs (Figurę 4.3.2). When the rotor eccentricity becomes higher, this 
stiffness increases. If the rotor reaches the bearing (or seal or stator) wali, the stiffness tends 
to infmity (actually, not “infinity”, but to the stiffness of the seal or bearing or stator itself, 
as a solid deformable body; this stiffness is, however, much higher than the stiffness of the 
fluid film; Figurę 4.3.3). Similarly, the damping generally increases with rotor eccentricity, 
with possibly not ąuite uniform growth (Bently et al., 1985b). 

The fluid force (4.3.1) in the rotating coordinates x r ,y r is radial and has nonlinear 
character. Following experimental observations, it is assumed that both radial stiffness 
and damping components of the fluid force increase their values with increasing rotor 
eccentricity, z r . 

It is assumed at this point that the rotor system is laterally isotropic (symmetric), which 
allows for the conventional use of the complex number formalism. 
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Assuming that X is constant, the fluid force Fin the stationary reference coordinates, XY 
(Figurę 4.3.1) will have the following form: 

F — [K (} + 4r(\z\)]z + [D + i/ D (\z\)](ż — jXQz ) + Mf[z — 2jXQż — X 2 Q 2 z), (4.3.2) 

where z — x + jy is rotor lateral displacement expressed in the stationary coordinate 
system XY (Figurę 4.3.1), and ]z| - y/x 2 + y 2 . The relationship z r — ze ~^ Qt represents 
transformation from the rotating to fixed coordinates. Notę that \z r \ = \z\. The fluid force 
model represented by Eq. (4.3.2) is known as the Bently/Muszynska (B/M) model. 

If the rotor is displaced to an eccentric position, the fluid circumferential average 
velocity slightly decreases due to changes in the flow (Figurę 4.2.8). Following the consi- 
derations discussed below, the fluid circumferential average velocity ratio, X, is a decreasing 
function* of the rotor radial displacement, |z|, reaching zero when the displacement covers 
all radial clearance, c (see Figurę 4.2.9): 



2 = X(\z\) 



(4.3.3) 



with 



1(0) = lo and X(c) = 0 



(4.3.4) 



There exist analytical results, which indicate that the fluid circumferential average velo- 
city ratio, X, is a decreasing function of the journal eccentricity (see Section 4.11 of this 
Chapter). As an example, in 1981 Allaire and Flack published an analytically calculated 
relationships, between the “whirl ratio” and Sommerfeld number for four different bear- 
ings (Figurę 4.3.4). Notę that the “whirl ratio” used in rotordynamic literaturę as the ratio 
between rotor fluid whirl self-excited vibrations and rotational freąuencies, corresponds 
closely to fluid circumferential average velocity ratio, X, introduced in this book (see 
Section 4.2 of this Chapter). In the publication by Allaire et al. (1981), the Sommerfeld 
number, S, was defined as: 






2 Q 

P 



where t? is lubricant viscosity [kg/(m s)], L, R , c are rotor journal radius, length and radial 
clearance, respectively, C2 is rotational speed, and P is magnitude of radial force applied 
to the rotor journal. Since the journal radial displacement, |z|, as well as its eccentricity ratio, 
e — |z|/c are proportional to the force P , the Sommerfeld number is seen to be as inversely 
proportional to displacement, thus 



5 



1 

e 



Figurę 4.3.4 presents, therefore also a relationship between fluid circumferential average 
velocity ratio, X, and journal eccentricity ratio, e, which should be plotted from right to left. 
From these graphs, it is elear that X is a decreasing function of journal eccentricity. From 



*The functional relationship X = A(| -| ) = A(|r r |) can be introduced earlier, before the transformation leading from 
Eq. (4.3.1) to Eq. (4.3.2) is performed. The fluid force model (4.3.2) will then have four additional yelocity- and 
acceleration-related terms, with a multiplier (dA/d t) = [(&X/ &\z\)(xx + yy)/\z\\t. These terms should be considered in 
the model for any transient analysis. For steady-state Solutions that will be discussed in Sections 4.5 and 4.6, these 
terms become zeros, and are omitted in the models. 
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Sommerfeld number, S 

Figurę 4.3.4 ‘Whirl ratio’ versus Sommerfeld number for four different bearings. Courtesy of Allaire and Flack, 
1981. Notę that this graph represents also relationship between bearing fluid circumferential 
average velocity ratio, X (vertical axis), and journal eccentricity ratio, e, the latter being plotted 
from right to left. 



Figurę 4.3.4 it also results elear that there exists a relationship between rotor stability and 
the “whirl ratio” in the way that the morę “stable bearings” distinctly whirl at lower whirl 
ratio (lower A). For smaller Sommerfeld numbers (journal operating at high eccentricity), the 
most stable was the elliptical bearing. For larger Sommerfeld numbers (journal operating 
at Iow eccentricity) the most stable was the offset bearing. 

Introducing the nonlinear function of the fluid circumferential average velocity ratio 
(4.3.3), the fluid force (4.3.2) can, therefore, be expressed by: 

F — [Ą + tKl z l)] z + [D + \I/ D (\z\)][ż —jA(\z\)Qz\ + Mf\ź - 2jA(\z\)Qż - A 2 (\z\)£2 2 z] (4.3.5) 



This fluid dynamie force model is valid for bearings, seals, and rotor/stator clearances 
when rotors are at Iow and medium eccentricities, when the fluid circumferential flow pattern 
is still dominant. It represents the extended B/M model. 

Taking Eq. (4.3.4) into consideration, the linear part of the fluid force (4.3.5) for a con- 
centrically rotating rotor can be presented in the classical “bearing/seal coefficient” format: 
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(4.3.6) 



As is easily noticed, for the concentric rotor, the linear part of the fluid force has an 
isotropic character: The diagonal terms are identical; the off-diagonal terms are skew- 
symmetric. Morę important, however, is the fact that the off-diagonal terms, representing 
tangential components of the fluid force, are generated as a result of rotational character 
of this force: The tangential (or “cross”) damping is the result of Coriolis inertia force, the 
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tangential (or “cross”) stiffness is generated by the relative velocity and radial damping. In 
addition, the fluid radial stiffness, K Q , appearing at the main diagonal of the stiffness matrix, 
is now supplemented by the fluid centripetal inertia force, which carries the negative sign. 

During experimental testing, by applying a perturbation method to rotor/bearing/seal 
systems with rotors at Iow and medium eccentricities, the character of the fluid force 
expressed by Eq. (4.3.5) was fully confirmed. For relatively large clearance-to-radius ratios, 
the fluid inertia force had a significant value, and modified damping and stiffness matrices 
considerably. The resulting diagonal stiffness in the stiffness matrix can easily reach negatire 
values. The methodology and results of perturbation testing are discussed in Section 4.8 of 
this Chapter. The original results and B/M model were published in 1982 (Bently et al., 
1982a,b). 

Another important conclusion yielded by the rotational character of the fluid force 
relates to the “ cross stiffness ”, or “tangential” stiffness coefficient, known as the most 
important factor affecting rotor stability. The off-diagonal components in the stiffness matrix 
in Eq. (4.3.6) are directly generated by the fluid radial damping coefficient, D, as the result 
of the rotating character of the clamping force. This term is proportional to the rotational 
speed, Q, i.e. thus its significance augments with rotational speed. An immediate conclusion 
is that an increase of the fluid radial damping, D , will not help to prevent rotor instability, 
as the “cross stiffness” increases proportionally to D. The only help in reducing the “cross 
stiffness” term at a constant rotational speed is a decrease of the fluid circumferential 
average velocity ratio. This can be achieved either by increasing rotor eccentricity or by 
injecting to the seal (or bearing) clearance an external additional reverse circumferential 
flow. This subject is discussed in Sections 4.5.2 and 4.5.10 of this Chapter. 

In this section, the rotation rates of the damping and inertia forces were assumed identi- 
cal, XQ. There are, however, some experimental evidences that these rates are different, thus 
X for the damping force should differ from A/, for the fluid inertia force. This aspect is 
discussed in Section 4.15 of this Chapter. 

According to Childs (1993), in 1958 Thomas suggested that nonsymmetric clearances 
caused by eccentric operation of a steam turbinę rotor could create destabilizing tangential 
forces called “clearance excitation” forces. Thomas’ papers were written mainly in German, 
and were not well known in the USA. Subsequently, Alford (1965) identified the same 
mechanism, when analyzing stability problems of gas turbines. Since then, excitation 
forces due to clearance changes around the periphery of a turbinę were popularly called 
“Alford forces”. Black (1974) suggested that pump impellers could also develop similar 
destabilizing forces (the B/M model (4.3.5) was developed following Black’s original research 
on pumps). Ever sińce, a considerable volume of literaturę on Alford forces has been 
published. The papers presented theoretical analyses and various experimental test results 
run in several research centers. It is the author’s belief that the vaguely defined Alford forces 
can successfully be illustrated by the model (4.3.5). Although in the Thomas’ and Alfords’ 
definitions of the destabilizing tangential forces there is no explicit rotational speed involved, 
but rather the “steam tangential efficiency” and torąue, both these parameters can be directly 
related to the resulting rotational speed of the rotor and consequently to the fluid 
circumferential flow. The strength of this flow is, however, different in dissimilar rotating 
machines. It depends on the source of energy. In turbinę peripheries, the energy is provided 
by the fluid itself (active system), while in bearings, seals, pumps, and compressors the energy 
comes from the rotation of the rotor, driven by the external torque (passive systems). The 
average values of the circumferential flow are therefore different in these cases. Notę that due 
to possible recirculation of the fluid, the circumferential flow in pumps can be stronger than 
in bearings or seals (Black, 1973; Massey, 1985). Notę also another aspect of malfunctioning 
pumps: at Iow flow rates, pump rotors can also be subjected to large low-frequency forces 
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due to rotating stall and conseąuent reverse flows in diffuser passages. The fluid whirl, which 
occurs in such pumps, has a freąuency proportional to rotational speed with a quite Iow 
value of X, ranging around 0.1 (Hergt et al., 1970; Black, 1973; Bently, 1994; Bently et al., 
2001 ). 

The fluid-film force model discussed by von Pragenau (1985, 1990), in relation to damp- 
ing seals and damping bearings, is very similar to the linearized model (4.3.5). Following 
Black’s findings (1969, 1975), in calculations of the fluid force in damping seals, von 
Pragenau introduced a “Couette Factor”(CF), defined as a ratio of the average flow rotation 
to the rotor surface velocity. This “CF” is the same as a constant “lambda” in the linearized 
B/M model. (Notę, however, that the Couette flow practically never takes place in bearings 
or seals; see Appendix 7). In von Pragenau’s nomenclature related to the damping seal, the 
fluid damping rotates at angular velocity (CF) xQ, fluid inertia, which is rotating at the same 
constant ratę, is called “sąueeze film mass”, and fluid anisotropic stiffness components 
are supposed independent from rotor eccentricity. Von Pragenau also introduced to the fluid 
force model, an additional linear tangential force with a constant coefficient. This force is 
due to an “external excitation” and it resembles the external flow-related additional 
“lambda” in the B/M model, introduced when anti-swirl injections to the seal were 
considered (see Section 4.5.11). The direction of this constant tangential force in von 
Pragenaus’ papers is, however, the same as rotor rotation. The damping seal, similar to 
labyrinth seals, has a pocketed stator with isogrid-like or other similar patterns (Childs et al., 
1986c; von Pragenau, 1990). Damping bearings are externally pressurized and they look like 
two damping seals in a row. The lubricant is fed to the clearance either through orifices in the 
stator (damping bearing with stationary orifices), or from the middle of the journal through 
several orifices arranged within an annular recess (damping bearing with rotating orifices). 

In summary, the physical phenomena in rotor-to-stationary part radial, conical or 
even axial clearances (balance piston) filled with fluid (often, just with air) are very similar: 
the fluid gets involved in the circumferential motion. This creates rotating forces, resulting 
in generation of tangential destabilizing forces. The B/M model (4.3.5) adequately represents 
the fluid forces in all rotor-to-stationary part clearance cases for rotors operating at Iow and 
medium eccentricity. 

At the end of this subsection, it is worth to mention where the popular whirl freąuency 
eąual to ViQ possibly originated from. One of the explanations is supported by the classical 
elementary theory describing balance of in-coming and out-going fluid inside the bearing. 

Assume that the journal steadily rotates with rotational speed Q, at vertical down 
eccentric position \z\, within the bearing clearance. The volume of fluid entering the upper 
part of the bearing per unit time is (L(R + c)Q(c — |z|))/2 and the volume of fluid leaving 
the lower part of the bearing is (L(R + c)Q(c + |z|))/2, where L , R , c are rotor journal 
length, radius, and radial clearance, respectively. Since the fluid input to the lower part of the 
bearing is larger than the output, there must exist a pressure difference, which enables 
the fluid to carry loads. If, however, the rotor journal center is not steady, but is in orbital 
motion around the bearing center, with angular speed co, then the volume of the circulating 
fluid increases in the same time unit by 2L(R + c)\z\co. In the case of a steady-state flow, 
there must be a balance: 



(LI R + c)Q(c + |z|)) (L(R + c)Q(c - |z|)) 
2 2 



2L(R + c)\z\co 



Thus from this eąuation co — Q/2 results. In this situation, there is no additional fluid 
pressure in the bearing clearance and the bearing loses the load-carrying feature (Muszyńska, 
1972). 
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4.3.2 Experimental Results 

Since the fluid circumferential average velocity ratio, 1, is an unconventional, newly 
introduced variable parameter in the fluid force model, it was necessary to extensively 
experimentally investigate its characteristics. In the following subsections, the results of two 
experiments throw some light on this function behavior. 

4.3.2. 1 Impulse Testing: Fluid Circumferential Average Velocity 
Ratio as a Decreasing Function of Journal Eccentricity 

There is a strong experimental evidence that the fluid circumferential average velocity 
ratio is a decreasing function of the rotor radial displacement (Figures 4.3.5 and 4.3.6). The 
following description of an experiment summarizes the results. 

A rotor supported in one laterally rigid pivoting bearing and one 360°-oil-lubricated 
cylindrical bearing, and concentrically rotating at a constant speed, was a subject of 
hammer-impulse testing (the rotor rig was described in Section 4.2, see Figurę 4.2.1 of this 
Chapter). The results are presented in Figurę 4.3.5 in a spectrum format. The impulse testing 
was used to excite the free vibration response of the rotor. After an impact, three significant 
components appeared in the vibration spectrum. The first component corresponded to 
the rotor natural freąuency of its first bending modę, when rigidly supported; a typical 
“mechanical” natural freąuency. The second freąuency was the actual rotational speed, 
as the impulse and following lateral displacement of the rotor caused an instantaneous 
unbalance and the rotor responded with decreasing “spiral” synchronous vibrations. The 
third, and the lowest freąuency component in the spectrum was W, the fluid-related 
natural freąuency of the rotor/fluid bearing system. The hammer impact on the rotor, excited, 
therefore, rotor free responses with three corresponding natural freąuencies. 



CH A MRK: 96.4 mV 50.0 mV/DIV 

CH B: 400 mV FS 50.0 mV/DIV 




of bending modę 



Figurę 4.3.5 An example of obtaining fluid circumferential average velocity ratio A from rotor/bearing system 
impulse testing. The results of rotor impact testing are presented in frequency domain displayed 
on the spectrum analyzer screen. Rotor rig was similar to that presented in Figurę 4.2.1; rotor 
journal clearance; c = 6.8 mils, journal radius = 1’. 
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Figurę 4.3.6 Fluid circumferential average velocity ratio versus rotor joumal eccentricity ratio e= \z\/c ( c is 
radial clearance). Experimental results of rotor impulse testing for two rotational speeds. For 
eccentricity ratios higher than 0.8, there was no periodic response in the subsynchronous rangę of 
freguencies. 



In the described experiment, the lubricant inlet pressure to the bearing was originally 
relatively high and constant. For forced increasing eccentricity of the journal inside the 
bearing due to applied radial force, the freąuency kQ of the decaying transient free vibrations 
decreased. The rotor periodic response with freąuency kQ (the system lowest natural 
freąuency) disappeared at eccentricities much smaller than the fuli radial clearance (there was 
only the synchronous, unbalance excited response to the impulse and rotor “mechanical” 
natural freąuency). The zero value of k (no periodic circumferential flow pattern) occurs at 
lower eccentricities for higher rotational speeds (Figurę 4.3.6). This may be related to 
lubricant inertia. Morę results of perturbation testing of rotor/bearing/seal Systems are given 
in Section 4.8 of this Chapter. The experimental results at different eccentricity of the journal 
inside the bearing show that the fluid circumferential velocity ratio decreased as a function of 
increasing journal eccentricity. 

4.3. 2.2 Fluid Starvation Lowers the Fluid Circumferential Average 
Velocity Ratio Value 

The following experiments were performed to demonstrate that the fluid-induced whirl 
self-excited vibration freąuency decreases due to lubricant starvation by decreasing the fluid 
supply pressure at the bearing inlet (Bently et cii, 1998b). With a gradual decrease of the 
fluid pressure, a fully lubricated bearing (“360° lubrication”) becomes poorly lubricated 
(“180° lubrication”). The demonstration of the change in the freąuency of the fluid-induced 
self-excited vibration shows that the dominant characteristic in this system is the viscous 
damping. This observed phenomenon indicates changes in the fluid circumferential average 
velocity ratio, k. The shift in the fluid whirl freąuency indicates that the tangential force, 
associated with the fluid film rotating damping, decreased. 

The rotor rig used in this experiment was similar to the one presented in Figurę 4.2.1. 
Rotor was supported at the outboard end by a fully lubricated fluid bearing and at inboard 
end by a bearing, which was laterally rigid, but allowed pivotal freedom. Through a rolling- 
element bearing, the rotor was also supported in a radial spring frame, which allowed for 
positioning the rotor journal concentrically within the cylindrical bearing clearance. 
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The objectives of the experiment were first to reach conditions of the self-excited fluid 
whirl in a rotor system. Then, at a constant rotational speed, to observe changes in the fluid 
whirl freąuency during a step-by-step transition from a fully lubricated bearing to a poorly 
lubricated bearing. This was achieved by shutting the oil supply off, thus starving the oil out 
of the bearing. 

The equipment used in the experiment was based on the standard Bently Nevada Rotor 
Kit with the oil whirl/whip option (P/N 128389-01). The fluid-lubricated bearing was 
25.4 mm inside diameter and it had four inlet ports at 45°, 135°, 225°, and 315°. The bearing 
housing was constructed of elear Plexiglas. Both axial ends of the bearing housing were 
open to atmosphere. The bearing journal had 24.8 mm outside diameter attached to the end 
of a 10 mm diameter rotor, which resulted in a 0.3 mm radial clearance. The fluid bearing 
was supplied with Chevron Turbinę Oil GST ISO 32, dyed blue. An oil pump with elear 
flexible hosing connected to the four symmetric radial inlet ports of the bearing provided 
the reąuired oil pressure. A continuous and steady fluid film was maintained by an uninter- 
rupted flow of oil at the inlet ports at a constant pressure of 2 psi. The slow roli unbalance 
of the rotor was reduced and the rotor was well balanced. At a slow roli speed, the rotor 
journal was centered inside the fluid bearing, by using a supporting spring stand located near 
the fluid-lubricated bearing. 

A start-up run was performed to determine the instability threshold (onset) of the fluid 
whirl. The fluid whirl began around 2600 rpm (instability threshold). The data acąuisi- 
tion and processing system collected the rotor responses from two proximity transducers 
mounted inside the bearing in XY configuration. In this experiment, several configurations 
of the data acquisition were used (400 and 3200 spectral lines, 500 Hz frequency span). 
Since fluid whirl vibrations are slightly less than l/2x rotational frequency, the limiting 
frequency for the frequency rangę was the 1 x (synchronous) component frequency. 

The rotor speed was inereased to 3000 rpm, a speed at which the fluid-induced whirl 
self-excited vibrations were fully developed, then, the vibration data acquisition was 
started. The rotor was allowed to run in the fluid whirl regime for several minutes to ensure 
that the steady State frequency of the fluid whirl vibrations was reached. Then the oil pump 
was shut off and the input hose from the oil supply pump to the bearing was removed 
(and placed into an outside Container). Due to rotor rotation, the oil was gradually purnped 
out of the bearing and journal clearance. The bearing was allowed to run for several minutes 
until the “starved” bearing reached equilibrium at which time the data acquisition was halted 
and eventually processed. 

Looking first at the waterfall plot in Figurę 4.3.7, it is evident that the frequency of 
the fluid whirl vibrations has decreased after the fluid bearing was allowed to drain. In this 
plot (Run #1), the spectra corresponding to the time instances as the fluid bearing was 
draining, clearly show the transition from fully lubricated to a starved condition. Figurę 4.3.8 
shows the spectrum for the fully lubricated fluid bearing at time 11:57:16. The peak of the 
spectrum corresponding to the frequency of the fluid whirl vibrations is approximately 
1455 cpm. The spectrum in Figurę 4.3.9, shows the transition to the steady-state frequency 
of the starved bearing. Notę the significant decrease in the frequency to 1290 cpm at time 
11:57:26. At this point, observing the dyed oil, the Plexiglass bearing was beginning to 
visually show cavitation and flow separation in the journal/bearing clearance. Finally, the 
fluid whirl instability settled to 1035 cpm for the poorly lubricated bearing (Figurę 4.3.10). 
Notę that a smali amount of oil still existed in the bearing, even after it has been allowed 
to drain. The bearing worked as a “hydrodynamic” bearing (although there was oil, not 
water, as the lubricant). 

Accompanying orbit/time-base waveform plots are presented in Figures 4.3.1 1 and 4.3.12. 
They correspond to the spectrum plots. This means that Figurę 4.3.8 corresponds with 
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POINT: Outboard Vertical Z 0° 

POINT: Outboard Horiz Z 90° Right 
MACHINĘ: Rotor Kit 

From 28MAY98 1 1 :56:56 To 28MAY98 1 1 :58:01 Start-up 1 1 :56:56 
WINDOW: Nonę SPECTRAL LINES: 400 
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Figurę 4.3.7 Waterfall fuli spectrum plot of transition region from fully lubricated fluid bearing to poorly lubricated 
fluid bearing (Run #10). Fluid whirl components present in the spectrum. 



POINT: Outboard Vertical Z0° DIR AMPT: 14.6 mil pp 

POINT: Outboard Horiz Z90° Right DIR AMPT: 14.1 mil pp 

MACHINĘ: Rotor Kit MACHINĘ SPEED: 3007 rpm 
28 MAY 98 1 1 :57:1 6 Start-up 

WINDOW: Nonę SPECTRAL LINES: 400 RESOLUTION: 15 CPM 

0.0 




0.421 @ -1455 CPM FREOUENCY: 0.5 kCPM/div 13.2 @ 1455 CPM 

REV VIB COMPONENTS CCW ROTATION FWD VIB COMPONENTS 

Figurę 4.3.8 Fuli spectrum of the journal vibration signal from Figurę 4.3.7 at time t= 1 1:57:16, corresponding to 
the fully lubricated, steady-state fluid whirl self-excited vibration with a frequency of 1455cpm. A 
smali backward component equal to 2Q (1 - X) appeared in the spectrum (Q = 3000 rpm: rotational 
speed). 
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POINT: Outboard Vertical Z0° DIR AMPT: 13.4 mil pp 

POINT: Outboard Horiz Z 90° Right DIR AMPT: 12.7 mil pp 

MACHINĘ: Rotor Kit MACHINĘ SPEED: 3007 rpm 
28 MAY 98 1 1 :57:26 Start-up 

WINDOW: Nonę SPECTRAL LINES: 400 RESOLUTION: 15 CPM 

0.0 




0.113 @ -1290 CPM FREOUENCY: 0.5 kCPM/div 3.57 @ 1290 CPM 

REV VIB COMPONENTS CCW ROTATION FWD VIB COMPONENTS 



Figurę 4.3.9 Fuli spectrum of the signal from Figurę 4.3.7 at time 1=11:57:26 during transition from fully 
lubricated bearing to poorly lubricated bearing. The fluid whirl freguency is 1290 cpm. 



POINT: Outboard Vertical Z0° DIR AMPT: 12.1 mil pp 

POINT: Outboard Horiz Z90°Right DIR AMPT: 1 1 .1 mil pp 
MACHINĘ: Rotor Kit MACHINĘ SPEED: 3005 rpm 
28 MAY 98 11:57:51 Start-up 

WINDOW: Nonę SPECTRAL LINES: 400 RESOLUTION: 15 CPM 

0.0 




1.07 @ -1035 CPM FREOUENCY: 0.5 kCPM/div 8.78 @ 1035 CPM 

REV VIB COMPONENTS CCW ROTATION FWD VIB COMPONENTS 



Figurę 4.3.10 Fuli spectrum of the signal from Figurę 4.3.7 at time t= 11:57:51, when the bearing is already 
poorly lubricated. The steady-state fluid whirl self-excited vibration freguency is 1035 cpm. 
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Y: Outboard Vertical /0° DIR AMPT: 16.3 mil pp SR: 2.37/30° 

X: Outboard Horiz /90°Right DIR AMPT: 14.3 mil pp SR: 2.33/299° 

MACHINĘ: Rotor Kit 

28 MAY 98 1 1 :57:16 Start-up DIRECTCOMP 
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Figurę 4.3.11 Orbit and time-base waveforms of the signal corresponding to Figurę 4.3.8 at t= 11:57:16. Fully 
lubricated bearing in fluid-induced whirl self-excited vibration regime. 





Y: Outboard Vertical /0° DIR AMPT: 14.5 mil pp SR: 2.37/30° 

X: Outboard Horiz /90° Right DIR AMPT: 13.7 mil pp SR: 2.33 /299° 

MACHINĘ: Rotor Kit 

28 MAY 98 1 1 :57:26 Start-up DIRECT COMP 





Figurę 4.3.12 Orbit and time-base waveforms of the signal corresponding to Figurę 4.3.9 at t= 11:57:26. 
Transitional region between fully and poorly lubricated bearing. 
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Y: Outboard Vertical Z0° DIR AMPT: 13.4 mil pp SR: 2.37 Z 30° 

X: Outboard Horiz Z90°Right DIR AMPT: 9.1 1 mil pp SR:2.33Z299° 

MACHINĘ: Rotor Kit 



28 MAY 98 1 1 :57:51 Start-up DIRECT COMP 

UP 




3005 rpm 



POINT: Outboard Vertical Z0° 
POINT: Outboard Horiz Z90°Right 
MACHINĘ: Rotor Kit 



REF: -7.67 Volts 0.012 
REF: -8.03 Volts -0.183 

(-0.916, 0.061) 



From 28 MAY 98 1 1 :56:01 To 28 MAY 98 1 1 :58:32 Start-up 
(not orbit or polar plot) UP 




1 mil/div 



Figurę 4.3.13 (a) Orbit plot ot signal corresponding to Figurę 4.3.10 at f= 11:57:51. Poorly lubricated bearing 
with a steady-state fluid whirl, self-excited vibration frequency, 1035 cpm. Notę the modified 
journal orbit, (b) Rotor average centerline position plot for all times/instances corresponding to 
Figurę 4.3.7, indicates that journal remained concentric within the bearing clearance. 



Figurę 4.3.11, Figurę 4.3.9 with Figurę 4.3.12, and Figurę 4.3.10 with Figurę 4.3.13. In 
addition, included in Figurę 4.3.13, is a plot of the average centerline position of the bear- 
ing journal, scaled for comparison to the orbit plot scalę. It is interesting to notę that the 
average centerline position for the journal remains all the time at or very close to the center of 
the bearing. 
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POINT: Outboard Horiz Z90°Right 
MACHINĘ: Rotor Kit 

From 28 MAY 98 09:23:09 To 28 MAY 98 09:24:34 Start-up 09:23:09 
WINDOW: Nonę SPECTRAL LINES: 3200 RESOLUTION: 9.38 CPM 
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Figurę 4.3.14 Waterfall half spectrum plot of transitional region from fully lubricated fluid bearing to a poorly 
lubricated fluid bearing. High-resolution sampling. Run #2. 



Another set of experimental data (Run #2) was obtained by repeating the procedures 
at a much higher sampling resolution (3200 spectral lines). This data also confirms, that 
as the fluid-lubricated bearing was starved, the freąuency of the fluid whirl self-excited 
vibrations decreased (Figures 4.3.14^1.3.18). FIowever, an interesting observation should 
be noted: as the fluid film begins starvation, there exist several components within a 
bandwidth of the transition State (Figurę 4.3.16). Notę that sonie of the different peaks in 
the transition spectrum (Figurę 4.3.16) correspond to freąuencies of steady-state fluid whirl 
vibrations for various conditions of the fluid-lubricated bearing. These multiple freąuency 
peaks are further explored in the following figures. 

The fluid circumferential average velocity ratios, X, for the two runs performed, were 
calculated and are presented below in Table 4.3.1. Due to “smearing” of the spectrum in 
the transition from a fully lubricated fluid bearing to a poorly lubricated fluid bearing, 
a weighted average of the freąuencies of the pronounced peaks (peaks with amplitudes 
greater than 2mils) within a bandwidth of 1200 to 1500cpm was used to determine X. The 
corresponding plots of the results are presented in Figurę 4.3.19. 

It is obvious that X decreases as the fluid is drained from the bearing. An interesting 
observation is that, for the same fluid-lubricated bearing, each run provided slightly different 
vibration signatures. Generally, the steady-state fluid circumferential average velocity ratios 
are lower for Run #1 than Run #2. The reason for this may be due to an increase of the 
oil temperaturę, thus changed viscosity, due to rotor rotation-related friction (unfortunately, 
temperaturę was not monitored). 



4.3.2.3 Conclusions from Experiments 

The first experiment based on free vibrations, proved firstly that the product of 
fluid circumferential average velocity ratio and rotational speed, XQ, is one of the rotor/fluid 



© 2005 by Taylor & Francis Group, LLC 



FLUID-RELATED PROBLEMS IN ROTOR/STATOR CLEARANCES 



243 



POINT: Outboard Horiz Z 90° Right DIR AMPT: 13.7 mil pp 
MACHINĘ: Rotor Kit MACHINĘ SPEED: 3003 rpm 
28 MAY 98 09:23:26 Steady State 

WINDOW: Nonę SPECTRAL LINES: 3200 RESOLUTION: 9.38 CPM 




Figurę 4.3.15 Half spectrum ot signal from Figurę 4.3.14 at time t= 9:23:26: fully lubricated, steady-state fluid 
whirl self-excited vibration with frequency 1 453 cpm. A smali component with a frequency Q -2aQ 
appeared in the spectrum. High-resolution sampling. Run #2. 



POINT: Outboard Horiz Z 90° Right DIR AMPT: 12.9 mil pp 
MACHINĘ: Rotor Kit MACHINĘ SPEED: 3007 rpm 
28 MAY 98 09:23:34 Steady State 

WINDOW: Nonę SPECTRAL LINES: 3200 RESOLUTION: 9.38 CPM 




Figurę 4.3.16 Half spectrum of signal from Figurę 4.3.14 at time f= 9:23:24: transitional region from fully 
lubricated bearing to poorly lubricated bearing. High-resolution sampling. Notę the multiple peaks 
indicating a bandwidth of fluid whirl self-excited vibration frequencies. 
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POINT: Outboard Horiz Z90°Right DIR AMPT: 12.7 mil pp 
MACHINĘ: Rotor Kit MACHINĘ SPEED: 3006 rpm 
28 MAY 98 09:24:17 Start-up 

WINDOW: Nonę SPECTRAL LINES: 3200 RESOLUTION: 9.38 CPM 




Figurę 4.3.17 Half spectrum of signal from Figurę 4.3.14 at time f=9:24:17. Transition to poorly lubricated 
bearing condition. High-resolution sampling. Notę that at this time of draining the bearing, the 
rotor has not yet reached a constant whirl frequency. Smali components with frequencies Q-2aQ 
and Q-aQ appeared in the spectrum. Fluid whirl self-excited vibration frequency is 1322 cpm. 



POINT: Outboard Horiz Z.90° Right DIR AMPT: 1 1 .9 mil pp 
MACHINĘ: Rotor Kit MACHINĘ SPEED: 3006 rpm 
28 MAY 98 09:24:34 Start-up 

WINDOW: Nonę SPECTRAL LINES: 3200 RESOLUTION: 9.38 CPM 




Figurę 4.3.18 Half spectrum of signal from Figurę 4.3.14 at time t= 9:24:34. Poorly lubricated fluid bearing, 
steady-state fluid whirl self-excited vibration frequency is 1284 cpm. The components with 
freguencies Q-2aQ and Q-W appeared in the spectrum. High resolution sampling. 
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Table 4.3.1 Calculation of the Fluid Circumferential Average Velocity Ratio from Experiments Recording 
Transition from Fully Lubricated to Poorly Lubricated Bearing 



Run #1: Low resolution 


Time 


Condition 


Q, rpm 


o), cpm 


X = m/Q 


11:57:16 


Fully lubricated 


3007 


1455 


0.484 


11:57:26 


T ransition 


3007 


1290 


0.429 


11:57:51 


Poorly lubricated 


3005 


1035 


0.344 


Run #2: High Resolution 


9:23:26 


Fully lubricated 


3003 


1453 


0.484 


9:23:34 


T ransition 


3007 


1386 


0.461 


9:24:17 


T ransition 


3006 


1332 


0.443 


9:24:34 


Poorly lubricated 


3006 


1284 


0.427 





(b) Sample number 

Figurę 4.3.19 Plots of fluid circumferential average velocity ratio, X, versus sample number as the lubricant is 
drained from the bearing, creating a poorly lubricated bearing case. (a) High Resolution: fluid 
circumferential average velocity ratio versus fluid whirl frequency sample number, (b) Low 
resolution: Fluid circumferential average velocity ratio versus fluid whirl frequency sample 
number. 

system natura/ freąuencies. Secondly, it confirmed that the fluid circumferential average 
velocity ratio is a decreasing function of the journal eccentricity. At high eccentricity, the 
fluid circumferential pattern of the flow disappeared and the flow in the bearing became 
axial with mixed secondary flows. The journal eccentricity, at which disappearance of the 
circumferential pattern was observed, depended on the rotor rotational speed. 
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The second experiment investigated the fluid whirl self-excited vibration fluid whirl 
patterns during a transition from the fully developed circumferential flow in the bearing 
to poor lubrication conditions, as the lubricant input was cut off. The situation at the end 
of lubricant starvation process was similar to the situation in a bearing operating at 
“hydrodynamic” regime. 

When the fluid whirl occurs, the journal orbit increases to a radius, at which the fluid 
radial stiffness, damping, and circumferential average velocity ratio are no longer linear 
functions, and they do not have the same values as those when the journal was located at 
the center of the bearing. To reach this region, X decreases and both radial stiffness and radial 
damping increase. However, once the fluid whirl self-excited vibration has occurred, X usually 
remains relatively constant. The lubricant “starving” of the fluid film bearing, which simu- 
lates a transition to a poorly lubricated fluid bearing, does not eliminate these fluid 
whirl self-excited vibrations, but results in a decrease of the fluid whirl self-excited vibration 
freąuency. The change in freąuency is significant and measurable. It is evident that the 
dominant characteristic in this system is the fluid circumferential flow, the strength of which 
decreases considerably as the fluid is drained from the bearing. 

As the bearing was draining, several freąuency components of the journal vibration 
response appeared. The resulting recorded response looked like a “smeared” freąuency spec- 
trum. This “smearing” of the fluid whirl self-excited vibration freąuency in the spectrum is 
most likely due to highly transitional processes taking place in the bearing due to uneven 
lubrication and journal multi-imaging effects. The “smearing” may also be partly due to 
artifacts of the sampling by the data acąuisition system. In other words, the sampling of the 
transient shift in the fluid whirl freąuency is such that there appear to be several freąuency 
components existing at one time, when in fact, it might be the same response component 
shifting in the spectrum. This effect becomes morę evident in the high-resolution data 
sampling. Differences in the freąuency components and rates of decreasing X are probably 
due to variations in the process of fluid drainage. Although for each experiment the fluid 
reservoir was drained completely, there still existed a significant amount of fluid in the 
bearing. The actual drainage of the bearing occurred through the forces generated by the 
journal rotational and orbital motions, which pumped the fluid out of the ends of the bearing. 

Finally, the journal response demonstrated some significant reverse components 
in the fuli spectra, as the fluid was drained. These components are due to the journals” 
elliptical rather than circular motion affected by oil voids and air entrainment patterns (see 
Figurę 4.3.13). 



4.3.3 Summary 

This section introduced the fluid force model in rotor/stator clearances for the Iow 
and medium rotor eccentricities, known as Bently/Muszynska (B/M) model. This model 
is based on the strength of fluid circumferential flow. The measure of this flow is fluid 
circumferential average velocity ratio, X, which is a decreasing function of the rotor eccen- 
tricity. It also depends on rotor/clearance geometry, the clearance inlet/outlet flow, and 
lubrication condition. The product of X and rotational speed Q is the speed at which the 
fluid force rotates within the clearance. Due to the fluid force rotation, the fluid damping 
and inertia forces generate additional velocity- and acceleration-related terms, when the 
model is expressed in stationary coordinates. The introduction of the fluid circumferential 
arerage relocity ratio to the fluid force model in rotor/stator clearances considerably 
improved the fluid force model. In the next sections, this fluid force model will be imple- 
mented into rotor models. 



© 2005 by Taylor & Francis Group, LLC 



FLUID-RELATED PROBLEMS IN ROTOR/STATOR CLEARANCES 



247 



4.4 RESPONSE OF TWO LATERAL MODĘ ISOTROPIC ROTOR WITH FLUID 
INTERACTION TO NONSYNCHRONOUS EXCITATION. 
INTRODUCTION TO IDENTIFICATION OF ROTOR/FLUID CHARACTERISTICS 

4.4.1 Introduction 

This section describes a two-lateral-mode isotropic rotor with fluid interaction in 
rotor-to-stationary part clearances. Due to isotropy, this two lateral modę rotor can be 
reduced to one complex model, in the complex number sense. For clarity of presentation, a 
simplified model of the fluid force is included in the rotor model in which nonlinearities and 
fluid inertia are omitted. The rotor vibration free response and forced responses to constant 
radial force and to nonsynchronous, not related to the rotor rotational speed, harmonie 
sweep freąuency rotational force excitation are discussed. The analysis of the free vibrations 
provides natural freąuencies and the threshold of instability. The rotor response to a constant 
radial force exhibits a characteristic fluid-related noncolinearity, known as “attitude angle”. 

The rotor response to nonsynchronous (independent of rotor rotation) rotating force 
is presented. The nonsynchronous excitation is used in rotor modal parameter identification 
procedures (see Section 4.8 of this Chapter). The existence of “direct” and “ąuadrature” 
resonances is presented. The concept of the complex dynamie stiffness is discussed. It is 
shown how the dynamie stiffness vectors vary in specific ranges of the excitation freąuency. 
A meaningful stability margin of the rotor is defined based on the dynamie stiffness 
components. Nonsynchronous amplification factors are introduced. 

The materiał of this section represents a direct extension of Section 1.2 of Chapter 1, and 
is based on the paper by Muszyńska (199 la). 



4.4.2 Rotor Model 

In the rotor modeling process, the following assumptions have been madę: 

• The lateral modę of the rotor is the lowest modę of the machinę structure. 

• The lateral modę of the elastically supported elastic isotropic rotor without gyroscopic effect 
is considered. 

• Due to similar constraints in two orthogonal directions perpendicular to the rotor rotational 
axis, the rotor behavior in these two directions is similar. “One modę” is considered in terms 
of complex numbers. 

• The rotor rotates in the fluid environment; its rotation causes fluid rotation, and subseąuent 
generation of the fluid-induced force. The fluid force model is based on the model presented in 
Section 4.3. 

• The model is linear. 

• Ali coefficients of the model are considered in modal (generalized) sense. 

• External damping is smali. 

• External exciting force has a rotating character with nonsynchronous freąuencies (in a particular 
case, the force can be synchronous, such as for in the case of unbalanced rotor). A case of 
unidirectional periodic force is also discussed. 

• The rotor is radially loaded by a constant force, such as a gravity force for horizontal machines, 
radial load due to misalignment, and/or fluid side load in fluid-handling machines. 

The eąuations representing the balance of forces acting on an isotropic rotor within its 
first lateral modę are as follows (Figurę 4.4.1): 

Mx + (D s + D)x+Kx + DlQy — Fcos(cot + S) + Pcosy (4.4.1) 
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Figurę 4.4.1 Physical model of the isotropic rotor at its first lateral modę. 



My + (D s + D) y + Ky — DAQ.x — Fsm(cot + 8) + Psiny (4.4.2) 

inertia damping stiffness tangential rotating radial 

force force force force exciting force l°ad force 



The notation used in Eqs. (4.4.1), (4.4.2) is the same as introduced in Chapter 1; thus 
M, D s , K are rotor modal mass, damping and lateral stiffness respectively. Notę that, as 
previously discussed, the stiffness K contains elements of the rotor and support stiffness 
components, K/„ K s , as well as an additional contribution from the fluid radial stiffness, Ky. 

K= (\/K h ) + (l/K s ) + K ° 

In Eqs. (4.4.1) and (4.4.2), F, P, 8, y are respectively magnitudes and phases of the 
external nonsynchronous periodic and constant forces. In comparison to the model pre- 
sented in Chapter 1, the model, Eqs. (4.4.1), (4.4.2), has been supplemented with a simplified 
fluid force model discussed in the previous section, thus D represents the fluid rotating 
damping. The fluid inertia and nonlinearities have been neglected. The fluid radial damping 
force, rotating at the ratę XQ introduced to the equations an additional radial damp- 
ing force as well as the tangential force (acting perpendicularly to radial). Notę that with 
assumed rotor counterclockwise rotation, the signs of the tangential force in Eqs. (4.4.1), 
(4.4.2) indicate that this fluid-induced tangential force acts in the direction of rotation. 

The rotor model, Eqs. (4.4.1), (4.4.2), is referred to as a “modal model”. It embraces 
the lateral “horizontal” and “vertical” modes of the rotor. Later on, it will be morę 
appropriate to combine these two modes and represent them as a “forward modę” (in the 
direction of rotor rotation) and a “backward modę” (in opposite direction to rotor rotation). 
Notę that during its lateral vibrations, each rotor axial section executes planar motion in the 
corresponding planes, perpendicular to the neutral rotor/support axis. 

The comparison with, and differences between, this model and the “Jeffcott Rotor 
Model” were discussed in Chapter 1. The original Jeffcott Rotor did not contain any 
tangential force resulting from the fluid interaction. 
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The rotor model, described by Eqs. (4.4.1) and (4.4.2), is applicable in the case of 
nonsynchronously laterally excited machines with isotropic rotors, operating at relatively Iow 
speed (below the second balance resonance), such as: 

• Rotor/bearing systems (with fluid whirl and fluid whip tendencies), 

• Rotor/seal systems (with seal fluid whip tendency), 

• Fluid-handling machines with fluid blade-tip or rotor/stator periphery interactions (with fluid 
whip tendencies), 

• Rotors with press fit rotating elements exhibiting high internal/structural friction (internal 
friction whip tendencies; in this case A — 1, see Section 3.3 of Chapter 3), 

• Perturbation testing of rotor/bearing/seal systems used for identification of their modal 
parameters. 

While the rotor eąuations of niotion discussed in Chapter 1 were uncoupled, Eqs. (4.4.1) 
and (4.4.2) are coupled through the fluid-induced tangential force. They can, however, be 
easily decoupled by using a transformation based on the rotor isotropy feature and the 
complex number formalism (see Appendix 1). Combine rotor horizontal and vertical dis- 
placements in two complex conjugate variables: “z(/),” and its complex conjugate as 

follows: 

z — x+ jy (4.4.3) 

z* = x — jy , j — V^T (4.4.4) 

Multiplying Eq. (4.4.2) by “j” and first adding to, then subtracting from Eq. (4.4.1) 
provides: 

Mź + (D s + D)ż + Kz - jDAQ z = Fe jXcot+s) + Pc JY (4.4.5) 

Mź* + (D s + D)ż* + Kz* + jDAOz* = Fe ~ K,0 ‘ +S) + Pe ~ jy (4.4.6) 

Now Eqs. (4.4.5) and (4.4.6) become not only decoupled from each other, but they also 
have almost identical form (they are complex conjugate equations). The only differences are 
the signs of the tangential force and directions/angular orientations of external exciting 
forces. Eqs. (4.4.5) and (4.4.6) can be referred to as rotor “forward” and “backward” modę 
equations respectively. 

The solution of the rotor equations of motion (4.4.5) and (4.4.6) consist of three elements: 

• Rotor free motion, governed by natural freąuencies, 

• Rotor static displacement, 

• Rotor forced nonsynchronous vibration response. 

Since the equations are linear, the generał solution will be obtained by simple addition of 
these particular Solutions. The latter will be discussed in the next sections. 

4.4.3 Eigenvalue Problem: Rotor Free Response. Natural Frequencies 
and Instability Threshold 

Consider the rotor without external excitation forces (F — 0, P — 0). The eigensolution 
for Eq. (4.4.5) is as follows (the first component of rotor response): 

z = Ae st (4.4.7) 
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where A is a constant of integration and s is a complex eigenvalue. Substituting the rotor 
free vibration solution (4.4.7) into Eq. (4.4.5) provides the rotor characteristic eąuation: 

Ms~ + ( D s + D)s + K-jD/Q = 0 



This is a ąuadratic eąuation with complex coefficients. Solving this characteristic 
eąuation for s (see Appendix 1 for details) provides two eigenvalues: 



D 



S\,2 — — - 



- -± — 

2 M y/2 




E+JE 2 



/ MQV 

'/W) 



(4.4.8) 



where 



K (D + DE 2 
M \ 2M ) 



A similar procedurę applied to Eq. (4.4.6) provides two morę eigenvalues, which differ 
from Eq. (4.4.8) by the sign of the imaginary part: 



D 



53,4 = — ' 



: -± — 

2 M y/2 



N 



-E- 



L, { DXQ\ 2 

Ie2 + {~w) ~ j 



N 



E+JE 



/D/S1Y 

'/W) 



(4.4.9) 



Eqs. (4.4.8) and (4.4.9) represent the fuli eigenvalue set of four eigenvalues for the 
original system, Eqs. (4.4.1), (4.4.2). The imaginary parts of the eigenvalues (4.4.8) and (4.4.9) 
represent ilamped natur al freąuencies of the system: 



tOn\, 2 — di [ — 

s/2\ 



E + 




(4.4.10) 



The sign “+” corresponds to the forward modę, ” to the backward modę. In the 
following presentation, it will be shown that at rotational speeds below the instability onset, 
the absolute value of these damped natural freąuencies (4.4.10) are lower than y/K/M. 

For a smali (subcritical) damping case ( D + D s <2y/KM\ thus E> 0), the natural 
freąuencies (4.4.10) can be approximated as follows: 



®nl,2 = ± 



V2\ 



E+E/1 + 



/ D/Qy 

\me) 



± 



V2 



E + E 
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’ 1 (DaQ\ 2 ~ 
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= ±JE- 



D 2 /. 2 Q 2 



IK 



4 Af-E \ M 



D + D, 
2 M 



D 2 / 1 Q 2 



4 KM ~(D + D,Y 



, K (] ,7, D 2 / 2 Q 2 

VM 1 ’ + 4KM -4/ 1 KM 



K ę 2 EQ 2 

= ±J — ( l-^ + JTT^ 
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where ę = (D + D s )/(2^jKM ) is dumping factor, assumed smali (£<1). The damped 
natural freąuencies depend, therefore, not only on the rotor stiffness and mass, but through 
the fluid-related tangential force, depend also on the rotational speed. The effect of the 
rotational speed here is relatively minor, as the rotational speed has a multiplier of the smali 
damping factor. 

In the above approximation procedurę the flrst term of the Taylor series of the following 
radical was used: 



V 1 + e 2 ^ 1 +y 

provided that s = ( DXQ/ME ) <§; 1 is a smali ąuantity. 

Using the same type of approximation, for relatively Iow rotational speed Q and a high 
(supercritical) damping (£>1, E<0), the natural freąuencies (4.4.10) can be approximated 
as follows: 



U>n\,2 — di /—i 

v/2\J 



E+(-E). 1 





E-E\ 1 



1 (DaQ\ 2 

2 \Me) 



_ ± J_ / 1 /T>1Q\ 2 _ ± DaG (4.4.11) 

V2 V 2E \ M ) ~ 2MS-E 

+ DaQ + 1 a.Q 

2 M^{(D + D s )/2M) 2 ~(K/M) 1 + Ds/D V 1 “ VC 2 

In this case, the natural freąuency of the system is, therefore, proportional to 2Q, 
with damping-related parameters as multipliers. This “damped” natural freąuency is fully 
governed, therefore, by the tangential force, and is further referred to as the “ fluid whirl 
natural freąuency” . Notę again that in this case the fluid damping was assumed supercri- 
tical. Calculated numerical examples, which will be discussed below, confirm that over wide 
regions of the rotational speeds the natural freąuencies are very close to the approximate 
values either (4.4.10) or (4.4.11). 

To assure the rotor stability, the real parts of the eigenvalues (4.4.8) and (4.4.9) should 
be nonpositive: 



D, + D 1 
■ — 1 , 

V2\j 



2 M 



L, (DXQ\ 2 „ 

- E+ i e+ W) 20 



This ineąuality can easily be solved, and it yields the following expressions: 
(D/.Qy < (l\ - D) 2 ^ or 



(D s + D\l — < DaQ < (D s + D)^ M 



(4.4.12) 



The interpretation of the ineąualities (4.4.12) is as follows: For maintaining stability, 
the absolute value of the tangential force coefficient, D21 2 (“cross stiffness” component), 
should be lower than the product of the system total damping and the sąuare root of the 
stiffness-to-mass ratio (undamped natural freąuency). It will be shown later that the latter, 
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namely f Kj M , represents the system natural freąuency at the threshold of instability. 
Notę that for the instability to occur, the direction of the tangential force is not important. 

The threshold of instability is defined from the ineąualities (4.4.12) when they become 
eąualities: 



D/.Q = —(D s + D) 



K 



M 



or D/n = (D s + D) 



K 

M 



(4.4.13) 



From the flrst of Eqs. (4.4.13), it is obvious that, for this case, the tangential force must 
oppose the rotational speed direction (A negative). In the second case, the tangential force 
acts in the direction of rotation (A positive). 

Notę that from Eqs. (4.4.13), the threshold of instability can be defined in terms of 
any involved parameters. Most often, it is defined in terms of the rotational speed, as the 
onset of instability. It can be obtained from the second Eq. (4.4.13): 




A 




(4.4.14) 



In fluid-handling machines, the fluid circumferential velocity ratio. A, is often a function 
of the driving and load torque balance. At a constant rotational speed, another threshold 
of instability can be defined using the fluid circumferential velocity ratio: 



_UD± 

Q\D 




(4.4.15) 



Calculating the natural frequencies (4.4.10) at the threshold of instability, that is when 
Eqs. (4.4.13) hołd true, provides the following relationship: 



^n s/ 1.2 — di 



k (D)ny 



s/2\\M 4MK 



K ( DAQ ) 2 ^ 2 ^'^2 
M~ 4MK 



(Diny 

W 



i k (wny 

Vf \ M~ 4 MK 



K (DAtij- 



M 4 MK 




( DAQ ) 2 K (DAQ) 2 _ [K 
4 MK + M + 4 MK ~ ± V M 



(4.4.16) 



Thus, as mentioned above, the square root of the stiffness-to-mass ratio represents 
the system natural frequency at the threshold of instability. No approximations were 
used in the above calculations. The positive and negative signs of the natural frequency 

(4.4.16) correspond to the forward and backward modes respectively. Below the threshold 
of instability, the rotor is stable, and the free vibrations have a decaying character. At the 
threshold of instability, the free vibrations become harmonie with natural frequencies 

(4.4.16) . When the threshold of instability is exceeded, the free vibrations inerease 
exponentially in time, and as the system nonlinear effects become active at higher deflec- 
tions, the model (4.4.1), (4.4.2) becomes inadequate. Instead of an infmite inerease in the 
free vibrations, as the linear model predicts, the ratę of vibration amplitudę growth is 
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-2000 -1500 -1000 -500 0 500 1000 

Decay/growth [1/s] 

Figurę 4.4.2 Root locus of the rotor eigenvalues (4.8) with variable rotational speed Q, indicated on the graph in 
rpm. M = 1 kg, K= 6 x 10 5 N/m, D = 1300 kg/s, D s = 0, X = 0.45. Conjugate eigenvalues (4.4.9) 
are mirror image of the presented ones. 



gradually reduced by the nonlinearities. The rotor free response ends up in a limit cycle of the 
self-excited yibrations determined by a new balance of forces, including the nonlinear ones, in 
the system (see Figurę 4.2.4). This subject will be discussed in the next sections. 

Figurę 4.4.2 illustrates the rotor eigenvalues in the root locus format for particular values 
of the parameters. The root locus piane is (Re, Im) or rather (Direct, Quadrature), corres- 
ponding the real and imaginary parts of the roots (see Evans, 1954). Morę descriptively 
in Figures 4.4.2 to 4.4.4, the “Orbiting Ratę” refers to rotor natural freąuency (imaginary 
value of eigenvalue s, Eq. (4.4.10)) and the “Decay/Growth” refers to the real part of the 
eigenvalue, 5 (Eq. (4.4.8)), which predicts instability, when Crossing the zero linę frorn 
negative to toward positive values. In Figurę 4.4.2 the variable parameter is rotational speed, 
Q, marked on the eigenvalue curve by numbers inrpm. 

Figures 4.4.3 and 4.4.4 present the root locus of the rotor eigenvalue, when the variable 
is fluid radial damping, D. For rotational speeds below and above the instability threshold, 
the root locus plots qualitatively differ. It is shown that the fluid damping, D cannot stabilize 
the rotor (Figurę 4.4.4). The numbers on these graphs refer to values of D. 



4.4.4 Rotor Response to a Constant Radial Force 

Similarly to the reasoning in Subsection 3. 3. 3. 2 of Chapter 3, the constant radial load 
force causes the static displacement of the rotor. Assuming no rotational excitation (F — 0), 
the rotor static displacements are as follows (the second component of rotor response): 

z = Ce i0 , z* = Ce" # (4.4.17) 

where C and (p are deflection response amplitudę and its angular orientation respectively. 
The Solutions (4.4.17) are rotor responses to the constant radial forces Pe jy , Pe~ jy in 
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Decay/growth [1/s] 



Figurę 4.4.3 Root locus of the rotor eigenvalues (4.8) with variable fluid radial damping, indicated on the graph 
in kg/s, for the constant rotational speed below the instability threshold: Q = 500 rpm, M = 1 kg, 
K = 6 x 10 5 N/m, D s = 0, X = 0.48. 




Decay/growth [1/s] 



Figurę 4.4.4 Root locus of the rotor eigenvalues (4.8) with variable fluid radial damping, indicated on the graph 
in kg/s, for a constant rotational speed above the instability threshold: Q = 3000 rpm, M = 1 kg, 
K = 6 x 10 5 N/m\Hcomma D s = 0, X = 0.48. 
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Eqs. (4.4.4) and (4.4.5), respectively. By substituting Eqs. (4.4.17) into Eqs. (4.4.5) and (4.4.6), 
the following algebraic equations are obtained: 



(. K-jDXQ)Ce J 0 = Pe Jy , (K + jDXQ)Ce ~ j<t> = Pe~ jy 



or from here, 



Ce # = 



Pe jy 

K - jDXQ ’ 



Ce — 



Pc ~J y 
K+jDXQ 



(4.4.18) 



(4.4.19) 



These algebraic equations to calculate the response amplitudę, C and phase, <j>, have the 
format of “response vector equals to the force vector divided by dynamie stiffness vector”. 
This very important generał relationship, which was mentioned in Section 1.2 of Chapter 1, 
will also be discussed in the next subsection. The format (4.4.19) is used for identification 
of the fluid force parameters. In the identification procedures the input force Pc jY is known, 
as the force is intentionally applied to the rotating rotor, so the response vector can 
easily be measured; thus the unknown dynamie stiffness parameters, K. Da can be identified 
(for splitting D and X from the product, an additional test is required). 

Both Eqs. (4.4.18) provide the same relationships for the rotor deflection magnitude 
C and phase <p\ 



P ( DXQ\ 

C — , </> = y + aretan ( — — ) (4.4.20) 

^K 2 + (DXQ) 2 \ k J 

Notę that the net angle between the force and deflection response directions, y — </>, 
is called the “attitude angle” (Figurę 4.4.5). The rotor response phase is not collinear with 
the input force. The existence of the rotor rotation-related tangential component leads to the 
phase difference. 

Eqs. (4.4.18) indicate that rotor restraints, which determine the finał effect of the 
input force on the response, depend on the rotor direct stiffness, as well as on the tangential 
force. When the latter has a significant value, the actual deflection of the rotor will not 
be collinear with the applied force, as in nonrotating structures. This effect is illustrated 
by the experimentally obtained loeus of the counterclockwise rotating, at a constant speed, 
rotor journal centerline inside the bearing clearance with inereasing force magnitude P. 
as a parameter (Figurę 4.4.5). When the rotor radial forces are in balance, the journal rotates 
concentrically inside the bearing. An application of a smali radial force Pe-i 210 (vertically 
down) results in the rotor deflection not vertically down, following the same direction as 
the force, but almost perpendicular to the force, toward the right. At a Iow eccentricity 
and high rotational speed, the fluid film radial stiffness Ko is much lower than the tangential 
component, DXQ in Eq. (4.4.20). Notę that in rotor/bearing Systems, the latter is often 
referred to as a “wedge support stiffness”. When K<^DXQ, then from Eqs. (4.4.18), 
(4.4.19), C^P/DXQ and cp ^ 270° + 90° = 0°; thus the rotor deflection is horizontal, 
oriented almost 90° from the force. Actually, it is not horizontal, but slightly inclined down. 
When the force magnitude, P, inereases, there is a linear continuation of this deflection linę. 
This means that in a Iow rangę of values of the force magnitude, P, the ratio DXQ/K 
is constant. When the force magnitude P inereases further, and the rotor response deflec- 
tion follows, the fluid radial stiffness and damping, as nonlinear functions of eccentricity 
also inerease, while X decreases. This changes the balance in rotor restraints. The product 
DX either slowly inereases or remains constant, or decreases, while the direct stiffness K 
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Bearing radial clearance 
z' N 




Figurę 4.4.5 Locus of the centerline position of a rotor journal inside the fluid-lubricated bearing clearance 
at a constant rotational speed, versus increasing radial (vertical down) force magnitude. 
Notę that due to the rotor rotation (counterclockwise, at a constant speed), at Iow eccentricity 
the vertically applied force causes mainly horizontal displacement of the rotor. Actual experi- 
mental data. 



distinctly increases. Finally, for a very high P , the rotor deflection becomes almost collinear 
with the force, as the relative contribution of the ąuadrature tangential, “wedge support 
stiffness”, definitely diminishes, in comparison to the fluid film radial stiffness. Thus, for very 
high P, C & P/K and </> ^ 210°, and the force and response become close to collinear. This 
test can be used for identification of the fluid forces in rotor clearances (see Section 4.8). Notę 
that in the classical rotordynamic literaturę, the vertical force locus presentations are usually 
approximated by a half of a circle. This qualitatively reflects the curve in Figurę 4.4.5, 
but loses the distinctly different, linear behavior of the locus at Iow values of the force 
magnitude, P. 

The balance of forces in other rotor systems, operating in fluid emdronment, may be 
slightly different, because the radial stiffness, K, may contain contributions from support 
stiffnesses, as well as from the rotor, and the value of K , relative to the fluid-related tangen- 
tial component, is much higher than in the case of the simple rotor/bearing system discussed 
here. 



4.4.5 Rotor Response to a Nonsynchronously Rotating Perturbation Force 

4.4.5. 1 Forced Response of the Rotor to Forward Circular Excitation Force 

The circular rotating exciting perturbation force determines the third component of the 
rotor response. Assuming no radial force {P — 0), the Solutions of Eqs. (4.4.5) and (4.4.6) 
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are respectively as follows (the third component of rotor response): 



z = BQ J(fot+P) , z* = Be (4.4.21) 

where B and fi are amplitudę and phase of the forced responses respectively. Substituting 
Eqs. (4.4.21) into Eqs. (4.4.5) and (4.4.6) respectively provides: 



{K- Ma? + j[(D s + D)a> - DW] ( Be Jf> = Fe jS 



{ K - Ma? - j [(D s + D)co - DW] } Be ~ jP = Fe ~ jS 



(4.4.22) 



and calculating further 



Bc jfl = 



Fe jS 



K - Moi 2 +j[(D s + D)a> - DW] 



(4.4.23) 



Be ~ jf> = 



Fe -J* 



K- Mar -j[(D, + D)o - DXQ\ 



(4.4.24) 



Similarly to the cases discussed in Section 1.2 and Subsection 3.3.3, Eqs. (4.4.23), (4.4.24) 
can be interpreted as follows: 



_ INPUT FORCE 

RESPONSE > 

COMPLEX DYNAMIC STIFFNESS 

Notę that all components of the above equation are vectors in the complex number 
sense (see Appendix 1), i.e., they contain amplitudes and angular orientation. Similarly 
to Eq. (4.4.19), where the static response vector was determined by the ratio of the input 
static force vector to rotor static restraints, the vibrational response vector here is equal 
to the ratio of the dynamie excitation force vector to the rotor dynamie restraints. The 
expression 



K - Mof ±j[(D s + D)o - DW] = CDS (4.4.25) 

in Eqs. (4.4.23) and (4.4.24) is called complex dynamie stiffness (CDS) with the direct part 
(DDS) being: 



DDS = K - Ma? (4.4.26) 

and quadrature part ( QDS ): 

QDS = ± [(D s + D)cl> - DW] (4.4.27) 

The changes in the rotor response (4.4.21) may occur due to changes either in the 
external input force or in the complex dynamie stiffness of the system (for example, a crack in 
the rotor would reduce K , and thus reduce CDS value, see Section 6.5 of Chapter 6). 
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Both Eqs. (4.4.22) provide the same expressions for the nonsynchronous vibration 
response amplitudę and phase: 



B = 



F 

J(K- Mc?f+[(D S + D)(o - D1Q] 2 



(4.4.28) 



/i = 8 + arctan 



— (D s + D)co + DXC2 
K-Mco 2 



(4.4.29) 



Notę that for 
coincide with Eqs. 



co — 0 (zero frequency, constant exciting force), Eqs. (4.4.28), (4.4.29) 
(4.4.20) with respectively B — C, P — <t>. 



4. 4. 5. 2 Complex Dynamie Stiffness Diagram Based on Eqs. (4.4.23) 

Transform Eq. (4.4.23) to the following form: 

{.£ - Mor +j[(D s + D)co - DXQ\)B = Ee 7 ^“® (4.4.30) 

Eq. (4.4.30) represents the balance of all forces in the rotational modę. These forces 
can be presented in the complex piane (Re, Im) (Figurę 4.4.6). One morę transformation, 
and Eq. (4.4.30) provides the complex dynamie stiffness: 



CDS =K- Mo? + j [(Z), + D)co - DXQ\ = - e i(5 “^ (4.4.3 1) 

B 

The diagram of the dynamie stiffness is illustrated in Figurę 4.4.7. 

In the following subsections, it will be shown how the complex dynamie stiffness vector 
varies in three ranges of the excitation frequency values. 





DwQB 
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(D s + D)wB 



0 



KB 



Figurę 4.4.6 Vector diagram: Balance of forces at freguency co. 
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Figurę 4.4.7 Complex dynamie stiffness diagram. 
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(ó-/?) = 0 

\ 



K 



D/M 



r 



CDS 



1 (D s +D)a 



Moj 2 



(CDS ~ K) 

Figurę 4.4.8 Complex dynamie stiffness diagram at Iow frequency a>. 

4. 4. 5.2. 1 Low excitation frequency co % 0 

For low excitation freąuency, the dominant component of the complex dynamie 
stiffness (4.4.31) is the static stiffness K (Figurę 4.4.8). The response amplitudę 5 q and phase 
/So at low cd practically do not differ frorn the response amplitudę and phase for the static 
radial force, Eqs. (4.4.20): 

F 

Ba'' 



hc- + (Dmf 

t t 

direct stiffness tangential stiffness 



attitude angle 



Po 



aretan 



DIQ 

K 



(4.4.32) 



(4.4.33) 



It can be seen from Eq. (4.4.33) that the response phase fi leads the input force phase S 
by the attitude angle which depends on the actual rotational speed of the rotor. 



4. 4. 5.2.2 Response at direct resonance, cd — ^ /K/M . Case of low damping, t, < 1 

When the system damping is low ( D + D s < 2-J KM , f < l), a specific situation in rotor 
response takes place when the direct dynamie stiffness becomes zero: K — Mor — 0 (see 
Eq. (4.4.28)). It occurs when cd = ± *JK/M, which represents the undamped natural 
frequency of the system (frequency at the instability threshold). The complex dynamie 
stiffness diagram (Figurę 4.4.9) illustrates this case. The complex dynamie stiffness vector 
becomes smali, and it consists only of the difference between the system total damping 
term, ( D s + D)cd and the tangential term, D1Q. Notę that the stability criterion (4.4.12) 
requires that 



(D s + D) 



— >D1Q 
M 




(direct resonance) 

CDS= QDS ~ jD(<u - AQ) 
(low damping) 



DXQ 



Moj 2 



CDS 






(D s + D)m 



6-0 = 90° K 



Figurę 4.4.9 Complex dynamie stiffness diagram at direct resonance, i.e., when &>=± y 7 K/M , in case of 
low damping. 
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thus, sińce here co — *JK/M, the product of total damping and natural frequency must exceed 
the tangential term. 

At the freąuency co — */KjM, the rotor response phase lags the input force phase 
by 90°: 



p D =8- 90° 



(4.4.34) 



which is characteristic for the classical “mechanical” resonance. In the narrow band of 
resonance freąuency, the phase /6 decreases dramatically. This can be verified by calculating 
the phase slope from Eq. (4.4.29) as a derivative: 

PHASE SLOPE = 5^ = ~ (Ds + D)iK ~ Mw2) ~ 2Mo & D ‘ + D > ~ D/Q ^ 
d co (K - Matf+KPs + D)co - D/Q] 2 

at freąuency co — K/M , the phase slope is the steepest, and is eąual to the following: 



phase slope 1^ 



(A 



-2 VKM 
D) s /KjM- DIQ 



(4.4.35) 



The meaning and use of Eq. (4.4.35) will be discussed in Subsection 4. 4. 6. 3 (see also 
Section 6.3 of Chapter 6). 

The response amplitudę. A>, at co — ± V K/M exhibits a peak value, as it is controlled by a 
relatively smali value of the ąuadrature stiffness only: 

B=B d = — — — (4.4.36) 

The actual peak of the amplitudę B occurs at a freąuency slightly higher than -J Kf M . 
if the force amplitudę is proportional to freąuency sąuared (unbalance-like excitation). If 
the input force has a constant amplitudę (F— const), then the actual peak occurs at freąuency 
slightly lower than ^ /K/M . 

Figures 4.4.10 and 4.4.11 illustrate the response amplitudę and phase in the Bodę and 
polar plot formats for the case of the force amplitudę proportional to freąuency sąuared, 
F — tnrco 2 , which is unbalance-like nonsynchronous excitation. At a Iow freąuency, the phase 
decreases slowly, while the amplitudę B 0 (Eq. (4.4.32)) increases proportionally to co 2 , as 
the freąuency increases. Figures 4.4.10 and 4.4.11 illustrate also the peak response amplitudę 
and a sharp phase shift in the direct resonance freąuency band. 

4.4. 5. 2.3 Response at ęuadrature resonance co — XQ( 1 + D s /D). 
case of high damping, 1 

It was shown above that the direct resonance occurs when the direct dynamie stiff- 
ness vanishes. Similarly, the ąuadrature resonance occurs when the ąuadrature stiffness 
(4.4.27) becomes zero, (D s + D)co — DW — 0. The ąuadrature resonance takes place at the 
freąuency: 



XQ 

1 + D s /D 



(4.4.37) 
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m 

Perturbation frequency ratio, ^ 



Figurę 4.4.10 Bodę plot of the rotor response (4.21) phase and amplitudę for forward (+) and backward (-) 
perturbation and Iow damping case (5 = W/jK/l/l. D s = 0) versus perturbation frequency 
ratio. Unbalance excitation F = mrQ 2 . The dashed lines illustrate the synchronous excitation 
case response, when the rotor is excited by its own unbalance; thus a>= Q. Notę that in this case 
only the forward modę is excited. 




Figurę 4.4.11 Polar plot for the rotor response (4.21) phase and amplitudę for forward and backward 
perturbation. The dashed linę illustrates the synchronous excitation case response, when a> = Q. 
The same data as in Figurę 4.4.10. 
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The right-side expression of Eq. (4.4.37) is proportional to and is close in value 
to the rotor system natural freąuency (4.4.10) for the high damping case ( D + D s > 2*J KM , 
£> 1, see Eq.(4.4.1 1)). 

Following the stability criterion (4.4.12), the frequency (4.4.37) must be lower than 
y/K/M, otherwise the system is unstable. Figurę 4.4.12 illustrates the complex dynamie 
stiffness diagram in the quadrature resonance case. Figures 4.4.13 and 4.4.14 present the 
Bodę and polar plots of the rotor response (4.4.21) amplitudę and phase in the case of high 
damping. 



A 



Complex dynamie 

stiffness (CDS) m w 2 

ó-/3 = 0° ► * ~ 

K 



DkQ 



(D s + D)w 



— " 
► 



CDS = DDS = K- Mai 2 = K- M 



X 2 Q 2 

(1 + D s /D) 2 



Figurę 4.4.12 Complex dynamie stiffness diagram at guadrature resonance, i.e., when a> = XQ/( 1 + D s /D). 




Figurę 4.4.13 Bodę plot of the rotor response (4.21) phase and amplitudę for forward (+) and baekward (-) 
perturbation high fluid damping case, (3 = kO/^/K/M, D s = 0) versus nonsynchronous pertur- 
bation frequency ratio. Unbalance excitation, F = mra ?. The dashed linę illustrates the 
synchronous excitation case response, when the rotor is excited by its own unbalance; thus 
a> = Q. Notę that only the forward modę is excited. 
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Figurę 4.4.14 Polar plots of the rotor response (4.21) phase and amplitudę for forward and backward 
perturbation and high fluid damping case. The heavy spot is related to the perturbation force. The 
same data as in Figurę 4.4.13. 



At the ąuadrature resonance, the response phase, /Jg, is exactly equal to the phase of the 
input force, and the response amplitudę, Bq exhibits a peak, much lower, however, than the 
direct resonance peak, Eq. (4.4.36): 



P q = 8 



(4.4.38) 



Bo = 



2r>2 



K - M(D'aQ/(D s + D)) K - MkO. 



(4.4.39) 



In the approximation in Eq. (4.4.39), it was assumed that the external damping is 
much smaller than the fluid damping, so it was neglected. Notę that similarly to the direct 
resonance amplitudę (4.4.36) being controlled by the quadrature stiffness, the quadrature 
resonance amplitudę (4.4.39) is controlled by the direct dynamie stiffness. 

In the quadrature resonance rangę of frequencies, the phase /J decreases substantially. 
At co — XQ/(\ + D s /D) the phase slope is as follows: 



PHASE SLOPE 



CO= 



w — 

1 +D S /D 



~(Ds + Df 

M[(D S + D) 2 K/M - (D/li) 2 ] 



(4.4.40) 



The phase slope at the quadrature resonance (4.4.40) is much smaller, however, than 
at the direct resonance (4.4.35), as the damping in the numerator appears in the third 
power. Nevertheless, the phase slope is significantly larger than the slope in the Iow frequency 
rangę. The interpretation of the phase slope will be discussed in Subsection 4. 4. 6. 3. 

For a given rangę of damping values, the rangę of resonance frequency values exists 
from aQ to *JK/M. The significant difference, and occurrence of the direct resonance 
at one frequency location and quadrature resonance at another, may take place when the 
considered system is morę complex, and its model contains rnore than one modę (see Section 
4.8.5 of this Chapter). 

It is important to notice that with the existence of the tangential force in the rotor 
model, the high damping, which in other mechanical Systems provides nothing morę than 
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stability and motion amplitudę suppression, here, due to its association with the rotational 
speed it becomes active, creating a new phenomenon , namely, the ąuadrature resonance with 
its distinguished new characteristics, which significantly differ from classical mechanical 
direct resonance. 

4.4. 5. 2.4 Response at high excitation frequency o> oc 

For all cases of damping, at high excitation freąuency, the most significant element in 
the complex dynamie stiffness is the inertia term, as it is proportional to the freąuency 
sąuared. Figurę 4.4.15 illustrates the situation. The response phase differs by almost 180° 
from the input exciting force phase. The response amplitudę tends to zero (if the force 
amplitudę F is constant) or to a constant value, if the force amplitudę is frequency-square 
dependent, as in the unbalance excitation case. 



Notę that in cases, when excitation freąuency inereases, the response amplitudę may start 
inereasing again when the freąuency approaches the next natural freąuency of the system 
(not included in the model considered above). 

Figures 4.4.10, 4.4.11, 4.4.13, and 4.4.14 illustrate the Bodę and polar plots of the 
response phases and amplitudę unbalance-like excitation. When excitation freąuency tends to 
infinity, the dimensionless response amplitudę tends to 1. Figurę 4.4.16 presents summary 
of the complex dynamie stiffness diagrams for the freąuency ranges discussed above. 

4.4.5.3 A Particular Case: Both Direct and Ouadrature Dynamie 
Stiffnesses Nullified 

If both direct and ąuadrature dynamie stiffnesses eąual zero at the same freąuency, i.e. 



then the threshold of stability occurs. (Compare Eq. (4.4.42) with the stability criterion 
(4.4.12).) In this case, the response amplitudę becomes infmite: 



^8 - 180° 



Boo ~ 0 for F = const or R sa — for F — mror 




(4.4.41) 




(4.4.42) 



F 



(4.4.43) 



B = 




= oc 



(. K - Morf + [(D s + D)co - D1Q] 2 



=0 



=0 




(CDS ~ DDS ~-Mo) 2 



Figurę 4.4.15 Complex dynamie stiffness diagram at high freąuency co. 
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tu = 0 

CDS = K 



<3 /3 = 0 



K 



(D s + D)a»| 
CDS ■> 



D/l/2 



Moj 2 



DXm 

w = 

D s + D 

(quad resonance) 

CDS= DDS ~ K MX 2 Q 2 
(high damping) 



DXQ 



CDS 



Moj 2 



(D s + D)a> 



<3 /3 = 0° 



[K 

CD = — 




DXQ ‘ 


(direct resonance) 

CDS= QDS ~ jD(m - AQ) 


Moj 2 




CDS { 




ó - fi = 90° K 




(Iow damping) 



DXQ\ 



CDS 

CDS ~ DDS = Mm 2 



Ma > 2 



'<A. 



- 90° < ó - /? < 180° 



(D s + D)m 



K 



Figurę 4.4.16 Summary of the complex dynamie stiffness diagrams for forward excitation. 



Notę that, in the real world, the response amplitudę never inereases to infinity. The 
nonlinear terms (neglected in the considered linear model) will become significant when 
displacement inereases, and they would cause the amplitudę limitation leading to a limit 
cycle of self-excited vibrations (such as fluid whirl or fluid whip), or to a rotor breakage. 
In both cases the linear model (4.4.1), (4.4.2) becomes inadeąuate. Cases with nonlinear 
terms in the model will be discussed in the next sections. 

Notę, also, an important coincidence: At the threshold of instability, not only free 
vibrations, originally having constant amplitudes, will start inereasing, but also the amplitudę 
of forced response grows infmitely. 



4.4.5A Rotor Response to a Backward (Reverse) Rotating Exciting Force 

In the previous subsections, it was assumed that the external perturbation exciting force 
rotates forward, i.e., in the direction of rotation. In the above analysis, the positive sign of co 
was considered only. The change of this sign into a negative reverses the exciting force 
direction. 

With a negative value of co, the only change introduced in the dynamie stiffness equa- 
tions will be the sign of the “total damping”. The term (D s + D)co becomes —(D s + D)co. This 
change does have, however, a substantial effect on ąuadrature dynamie stiffness term, which 
will no w become: 



QDS — —(D s + D)co — DaQ 



(4.4.44) 
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Notę, therefore, that in the case of backward rotating exciting force, the ąuadrature is 
always negative! This means that it never becomes zero, i.e. there is no ąuadrature resonance 
for backward excitation in the considered isotropic rotor. It also means that the tangen- 
tial force acts now in phase with the “positive” attenuating damping of the system, thus 
increasing the amount of effective damping; therefore, the value (4.4.44) of the ąuadra- 
ture dynamie stiffness affects the magnitude of the rotor response vector in the entire rangę 
of freąuencies. It is especially evident in reduction of the direct resonance peak value. The 
rotor response is 






where 



B (-o>) = 



y/(K - Ma?f+[(D S + D)co + DXQf 



/J(_o) — 8 + aretan 



(D s + D)u> + DXQ 



K- Mco 2 



(4.4.45) 



The rotor response amplitudes and phases under reverse unbalance-like perturbation are 
illustrated in Figures 4.4.10, 4.4.11, 4.4.13, 4.4.14 in the negative perturbation freąuency 
ratio rangę. In this rangę, there are neither resonance peak amplitudes, nor sharp phase 
drops at the ąuadrature resonance. Notę that a mirror image of the phase versus freąuency 
plot would result if, in the backward excitation, the direction of force remains the same 
(oj>0), but the rotor rotation is reversed (i2 <0). In this case, both ąuadrature dynamie 
stiffness components (4.4.44) will be positive, and the phase (4.4.45) will have the negative 
sign in the right-side numerator. 

Figurę 4.4.17 presents the rotor response amplitudę in nondimensional form, versus 
nondimensional forward and backward perturbation freąuency, and versus the logarithm 




CD 



Perturbation freąuency ratio, ^ 

Figurę 4.4.17 Rotor nondimensional response amplitudę to rotational perturbation versus nonsynchronous 
forward and backward freąuency ratio and versus logarithm of damping ratio j. 3 = W/ 
y/K/M = 0.5. 
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m 

Perturbation frequency ratio, 



Figurę 4.4.18 Rotor nondimensional response amplitudę to rotational perturbation for the high damping case. 
A fraction of Figurę 4.4.17 for overcritical damping. 



of the damping ratio, £, for the case 3 — kQ/*/K/M = 0.5 and D s — 0. This figurę illus- 
trates the damping-related evolution of the fluid-induced ąuadrature resonance for high 
damping, transformed into mechanical direct resonance for Iow damping, in case of forward 
perturbation. The ąuadrature resonance does not exist for the backward perturbation 
(it exists, though in anisotropic systems, see Section 4.8.7). The direct resonance amplitudę is 
much higher for forward perturbation than for backward perturbation. Figurę 4.4.18 
presents the same data, but with different amplitudę and damping scales to emphasize the 
existence of the ąuadrature resonance for forward perturbation, and lack of ąuadrature 
resonance for the backward perturbation. 

Figurę 4.4.19 presents the rotor response phase versus forward and backward pertur- 
bation freąuency and versus the logarithm of the damping ratio for the same numerical 
case (3 — a.Q/^/K/M = 0.5 and D s = 0). It shows a lack of phase drop at the ąuadrature 
resonance in case of the backward perturbation, and the highest phase drop at the direct 
resonance at forward perturbation. The thick linę indicates phase values at corresponding 
peak amplitudes. 



4. 4.5.5 Rotor Response to a Unidirectional Harmonie 
Nonsynchronous Excitation 



A unidirectional harmonie excitation is a combination of the forward and backward 
rotating force excitation with the same freąuency. The rotor model (4.4.1), (4.4.2) with a 
unidirectional nonsynchronous excitation can be presented in the following form: 



Mx + ( D s + D)x + Kx + DkQy — F\ cos (wt + S) 
My + ( D s + D)y + Ky — D/Jlx = Fj cos (cot + S) 



(4.4.46) 
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Figurę 4.4.19 Rotor response phase to rotational perturbation versus nonsynchronous forward and backward 
frequency ratio and versus logarithm ot damping ratio, ę. S = W/^/K/M = 0.5. 



It is assumed that the unilateral excitation force is applied radially to the rotor at the 
angle arctan (F 2 /F 1 ) from the horizontal axis. Using the complex number formalism (4.4.3), 
Eqs. (4.4.46) can be rewritten as follows: 

Mź + (D s + D)ż + Kz- JDOz = ( e •/><+* ) + e -' ( "'+ 5 >) (4.4.47) 

Eq. (4.4.47) contains, therefore, one forward and one backward rotating force excitation. 

The forced solution of Eq. (4.4.47) is a sum of the Solutions discussed in Sections 4.4. 5.1 
and 4.4. 5.4: 

z = + B ( _ w) e (4.4.48) 

where 



B = 



F\ + Fl 



2 yJ(K - Mco 2 f+[(D s + D)w - D'aQ} 2 



Fi (D s + D)a> — D2Q 

• = ó + arctan arctan = 

Fi K— Mar 



B (-o» = 



Ą + Ą 



2 yJ(K - Ma> 2 ) 2 +[(D S + D)a> + D/.Q] 2 

F 2 (Dr + jD^co -|- DAC 2 

+ arctan -+ arctan k _ Mq? 
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Naturally, the solution (4.4.48) can also be presented in terms of separate horizontal 
and vertical responses. The latter are important, as they are the measurable parameters 
(see Chapter 2). 



x = Bcos(cot + P) + cos (w? — &(-„,)) — B x cos (cot + e x ) 
y — B sin(fwt + p) — sin(tt>t — P(- m )) — B r cos (cot + s y ) 



where 



B x 



\J B 2 + + 2 BB^a,) COs(/j + fy-u,)), 



p x — arctan 



B sin fi - B { - a) sin p^ 
5 cos fi + £(_„;) cos 



By 



^B 1 + B 2 _ m) - 2 BB ( _ W) cos(P + /3_J, 



P r — arctan 



-B cos p + ^(-a,) cos jg ( _ 0J ) 
B sin p + sin p ( _ m) 



The amplitudes and phases can also be expressed in terms of the original parameters: 



5 T = 



^[0 K - Mco 2 )F { - DaQF 2 ] 2 + (D s + D) 2 co 2 F 2 
yJ[(K - Mw 2 ) 2 +(Ą, + D) 2 oj 2 - ( D/ Q) 2 2 +[2 (K- Mu> 2 )DXQ\ 



p x — 8 + arctan 



co(D s + D ) 



arctan - 



2o){ D v + D)(K- Moi 2 ) 



B v = 



A - Mco 2 - DaQF 2 /F\ ‘ (a: - Mu> 2 ) 2 —{D s + Z>)V + (T»10) 2 

^(T- M« 2 )T 2 + DaQFi] 2 + (D s + D) 2 co 2 F 2 
[( A' — MaPf+iD, + D) 2 co 2 - ( D/.Q) 2 ~+[2(K- Mco 2 )DlQ] 2 



P v = 8 + arctan 



co(D s + D ) 



A' - Mor + D/ QF\ /F 2 



— arctan - 



2o)(D s + D)(K- Mco 2 ) 

(K — Mco 2 ) 2 -(D s + Dfco 2 + (ZUQ) : 



It is easy to conclude that the rotor response vector to a unidirectional excitation is 
much morę complex the one responding to rotational excitation. In particular cases, when 
the unilateral excitation is collinear with either x or y axis, the response vectors are slightly 
simplified, as either F 2 or Ti becomes zero. 

In several applications in modal testing of rotor Systems, the unilateral excitation 
has been used (see Section 4.8 of this Chapter). As can be seen from the above calcula- 
tions, the identification of the system parameters using the unilateral excitation is certainly 
feasible, but is much morę complex, because the forward and backward modes are mixed 
up. The worst case obyiously occurs when the fact that the tangential and damping forces 
assume different polarity in the forward and backward modes (compare Eqs. ((4.4.27) 
and (4.4.44)) is usually entirely overlooked in the modeling process. In such case, the 
identification does not provide any reliable data. 
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4A.5.6 Rotor Response to the Excitation by Its Unbalance Mass 

The unbalance-related centrifugal force represents a particular case of rotating excit- 
ing force applied to the rotor and firmly attached to it. In comparison to the previously 
considered cases of external nonsynchronous forward or backward excitation, the rotor 
unbalance force provides exclusively forward synchronous excitation. 

The unbalance excitation force (“heavy spot”; see Section 1.7 of Chapter 1) on the rotor 
is characterized by: 

• Inseparable attachment to the rotor. 

• Harmonie timebase. 

• Freąuency eąual to the actual rotational speed, Q. 

• Force amplitudę F eąual to the product of mass unbalance, “m”, radius of unbalance, and 
sąuare of rotational speed Q; F = mrQ 2 . 

• Force phase <5, i.e. the angular position of the heavy spot, measured from the reference “angle 
zero” marked on the rotor circumference. 

Since the unbalance-related synchronous excitation represents a particular case, all 
relationships discussed in Sections 4.4.5. 1 and 4. 4. 5. 2 remain valid, assuming co~Q. 
Qualitatively, however, the results will be different. The Quadrature Dynamie Stiffness will 
have a simplifted form, \D S + D( 1 — /„)]Q, and, in most cases, this expression is positive 
(unless 2 has a high positive value), thus there is no ąuadrature resonance in the rotor 
response. Nor is there backward modę excitation. Dashed lines in Figures 4.4.10, 4.4.11, 
4.4.13, and 4.4.14 illustrate respectively the rotor synchronous response amplitudes and 
phases. (For anisotropic rotor ąuadrature resonance see Section 4.8.7.) 



4.4.5. 7 Results for the Rotor Conjugate Model (4.4.6) 

All results obtained above can be directly applied to the rotor conjugate model (4.4.6) 
with its ąuadrature dynamie stiffness differing by the sign from the case considered above. 
The response amplitudes and phases are identical. 



4.4.6 Complex Dynamie Stiffness as a Function of Frequency. 

Identification of the System Parameters 

4.4.6. 1 Dynamie Stiffness Vector 

Eq. (4.4.31) with the forward-rotating exciting force serves for the calculation of the 
rotor response amplitudę and phase (Eqs. (4.4.28), (4.4.29)) when the input force is given, 
and the system parameters are known. This application is widely known in vibration theory. 
Eq. (4.4.31) may also serve for the Identification of the unknown system parameters, and 
this application becomes extremely important. In this case, the known excitation force must 
be deliberately input into the system, then the output response measured. Now the unknown 
in the eąuation is the complex dynamie stiffness. It can be calculated from Eq. (4.4.31) as a 
ratio of the input force vector to the response vector: 



K - Mor + j[(D s + D)a ; - DU 2] 



Fe JS 

Bel? 
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Figurę 4.4.20 Direct and quadrature dynamie stiffness versus frequency co. 



The components of the complex dynamie stiffness can easily be obtained: 



, Fcos(<5 — 0) 
DDS — K - Mar = - V ’ 



QDS = (D s + D)co - D 'aQ = 



B 

Fsin(<5 — 0) 

5 



(4.4.49) 

(4.4.50) 



When the input rotating force has sweep frequency covering the rangę ao = —co MA x 
to co — +cl>max (perturbation baekward and forward), the results of the dynamie stiffness 
component calculation can be presented versus freąuency co (Figurę 4.4.20). The direct 
dynamie stiffness is a parabola; the ąuadrature dynamie stiffness is a straight linę. The 
parameters of both dynamie stiffness components can easily be identified from the meas- 
ured and processed data using Eqs. (4.4.49) and (4.4.50). 

Notę the frequency roots of the dynamie stiffness components. The direct dynamie 
stiffness turns to zero at the following frequencies: 




The quadrature dynamie stiffness reaches zero when 

1 + Ds/ D 

Notę that these frequencies correspond to the direct and quadrature resonances of 
the excited response, which have been discussed in the previous sections. 
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4.4. 6. 2 Stability Margin 

The stability criterion (4.4.12) can be rewritten as follows: 



[K ^ XQ [K 

V M ~ 1 + D s /D - VM 



(4.4.51) 



Ali tenns of the above ineąuality are the roots of the dynamie stiffness components. 
Therefore, the stability criterion can be interpreted as follows: The system is stable when 
the root of the ąuadrature stiffness is located between the two roots of the direct dynamie 
stiffness. The threshold of instability occurs when these roots, at either side of ineąualities 
(4.4.51), coincide. 

The minimum difference between the direct and ąuadrature roots can be considered as 
a useful measure of the system freąuency-related stability margin with the units of frequency 
(FSM) (Figurę 4.4.21): 



FREQUENCY STABILITY MARGIN = FSM = 



XQ [K 
1 + D s /D ~ V M 



(4.4.52) 



Notę that in Eq. (4.4.52) the sign of X could be negative. For positive X the stability 
margin is as follows: 



FSM = 




XQ 

1 + D s /D 



(4.4.53) 




Figurę 4.4.21 Direct and quadrature dynamie stiffness components versus frequency co. Frequency-based rotor 
stability margin illustrated on the direct and quadrature dynamie stiffness plots. 
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Figurę 4.4.22 System parameter-based rotor stability margin illustrated on the direct and quadrature dynamie 
stiffness plot versus freguency. 



For the positive value of X another stability margin can be defmed “vertically” 
(Figurę 4.4.22). It refers to the system parameters and denotes the value of the ąuadrature 
dynamie stiffness at the positive root of the direct dynamie stiffness; it has, therefore, the units 
of stiffness: 

PARAMETER STABILITY MARGIN (PSM) = [(D + D s )co - DXQ] 

= (D + D s )^ - D/,Q 



Comparing Eqs. (4.4.53) and (4.4.54), it is seen that the parameter stability margin 
( PSM) differs from the FSM by the multiplication factor of the total damping. Practically, 
therefore, they are very similar. Morę materiał on the Stability Margin is presented in 
Section 4.4 of this Chapter and in Section 6.3 of Chapter 6. 

4. 4. 6. 3 Nonsynchronous Amplification Factors 

The amplification factor ( Q ) is used in vibration theory as a measure of system 
susceptibility to periodic excitation at resonances. The amplification factor is defmed as a 
ratio of the response amplitudę at resonance peak to the nonresonance response ampli- 
tudę. The latter can be either the Iow freąuency one, if the excitation force amplitudę is 
constant (Eq. (4.4.32)), or to the response amplitudę at high frequency, if the excitation 
is unbalance-like, proportional to frequency squared ( mr/M ; Eq. (4.4.41)). Taking into 



=y/K/M 

— (D + D s ) (FSM) 
(4.4.54) 
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consideration Eqs. (4.4.32), (4.4.36), (4.4.39), and (4.4.44), the amplification factors of 
the direct and ąuadrature resonances for two cases of the rotating excitation force amplitudę 
are presented in Table 4.4.1. 

Notę that all amplification factors for forward excitation have the frequency stability 
margin ( FSM ; expression (4.4.51)) in the denominators. The amplification factors are, 
therefore, inversely proportional to FSM. 

In mechanical Systems with no tangential forces, the amplification factor for any modę 
is equal to an inverse of a double damping factor corresponding to this modę. The damping 
factor is defined as a ratio of the actual damping to critical damping. Applying this defini- 
tion to the model (4.4.1), (4.4.2), the damping factor t, of the rotor first lateral modę is as 
follows: 



_ D + Ds 
ę ~ 2-jKM 



(4.4.55) 



The amplification factors from Table 4.4.1 can be now rewritten by using the damping 
factor (4.4.55). The results are presented in Table 4.4.2. 

All amplification factors in Table 4.4.2 contain the ratio of the tangential force coefficient 
to stiffness, DXQ/K = 0, as an additional term, which appears in various combinations. 
The main effect is that it is either subtracted from 2ę (excitation forward) or added to it 
(excitation backward), thus increasing or decreasing the amplification factors. 



Table 4.4.1 Nonsynchronous Amplification Factors, O 

F=const F= mroj 2 



Excitation 

forward 


Direct resonance O d 


y K 2 + (D).Qf 
(D s + D)s/K/M - DaQ 


K 

(D s + D) S JK/M - D;.0 


Excitation 

forward 


Ouadrature resonance 0 Q 


(D s + Df^K 2 + (DW) 2 
M[(D S + DfK/M - (D/O) 2 ] 


<d;.o) 2 

(D s + D) 2 K/M - (D/.Q) 2 


Excitation 

backward 


Direct resonance O d 


y K 2 + (D).Qf 
(D s + D)/K/M + D/O 


K 

(D s + D) S JK/M + D).Q 



Table 4.4.2 Nonsynchronous Amplification Factors O as Functions of Damping Factor £ and 0 

F=const F=mr«> 2 



Excitation Direct resonance O d 
forward 



^+(DM/K) 2 

2ę- l DlO/K ) 2C-0 



1 _ 1 

2ę- (D/O/K) = 2;-0 



Excitation Ouadrature resonance Q 0 
forward 



Excitation Direct resonance O d 
backward 



^ + (DM/Kf_ s /T^ 
1 - (DW/Kf 1 -0 2 

71 +(DM/K) 2 
2 <; + (DaQ/K) ~ 2t; + 0 



1 _ 1 

(2tCf/D10) 2 -1 ~ (2f/0) 2 ~-1 

1 _ 1 

2ę + (DXQ/K) = 2ę+0 
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In Subsection 4.4. 5.2 the expression (4.4.35) for the phase slope at direct resonance 
has been given. Notę that the denominator of Eq. (4.4.35) contains the freąuency stability 
margin. Lower FSM would, therefore, result in a morę dramatic phase drop at the resonance 
freąuencies. 

Using the damping factor (4.4.55), the response phase slope (4.4.35) can be rewritten as 
follows (case of the unbalance-like excitation): 

PHASE slope i 



-2 



i(2f- 



K ) 



2Qp 

' s/K(M 



(4.4.56) 



The phase slope at the direct resonance is, therefore, proportional to the direct resonance 
amplification factor. 

Similarly, the phase slope at the ąuadrature resonance (expression (4.4.40)) can be pre- 
sented as a function of the ąuadrature resonance amplification and damping factors (case 
of unbalance-like excitation): 



PHASE SLOPE I _ -8 K?M 

1 B “ (D aQ) 2 [( 2 Kę/DXQ ) 2 - 1 ] 



8 Q q ?V&M _ 8g e ę 3 
(DW) 2 ~ & 2 ^K/M 



Again, similarly to the direct resonance, there exists a close relationship between the 
amplification factor and the phase slope for the ąuadrature resonance. Both phase slopes 
(4.4.56) and (4.4.57) are inversely proportional to the direct resonance freąuency. 

Morę about specifics of damping in rotating Systems is in Section 6.3 of Chapter 6. 



4.4.7 Fuli Rotor Response: General Solution of Eqs. (4.4.1), (4.4.2) 

The total response of the considered rotor represents the generał solution of Eqs. (4.4.1), 
(4.4.2), and contains free vibrations (4.4.7), static displacement (4.4.17), and forced vibra- 
tions (4.4.21): 



z = A { e sit + A 2 e S2t + Ce # + Be Kat+P) 



z* = A 3 e S3 ‘ + A 4 e Sit + Ce + Be (4.4.58) 

where A\,...,Aą are constants of integration, which depend on initial conditions and are 
related to rotor niodes. If the rotor is stable and operates at a steady State, then the free 
vibrations will practically vanish froni the response (4.4.58). They become important, 
however, if any transient process occurs in the rotor due to suddenly applied forces, impacts, 
sudden changes in velocities, and/or displacements. The stable rotor will then respond with 
decaying free vibrations at the natural freąuencies, which are superimposed on the forced 
yibration components. 



4.4.8 Rotor Model Extensions 

In this section, a two-lateral-mode isotropic rotor model has been examined. For 
a majority of rotating machines, this lateral modę is the most important, as it usually 
represents the lowest modę of the entire machinę structure. Machinę operational speeds 
most often exceed the first balance resonance (the rotor natural freąuency of the first 
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lateral modę of an isotropic rotor). This means that during each start-up and shutdown, 
the machinę has to survive large resonance amplitudes caused by the residual unbalance 
(in this case the excitation freąuency co is synchronous with the rotational speed, i.e., ca — Q). 
If an instability threshold occurs inside the span of machinę operational rotational 
speeds, the post-threshold limit cycle self-excited vibrations will follow. They most often 
have freąuency of the first lateral modę at the instability onset (slightly modified by the 
system nonlinearities). The knowledge about the rotor first lateral modes, and rotor 
responses at each modę is, therefore, essential for appropriate evaluation of the machinę 
performance, and diagnosis of possible causes of malfunctions. 

Although the most important, the first lateral modę of the isotropic rotor is not the 
only one of concern. For machines operating at high rotational speeds with a wide spect- 
rum of possible forcing functions, the higher lateral modes are of eąual significance. In 
most machines, and especially in those with gear or belt transmissions and/or machines 
with variable speed drivers, the torsional modes are even morę important than the lateral 
modes (see Section 3.10 of Chapter 3 and Section 6.7 of Chapter 6). 

The extension of the model (4.4.1), (4.4.2) would, therefore, include: 

• Morę modes (higher lateral modes, torsional, and possible longitudinal modes reciprocally 
coupled, and coupled with the first lateral modę). 

• Anisotropy of stiffness, damping, and tangential components for all coupled modes. 

• Gyroscopic effects. 

• Morę internat and external forces (e.g., internal/structural friction and/or blade passing 
freąuency exciting force). 

• Nonlinear terms. 

The resulting models of the rotor/bearing/fluid/supporting structure would, therefore, 
contain morę eąuations similar to (4.4.1), (4.4.2), coupled, however, with each other, and 
containing morę terms. The modal approach should still be used as a fundamental method 
to build the model. Some of these extended models are discussed in the next sections. 



4.5 TWO LATERAL MODĘ NONLINEAR FLUID/ROTOR MODEL 
DYNAMIC BEHAYIOR 



4.5.1 Rotor Model 

Assume that an isotropic rotor lateral modę model is represented by modal mass, modal 
stiffness, and modal damping. Assume that the rotor is perfectly balanced, but is radially 
loaded by a constant force. Assume that such a rotor operates in the fluid environment 
(Figurę 4.5.1). The rotor model is limited to two lateral modes. The mathematical model of 
the rotor/fluid system is as follows: 



Mź + D s ż + Kz + D[ż — jl{\z\)Qz\ + [7f 0 + tKM)] 2 = Pe jS , z — x+ jy (4.5.1) 

where z(t ) represents the rotor mid-span lateral displacement (x is horizontal; y is vertical), 
M is rotor generalized (modal) mass, D s is external generalized (viscous) damping, K is 
rotor generalized (modal) stiffness which may contain contributions from support stiff- 
ness. The constant external radial force with magnitude P and angular orientation S (counted 
from x, horizontal, axis) is applied to the rotor. This force can, therefore, have any radial 
direction and is not associated with the commonly used fixed vertical axis. The fluid dynamie 
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Pei* Pei A 




mn mrr rrTmrm 



Figurę 4.5.1 Model of the rotor/seal system (a) and rotor/bearing system (b). 



force is introduced to Eq. (4.5.1) in a simplified form (4.4.5) (fluid inertia and damping 
nonlinearity are temporarily neglected — their effects will be discussed later, in Section 4.5.9). 
Rotor unbalance is also omitted in the model (4.5.1). The effect of unbalance on the rotor 
dynamie behavior is discussed in Section 4.5.11. 



4.5.2 Linear Model Eigenvalue Problem: Natural Frequency and 
Threshold of Instability 

This section starts with a repetition of the materiał discussed in Section 4.4.3. With t/r = 0 
and X ( | z | ) replaced by constant Xo, i.e. for the rotor concentric rotation within the clearance, 
Eq. (4.5.1) becomes linear, and its characteristic equation is as follows: 

Ms 2 + s(D + D s ) + K+ K q -jDX 0 Q = 0 (4.5.2) 



This equation leads to four eigenvalues “j” of the rotor/fluid system 



^1,2,3, 4 



D + D, ± 1 
2M ± v / 2 




(4.5.3) 



where 



K+K 0 / D + D s \ 2 

M V 2M ) ’ 



E\ — DXoC2 / M 



Four eigenvalues — not two — result frorn the pure formality of lateral motion represen- 
tation in the form of only one complex coordinate; the actual system has two degrees of 
freedom, namely, x(t) and j(r), therefore should yield four eigenvalues. Since one complex 
coordinate, z — x+jy is used only, two eigenvalues with “+” in front of the last radical 
in (4.5.3) satisfy Eq. (4.5.2). The equation for the complex conjugate, x — jy, differs from 
Eq. (4.5.2) by the sign in the last term, thus the remaining two eigenvalues apply to it as 
Solutions. 

For stability of the zero solution of Eq. (4.5.2), i.e. for stability of the pure rotational 
motion of the rotor, all real parts of the eigenvalues (4.5.3) should be nonpositive. This 
condition leads to the following inequality: 



— v2( /) + D s ) + 




Je 2 + e\< o 
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which provides the rotational speed-related stability condition. 



Q < Q st = 




D.ś 

D 



: )/ 



K+K 0 

M 



(4.5.4) 



where Q st denotes the instability threshold. Higher rotor mass, M , will consequently lower 
the stability threshold value. Notę that the fluid damping, D , has a minor effect on the 
stability threshold, as it appears in the fraction with the rotor external damping, D s . 
Surprisingly, however, a higher fluid damping results in lowering the threshold of instability! 

When Q — Q st , the eigenvalues (4.5.3) are purely imaginary, and the system natural 
freąuencies are: 



This means that for the rotational speed at the threshold of instability, the rotor starts 
vibrating with increasing amplitudę (unstable motion), and with the frequency equal to 
the “undamped” rotor natural frequency. Notę that the fluid film stiffness Ko, much smaller 
than rotor stiffness, modifies the value K only a little for the model in Figurę 4.5. la; in the 
case of model 4.5. Ib, the stiffness K depends on the support conditions. 

The inequality (4.5.4) defines the threshold of instability as a rotor/seal or rotor/bearing 
system characteristic feature; the right-side expression of (4.5.4) contains all parameters of 
the system. 

4.5.3 Role of Fluid Circumferential Average Velocity Rafio and Fluid 
Film Radial Stiffness in the Instability Threshold 

The role of fluid circumferential average velocity ratio in the stability threshold is 
especially interesting. As the external damping, D s , is usually smali, and consequently 
1 + D s /D 1, the threshold of instability is mainly determined by the (1/Ao) multiple of the 
resonance speed (4.5.5) (system natural frequency at the instability threshold). Lowering 
the value of the fluid circumferential average velocity ratio results in moving the threshold 
of instability to the higher rotational speed rangę (hopefully above the rotor operational 
speed), consequently achieving a better stability of the system. 

This observation created the background for “ anti-swirt ’ techniques now widely applied 
in compressors, turbines, and pumps. The essence of these techniques consists of injecting 
to the seal an external flow in the tangential direction, opposite to the rotor rotation 
direction. Applications of the anti-swirl techniques are further discussed in Section 4.5.11. 

If an external flow is injected to the seal, then the rotor/seal model should be slightly 
modified. In all above equations the fluid circumferential average velocity ratio, lo must 
be replaced by (lo + A e xt), where l e xt denotes the effect of the external flow. l e xt is positive for 
the flow in the direction of rotor rotation, and negative for the flow in the opposite direction 
(anti-swirl effect). 

With the external flow the threshold of instability (4.5.4) will have the following form: 



<w«i ,2 = —jsi — —js 3 — ±y/(K+ K 0 )/M 



(4.5.5) 
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where K en denotes an additional fluid film radial stiffness due to the injection-related added 
pressure in the seat or bearing. Together with negative X ext , this additional stiffness also 
increases the rotor threshold of instability. These effects are discussed below. 

The threshold of instability moves to a higher rotational speed, so the rotor stability 
improves when the externally injected flow has the direction opposite (backward) to rotation 
direction ( A ex t < 0)- The external backward flow should not be too strong, however, as to 
exceed twice the original value of the fluid circumferential average velocity ratio, ży, as in 
this case the rotor may go unstable in the backward modę. Notę that with the negative 
value of the natural freąuency (4.5.5), the corresponding instability threshold will also be 
negative. 

In the above considerations, it has been assumed that fluid circumferential velocities 
of the flow, generated by the rotor rotation, and the fluid circumferential velocities due to 
the external flow have comparable values. For very high external flow velocities, the rotor 
rotation has negligibly smali influence on the system dynamics (żo « 0). The rotor/seal model 
(4.5.1) is still valid, provided that, in this case, the product XQ = Vq will represent the 
angular velocity of the externally injected circumferential flow. The product XQ st = Vo st 
then provides the flow angular velocity at which the rotor becomes unstable. Notę that 
sińce the rotor rotation has a negligible effect, the flow in either forward or backward 
direction leads to similar results. 

As mentioned above, the external flow introduced to the seal results in higher fluid 
pressure, which adds a fluid film radial stiffness, ^T e xt- The fact to be noted is the role of 
the fluid film radial stiffness in the threshold of instability value. Since the fluid film stiff- 
ness, Ko, is an increasing function of fluid pressure (almost proportional), a higher pressure 
would result in a higher stability threshold. This leads to the conclusion that externally 
pressurized (“hydrostatic”) bearings/seals improve rotor system dynamics. 



4.5.4 Self-Excited Vibrations — Fluid Whip 

For an unloaded rotor, i.e. when P — 0, the eąuation of motion (4.5.1) has an exact 
periodic solution 



z = Ae jo>t (4.5.6) 

describing circular self-excited vibrations, the limit cycle of the post-instability threshold 
motion of the rotor. As will later be pointed out, these self-excited vibrations are referred to 
as fluid whip. A is a constant amplitudę, co denotes the freąuency of the fluid whip. 

Keeping in rnind that for the solution (4.5.6) |z| = A, and substituting Eq. (4.5.6) in 
Eq. (4.5.1) leads to two algebraic eąuations for the calculation of two unknown parameters, 
A and co: 



Mar - K - K 0 = i//(/f) (4.5.7) 

D[co - QX(A)] + D s co - 0 (4.5.8) 

The arguments of the nonlinear functions i/r and X have now become A. Since the 
nonlinear functions i /f(A), X (A) are not explicitly given, Eqs. (4.5.7) and (4.5.8) will be 
qualitatively solved using a graphical method. This way the amplitudę of the self-excited 
vibrations will be evaluated, then the freąuency will be calculated front Eq. (4.5.7). 
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Figurę 4.5.2 Graphical solution of Eq. (4.5.9): obtaining fluid whip amplitudę A. 



A simple transformation, which eliminates co from Eqs. (4.5.7) and (4.5.8), leads to the 
following eąuation, from which the amplitudę A can be calculated: 



iĄA) + K+K q ( 1 + D s /Or 



M 









(4.5.9) 



For a convenient graphical presentation, both sides of Eq. (4.5.9) were additionally divi- 
ded by Aq. The amplitudę A can be analytically calculated from (4.5.9) when the functions 
i/f(|z|) = i j/(A) and 2(|z|) = A(A) are explicitly given. The amplitudę A can also be evaluated 
graphically at intersection of the right and left graphs of the functions in Eq. (4.5.9) 
(Figurę 4.5.2). Usually the nonlinear radial stiffness of the fluid film, ijf, is an increasing 
function of the radial displacement, |z|, tending to infmity when the rotor is approaching 
the seal (or bearing) wali, i.e., it is covering the whole radial clearance, c (the “infmity” of 
fluid film radial stiffness should morę correctly be replaced by “stiffness of the bearing or 
seal wali”). In Eq. (4.5.9), an addition of constant parameters, K , Kq, and the divisor 
do not modify the qualitative shape of the left side function (4.5.9). The multiplier 
(1 + D s /D) 2 is close to 1. Thus, the left side of Eq. (4.5.9) has a qualitative shape similar 
to the increasing function i jf(A). The right-side function of Eq. (4.5.9) contains the square of 
the fluid circumferential average velocity ratio; the latter being a decreasing function of 
the radial displacement |z| = A. At A = 0, the left-side function of (4.5.9) is equal to the 
threshold of instability (4.5.4) squared, (Q s i) 2 - Also at A — 0, the right-side function (4.5.9) 
is equal to the actual rotational speed, Q, squared. If Q < Q sl , the left- and right-side 
functions (4.5.9) do not intersect with each other. This means that at rotational speeds 
lower than the instability threshold, the self-excited vibrations (4.5.6) do not exist. 

When Q>Q S , on the intersection of the right- and left-side functions of Eq. (4.5.9), 
the amplitudę A can be read off (Figurę 4.5.2). This amplitudę increases with an increasing 
rotational speed. In the limit, however, the intersection of the curve [£2A(A)/Ao] 2 with the 
curve (1 + D s /D) 2 [\lf(A) + K + K a \/ M aI occurs when the latter function is very steep, and 
the first function has a much smaller value; therefore, the amplitudę increase is practically 
insignificant. For high values of rotational speeds, the amplitudę A approaches, therefore, 
the radial clearance value, c. 

Having determined the amplitudę A, the frequency co can be calculated from Eq. (4.5.7): 

co = y/[K+K Q + i,(A)\/M (4.5.10) 
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Figurę 4.5.3 Fluid whip freguency versus rotational speed (Eq. (4.5.12)). 



The freąuency of the self-excited vibrations, co (Eq. (4.5.10)), is slightly higher than the 
system natural freąuency at the threshold of instability (Eq. (4.5.5)), and it increases with 
increasing rotational speed (Figurę 4.5.3). From Eq. (4.5.8), the relationship for rotational 
speeds larger than the instability threshold is: 

° = J(A) (1 + D */ D )VlK+ Ko + MA)]/M > Q s , (4.5.1 1) 

Notę that the rotational speed (4.5.11) is higher than the threshold of instability (4.5.4). 
From Eq. (4.5.8) the self-excited vibration freąuency, co is proportional to the rotational 
speed: 



co — Q 



KA) 

1 + D s /D 



(4.5.12) 



At higher rotational speeds, however, the amplitudę A increases; therefore, the term A(A) 
becomes smaller, resulting in nonlinear character of the freąuency/rotational speed 
relationship (Figurę 4.5.3). 

As the self-excited vibration freąuency, co, does not differ much from the linear system 
natural freąuency of the rotor at the threshold of instability (“undamped” natural freą- 
uency), and the self-excited vibration occurs at rotational speeds higher than 1 / /. 0 > 2 times 
rotor first natural freąuency, according to the considerations in Section 4.2, it is referred to 
as “fluid whip”. 



4.5.5 Static Eąuilibrium Position 

The radial force, PeJ s , applied to the rotor, causes a static displacement of the rotor 
(Figurę 4.5.4). As was discussed in Section 4.4.4, this static displacement represents a 
constant solution of Eq. (4.5.1): 



z=Ce* (4.5.13) 

The constant displacement magnitude C and its angular orientation cp can be calculated 
from Eq. (4.5.1) with substituted Eq. (4.5.13): 

-DjQl{C)C + [K+ K 0 + tKQ]C = Pc j(s -^ (4.5.14) 
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Figurę 4.5.4 Rotor static displacement due to radial force P. The attitude angle, a, is the angle between the 
force Pand rotor displacement C (eccentricity). 

resulting in the algebraic eąuations for the amplitudę C and phase </> correspondingly: 

fi = C 2 [K+ Ko + f(C)] 2 = P 2 - C 2 [DQ1(Q] 2 = f 2 (4.5.15) 



(j) — 8 + arctan 



DQX(C) 
K+K 0 + f(C) 



(4.5.16) 



Similarly to the analysis outlined in the previous section, the solution, C, of Eq. (4.5.15) 
can be found numerically for given nonlinear functions X and i//, or can be evaluated 
graphically by plotting left- and right-side functions (4.5.15) versus argument C and 
identifying their intersection (Figurę 4.5.5). The left-side function (4.5.15) starts from 
zero at C=0 and increases to infinity when C —*■ c, where c is rotor/stationary part radial 
clearance. The right-side function (4.5.15) of C contains the constant P 2 and the sąuare of 
the function X(C) multiplied by C 2 . The latter has, therefore, a “half of a sinusoid” shape 
versus C. Subtracted from the constant P 2 it exhibits a “dip” shape. The intersection of two 
functions of both sides of (4.5.15) provides the solution of Eq. (4.5.15), i.e., the displace- 
ment amplitudę C. Figurę 4.5.5b illustrates the influence of the radial force magnitude P 
and rotor rotational speed, f2, on the values of the radial displacement C. An increase of 
Q and increase of P may result in the same value C. There is, however, no reason to conclude 
that their proportional growth results in exactly the same value C, as is commonly believed, 
and applied, in analysis based on the Sommerfeld number (see Sections 4.3 and 4.11 of this 
Chapter). 

After having found the rotor displacement, C, its angular orientation can be calculated 
eventually from Eq. (4.5.16). Notę that the attitude angle , a a , defined as the angle between 
force and displacement, is equal to (Figurę 4.5.4): 



da 



— </> — S — arctan 



DQa(C) 

K + Kq + r//( C) 



(4.5.17) 



It is, therefore, a function of the fluid circumferential average velocity ratio, radial stiff- 
ness, and radial damping. Figures 4.5.6 and 4.5.7 illustrate qualitatively the rotor static 
displacement C and the attitude angle as functions of rotational speed in the form of Bodę 
and polar plots. The arrows indicate changes in the graphs with increases of specific 
parameters. For a constant X and 5 = 0, the polar plots (Figurę 4.5.7) are close to halves of 
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Figurę 4.5.5 



Figurę 4.5.6 





Graphical solution of Eq. (4.5.15): Obtaining rotor static displacement C, (a); effect of higher radial 
force P and higher rotational speed Q (b). 




Three Bodę plots of attitude angles and rotor static equilibrium displacements versus rotational 
speed. Arrows superposed on the graphs indicate effects of increase of specific parameters. 
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Figurę 4.5.7 Polar plot of the rotor centerline position inside the bearing (or seal, or stator) clearance c. The 
force P has assumed vertical direction (S = 270°). Arrows superposed on the graphs indicate 
effects of increase of various parameters. 



circles with radii P/(1(K + Ko)). A decrease of the external radial force, P, indicates the rotor 
centering trend. Increases of stiffness, damping, and fluid circumferential average velocity 
ratio have a similar effect. 

The polar plot of the amplitudę and phase of the static response versus rotational speed 
is less popular than the polar plot versus force magnitude, P. It is usually presented as a 
half-circle. The experimental evidence, however, shows that this is only a topological 
approximation (see Section 4.4.4). For Iow values of the force P , the system behaves as a 
linear one, and the displacement C is proportional to the force magnitude, P (Figurę 4.4.5). 
The attitude angle (a a o) is constant. For Iow P, Eqs. (4.5.15) and (4.5.17) yield, therefore 



J(K+K 0 ) 2 +(Dtno) 2 

Di} / o 

a a 0 = arctan— — — 
a + A 0 

In this rangę of smali values of P, nonlinearities of the functions Vr(C) and /.(Ci) introduce 
negligibly smali effect. 

For high values of the force P, the nonlinearities are dominant. Due to stiffness 
nonlinearity, the displacement C (which is already high) does not vary much with an increase 
of the force P; the fluid circumferential average velocity ratio decreases rapidly. As a 
result, the attitude angle becomes a decreasing function of the force magnitude, P. while 
the displacement C remains almost constant (Figurę 4.4.5). Since there was no assump- 
tion madę about the functions i/r and k (except for their generał qualitative features 
and continuity), the results hołd true for seals, bearings, and main flows in clearances of 
fluid-handling machines. 



4.5.6 Equation in Variations Around the Static Equilibrium Position 

In order to gain an insight into the fluid force changes at the rotor eccentric position, the 
classical perturbation method will be applied. Introduce a new yariable, w(t) describing 
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the rotor perturbed motion around the static eąuilibrium position, Ce4 The relation- 
ship between the previous rotor motion variable, r (t), and the perturbed motion, w(t), is 
as follows: 



z = ( w +C)e # (4.5.18) 

The function w(t) is considered here a real variable, i.e., only amplitudę C of the 
static displacement is perturbed. The formal perturbation analysis is outlined in Section 4.5.8. 

Taking into account the derivatives of (4.5.18), as well as the algebraic relationship 
for the static eąuilibrium, Eq. (4.5.14), the eąuation of motion (4.5.1) can be transformed 
into the following form: 



Mw + D s w + (K + K 0 )w + Dw - DjQ[A(\w + C\)(w + C) - CA(Q] 
+ f(\w + C\)C - Cilf(C) = 0 



(4.5.19) 



Eq. (4.5.19) represents the nonlinear eąuation in variations around the static eąuili- 
brium position (4.5.13). The nonlinear functions can be expanded as Taylor series: 



A(\ w + C |) — 1(C) + 



di 

d|z| 



1 d 2 i 
w + - 



2 d\z[ 



I-I = C 



H ;2 + ■ 



I-I = C 



H\w + ci) = ir(C) + 

d|z| 



X w + 



|z| = C 



1 d 2 i/f 



2 d|z| : 



(4.5.20) 



w 2 + ■ 



I-I = C 



Taking (4.5.20) into account, Eq. (4.5.19) becomes: 



Mw + D s w + Kw + D[w — /i(C)f2iv] + [Ay + ir( C)] ir = DjQ 



X w + - A" w 2 + ■ ■ ■ 



w 



+ \ A +-A w -\ )Cw\ + 



i j/ w + - 1 //'w 2 . . . 



w + ( x// + - H ) Cw — 0 



(4.5.21) 



where 



d 

d I- 1 



l-| = C, 



d|4 



I-I = C 



(4.5.22) 



The left sides of Eqs. (4.5.1) and (4.5.21) have very similar qualitative characters. 
In comparison to the initial Eq. (4.5.1), it can be noticed, however, that in Eq. (4.5.21) the 
nonlinear term, containing the function A, has now a smaller value than A 0 (as the func- 
tion A(|z|) is decreasing), and the term containing the function i/f is higher, as ^(1 z l) is an 
increasing function. 
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4.5.7 Linearized Equation in Variations and the Threshold of Stability 
for Eccentric Rotor: Anisotropic Fluid Force 



Dropping nonlinear terms from Eq. (4.5.21), the linearized equation in variations results 
as follows: 

Mw + D s w + Kw + Dw - DJQ[a(C) + Ca] h> + [K 0 + r//(C) + C^]w = 0 (4.5.23) 

Now it is clearly seen how much the fluid circumferential average velocity ratio and 
fluid film radial stiffness are modified in comparison to the concentric rotor considerations 
(Section 4.5.1). 

The eigenvalue problem leads now to the following characteristic equation: 

Ms 2 + s(D + D s ) + K+ Ko + [f(C) + Cf] - DjQ[A(Q + Cl'] = 0 (4.5.24) 

which is very similar to Eq. (4.5.2). Comparing to Eq. (4.5.2) for the centered rotor, 
in Eq. (4.5.24), the fluid film radial stiffness Ko is now replaced by [Ko + ir(C) + Cif], 
which is definitely higher than K 0 (t/f is positive). Alsolo from (4.5.2) is now replaced by 
[ż( C) + Ca] in (4.5.24). The latter is lower than żo, as A(C)</ 1 0 , and the slope, X is negative, 
as this function is decreasing. 

Four eigenvalues expressed by the same equations as previously (4.5.3), now for 
Eq. (4.5.24), contain the subsequent modified coefficients E and £) : 

F K+Ko + yKO + Cy ( Q±DĄ 2 D[1(0 + C^]Q 

M \ 2M ) ’ ‘ M V ■ ■ ) 

Following the same procedurę as outlined in Section 4.5.1, the threshold of instahility for 
the eccentric rotor becomes: 



H — 



1 

A(Q + CX 



i ( 1 + D s /D) 



K+K 0 + f(Q + Ci Y 
M 



(4.5.26) 



and is significantly higher than the instability threshold (4.5.4) for the concentric rotor. 
Figurę 4.5.8 explains qualitatively the meaning of the terms 2(C) + CA! and Ko + f(C) + Cf, 




Figurę 4.5.8 Fluid circumferential average velocity ratio and fluid film radial stiffness versus rotor eccentricity, 
the components of the eccentric rotor model (5.23). 
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in comparison with 1 0 and K Ql which appear in the threshold of instability (4.5.4) for the 
centered rotor. 

For each value of the external radial force magnitude, P, resulting in rotor eccentricity 
C, the threshold of instability (4.5.26) will be different, and its value will depend on the 
specific forms of the nonlinear functions A(\z\) and i/r(|z|). By applying a larger radial force, 
the threshold of instability can always, however, be moved toward higher rotational speeds, 
which will be sufficiently high not to coincide with the operational rotational speecl rangę of 
the machinę. This will provide stability to the rotor system. 

The threshold of instability (4.5.26) can be presented in terms of the magnitude of the 
radial force, P. Taking (4.5.15) into consideration, Eq. (4.5.26) can be written: 



Q st = 1 (1 + D S /D)J J(P/C) 2 -[DQ st A(C)] 2 + Ci// 

y/M[KQ + CA'] 

and further, after a transformation: 

[(Q st ) 2 -Ci/r'W+ D 2 A 2 W 2 /2] 2 = w\ -D 2 A 2 W 4 (Cij'/W-D 2 A 2 /4) 



where 



W = (1 + D s / D) 2 / { A/[/.( C) + Cl'] 2 } 

The analysis of the instability threshold, Q sl , as a function of the radial load P, leads to 
the conclusion that Q st is an increasing function of P, tending asymptotically to a parabola 
(Figurę 4.5.9): 



(Q st ) 2 — PW/C± W-D 2 A 2 /1\ 

The relationship of rotational speed, and the instability threshold in particular, versus 
radial force for a quite generał class of nonlinear functions of fluid radial stiffness and 




Figurę 4.5.9 Threshold of instability as a function of the radial force magnitude (analytical results). Compare 
with Figures 4.5.20 and 4.6.15. 
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does not have, therefore, purely linear character, as is widely believed and used in the 
nondimensional Sommerfeld number (see Section 4.11). 



4.5.8 Self-Excited Vibrations for an Eccentric Rotor 

The analysis performed in Section 4.5.3, leading to evaluation of self-excited vibra- 
tions, can be repeated for the case of the eccentric rotor eąuation of motion (4.5.19). It 
is logical that if the rotational speed is just slightly higher than the instability threshold 
(4.5.26), self-excited vibrations will occur. For the eccentric rotor, these vibrations will, 
however, have lower amplitudes and will be of elliptical rather than circular orbital form. 

With a rough approximation, for Iow rotor eccentricities, if the self-excited solution of 
Eq. (4.5.19) can still be considered circular, i.e., if there exists a circular fluid whip solution: 

w — A\e Ja)lt (4.5.27) 

the corresponding equations for the amplitudę A\ and frequency co\, in comparison to (4.5.7), 
(4.5.8), and (4.5.9), will be modified as follows: 



Mco \ - K- Kq = t/ĄAi + Q (4.5.28) 

D[u>\ — Qa(A\ + O + D s u>\\ — 0 (4.5.29) 



1 f(A x +C) + K+K 0 

j2 i ^ ' 



‘0 



M 



■ D s /D?= [Q MAt + Q/A 0 ] 2 



(4.5.30) 



Eq. (4.5.29) shows that a>\ is lower than &>, calculated from Eq. (4.5.12), sińce for the eccentric 
rotor the fluid circumferential average velocity ratio is now lower. The amplitudę A\ calcu- 
lated from Eq. (4.5.30) will also be lower than the amplitudę, A , calculated from Eq. (4.5.9), 
by the amount “C”. Thus if, for example, the concentric rotor fluid whip amplitudę was 
lOmils, then for 2-mil rotor eccentricity, the whip amplitudę will drop to 8mils. This 
calculation is, however, inaccurate, and should be considered only as a qualitative illustration 
of the phenomenon. The exact relationships are discussed in the next section. 



4.5.9 Equation in Variations — a Formal Derivation 



In Section 4.5.5 the equation in variation was obtained by variations of the amplitudę 
only. The formal derivation of the equation in variations requires variations of both 
amplitudę and phase. This problem is outlined below. 

Introduce a new complex variable w 3 (?) — x 3 (t) + jy 3 (t) through the following relation: 

z = [w 3 (0 + C]c ,v ' (4.5.31) 

where C and (p are parameters of the static equilibrium position (4.5.13). 

Taking into account the derivatives of (4.5.31), the equation of motion, (4.5.1), can be 
transformed into the following form: 



Mvi >3 + (D + D x )w 3 + {K+ K 0 ) (w 3 + Q - jDQ/.(\ vv 3 + C| ) (w 3 + C) 
+ (w 3 + Qir(\w 3 + C\) = 



(4.5.32) 
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where 



|W3 + C\ — yj (X3 + C) +J 3 



Further, taking into account the static eąuilibrium (4.5.14) and the Taylor series 
expansion of the nonlinear functions, Eq. (4.5.32) becomes: 

Mm>3 + (D + D s )w 3 + ( K+ K 0 )w 3 — jDQw 3 l(C) -jDQ(w 3 + Q[Xx 3 + fy]\/{2C) 

(4.5.33) 

+ f x^/2 + •••] + w 3 \f(C) + (h ! 3 + C) [i/r / _\:3 + \/r'y^/(2C) + \j/'x^/2 ■ ■ ■] = 0 

where the notation (4.5.22) has been used. In Eq. (4.5.33), the complex variable format is 
no longer beneficial, as Eq. (4.5.33) contains x 3 and v 3 , along withH’ 3 . There is no symmetric 
(isotropic) form anymore, and Eq. (4.5.33) should be split into the real X 3 (?) and imaginary 
y 3 (t) components. Performing this transformation and dropping nonlinear terms, the 
linear equations in variations will, therefore, have the following form: 

Mx 3 + (D + D s )x 3 + [K+ K 0 + 1 HQ + Cf']x 3 + DQy 3 ).(C) = 0 

(4.5.34) 

Mh +(D + D s )y 3 + [K+Ko + f(C))y 3 - DQx 3 [k(C) + C/] = 0 



The variable x 3 (i) corresponds to the perturbation in the radial direction corres- 
ponding to the radial deflection Ce^ in the piane x, y. The variable y 3 (t) corresponds to 
the tangential direction. In Eqs. (4.5.34), an increase of stiffness in the radial direction, and 
a decrease of the fluid circumferential average velocity ratio in the tangential direction, 
as compared to the concentric rotor case, Eq. (4.5.1), are noticed. 

In the classical bearing/seal coefficient presentation, the fluid force for the eccentric 
rotor has, therefore, the following form: 





~D 0 ' 


~x 3 - 




' K 0 + V/(C) + Ci/f DQl(Q - 


~ x 3 ~ 


F = 


.0 D _ 


.h. 


+ 


_ -DQ[X{Q + CX] K 0 + f(C) _ 


.J3. 



In comparison to Eq. (4.4.5), the effect of rotor eccentricity is easily noticed. The stiffness 
matrix is not symmetric anymore. 

In bearing/seal coefficient tables, the fluid force is usually expressed in terms of statio- 
nary vertical and horizontal coordinates, rather than the radial and tangential coordinates 
used above. The corresponding transformation requires taking into consideration the angle 
of static displacement (/> (position angle) in response to the constant radial force Pe jy 
(Figurę 4.5.4): 



' D 0 ' 


cos ej) sin (p 


X 


1 


' Ko + + Cl// DQX(Q 


cos cp sin <p 


X 


0 D 


—sin cp cos (p 






-DQ[ĄC) + Cl'] K 0 + f(C) 


—sin cp cos cp 


_y_ 



where x(t), y(t) are rotor vertical and horizontal perturbation coordinates in the statio- 
nary vertical/horizontal frame. When the matrix multiplication is performed, the param- 
eters contributing to the coefficients standing in front of the coordinates x and y, i.e. 
bearing/seal stiffness coefficients, are entirely mixed up. When these coefficients are given 
in a form of numbers, as usually provided for bearing and seals, no physical sense of 
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separate parameters can easily be associated with any of them. That is why any qualitative 
analysis of the rotor/seal or rotor/bearing system, based on the seal (or bearing) coefficients, 
cannot be performed (see Section 4.11). 

The classical eigenvalue problem for Eqs. (4.5.34) leads to the following characteristic 
equation: 



d(& + Ci//) + D 2 Q 2 2(C)[a(C) + Cl'] = 0 (4.5.35) 

where 

d = Ms 2 + (D + D s )s + K+K 0 + ir(Q (4.5.36) 



and s is the eigenvalue. 

Eq. (4.5.35) is quadratic with regard to t>, and can be transformed into the following form: 
i? = -(Ci// 2) ± J(Ci/'/2) 2 -D 2 Q 2 l(C) [1(C) + Cl'] (4.5.37) 

Taking Eqs. (4.5.36) and (4.5.37) into account, the characteristic equation becomes 

Ms 2 + (D + D s )s + p±jq = 0 (4.5.38) 



where 



p=K+K 0 + //(C) + Cf/2 , q = ^D 2 Q 2 1(C)[1(C) + Cl' ] - (Ci//2f 

Eq. (4.5.38) can easily be solved, i.e., four eigenvalues of the system can be found 
analytically. 

The condition of stability (nonpositive real parts of the eigenvalues) defines the threshold 
of instability for the eccentric rotor*: 



^st(e) — 



Jl(C) [A(C) + Cf] 



{( 1 + D s /D) 2 [K+ K 0 + i,(C)+Cif' /2\/M+(Cif' /2D)- 



1/2 



(4.5.39) 



*Actually, there theoretically exist two conditions of stability for two possible ranges of the fluid circumferential 
average velocity ratios: 

C ^ = <Q<fl,, (g) for 4(Q + Cr>0 (a) 

2D^j X(C)[^C) + CX] 

and 



1 l[K+ Kg + i/r( O] [ K + Kq + 

D y -Ato [Md + c. 

Since at Iow eccentricities the fluid film nonlinear stiffness versus eccentricity is a very fiat curve, the first 
condition (a) has practically a zero at the left side of the ineąuality. The right-side limit represents the threshold of 
stability (4.5.39). The second condition, (b), corresponds to high eccentricity cases. The distinction between these two 
cases is in the character of the function Ct(C) versus C . The case (a) corresponds to the case of increasing CMC), the 
case (b) to its decreasing character, because /.(O + Cl' = d[Cł(C)]/dC. When i(C) = 0 , the threshold of stability 
increases to infmity. 



i/r(C) + O/''] 



t' 



for MQ + C, T<0. 



(b) 



© 2005 by Taylor & Francis Group, LLC 



FLUID-RELATED PROBLEMS IN ROTOR/STATOR CLEARANCES 



291 



The formally derived threshold of instability (4.5.39) differs slightly from the less accurate 
expression (4.5.26). For smali eccentricities, its value is somewhat lower than (4.5.26). 
Qualitatively, the expressions (4.5.26) and (4.5.39) are, however, very similar, and illustrate 
the same phenomenon: an increase of the rotor eccentricity, C, and the resulting decrease 
of the fluid circumferential average velocity ratio and increase of the fluid film stiffness, 
cause an increase of the instability threshold. 



4.5.10 Effects of Fluid Inertia and Damping Nonlinearity 

It can easily be demonstrated that the fluid inertia, My, as well as damping nonlinear 
function, \j/o(\z\), omitted in all above considerations of Section 4.5, introduce only minor 
quantitative modifications in the expressions obtained for thresholds of instability, static 
eąuilibrium, and self-excited vibration parameters. They do not change, however, the 
ąualitatire picture of the previously presented results. 

In particular, if the fluid inertia and fluid nonlinear damping forces are included in the 
model (4.5.1), the eąuations in variation (4.5.34) will have the following form: 

Mx 3 + M f {x 3 + 2QX(C)y 3 - Q 2 a(C) [a(C) + 2 CX']x 3 } + [D + f n (C) + D s \x 3 
+ [K+K 0 + f(C) + Cf']x 3 + [D + ir D (C)\CU(C)y 3 = 0 



My 3 + M f [y 3 - 2QX(C)x 3 - Q 2 X 2 (Qy 3 ] + [D + f D (C) + D s )y 3 

+ [K+ K 0 + f(Q]y 3 -{[£> + fn(C)\ [/,(€) + Ca] + Cif' D A(C)]Qx 3 = 0 

where f ’ D = [d^n(|r|)/d|c|] |r|=c . 

In the eąuations in variations for the eccentric rotor with the fluid inertia and non- 
linear damping included, there are sonie additional terms, as compared to Eqs. (4.5.34). 
Notę the fluid inertia effect: as the fluid circumferential average velocity ratio decreases with 
increasing eccentricity, the fluid inertia terms become smaller, and the fluid inertia effect 
becomes negligibly Iow, when X reaches zero. 

The bearing/seal coefficient matrix of fluid damping for the eccentric rotor is slightly 
modified, as compared to that of concentric rotor; it remains, however, symmetric in the 
radial and tangential directions: 



'D+f D (Q 2M f X(C)Q~ 

-2 M f X(C)Q D + f n (C) 

The fluid stiffness matrix is always nonsymmetric in the eccentric rotor case: 

' K {) + i//(C) + Bf - M f X{C)Q 2 [a(C) + 2 Cl'] [D + f D (C)]QX(C) 

.-{[/) + fo(C)\ [2(0 + C2'] + Cf' n A(C)\n Ko + i//(0 - MfX\QQ 2 
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The latter can also be presented in the following form: 

^ {C[*b + iKO - MjQ 2 X 2 (C)]} Q1(C)[D + f D (Cj\ 

{ CA(Q[D + MC)]} K 0 + x/f(Q - M,Q 2 } 2 (C) 



As can be seen, the same expressions appear in straight and derived forms in the above 
stiffness matrix. 

It is interesting to analyze the influence of the fluid film radial damping nonlinearity on 
the instability threshold. In comparison to Eq. (4.5.39), the damping coefficient, D , should 
now be replaced by the function D + xj/ D (C). Similarly, X must be replaced by X + A(C)xj/ D / 
[D + i fro(C)] (fluid inertia neglected). Qualitatively, the results remain the same; however, 
with the fluid damping nonlinearity included in the model, the instability threshold 
(4.5.39), at Iow eccentricities, will become slightly hm er than in case of i,// o = 0. This is related 
to the fact that damping is a part of the tangential term. 

At rotor higher eccentricities, if 



2,(C) CX + 



cm^p 

D + x 



<0 



the instability threshold may increase again. The latter ineąuality can be transformed to 

±{ln[Cm(D + MQ)\<0 

i.e., at higher eccentricities the function ln [C)i{C)[D + xlr D (C)\} must be decreasing to result 
in an increase of the instability threshold. 



4.5.11 Experimental Results — Anti-Swirl Technique 

A rotor rig has been built to demonstrate the anti-swirl effect of tangentially injected fluid 
to the seal (Figures 4.5.10, 4.5.11). A rigidly supported slender rotor carries at mid-span a 
well-balanced disk, which has been centered in the stator clearance. The stator around 
the disk simulates a seal with 10-mil radial clearance and 3.3 x 10” 3 clearance-to-radius ratio. 
Four air injection jets, eąuipped with individual on/off valves, are located at the stator central 
piane, tangentially to the disk (Figurę 4.5.12). Compressed air, injected into the seal, 
introduces changes in the fluid circumferential average velocity ratio, as well as in the air film 
radial stiffness. 

The rotational speed of the driving motor was variable from zero to 12,000 rpm. The 
rotor could be rotated either clockwise or counterclockwise to investigate the effect of 
the injected air direction. The system was completed with a rotational speed controller and 
an air compressor. Two eddy current proximity transducers, mounted next to the disk in 
the XY configuration, allowed monitoring the rotor vertical and horizontal displacements. 
A Keyphasor® transducer provided response phase and rotational speed measurements. 

Experimental results are presented in forms of spectrum cascades of the rotor startup 
vibrations. The graphs indicate significantly different values of instability thresholds, and 
slightly different fluid whip freąuencies for various injected air pressures and directions of 
rotor rotation (Figures 4.5.12, 4.5.13, and 4.5.14). Air injections in the direction opposite to 
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Air jet 




Figurę 4.5.10 Anti-swirl demonstration rotor/seal rig. 



Disk/stator cross-section 




Figurę 4.5.1 1 Cross section of the disk and stator demonstrating anti-swirl technique. The air flow injected in the 
direction of rotor rotation causes destabilizing effect by increasing fluid circumferential average 
velocity ratio. Air flow injected against the direction of rotor rotation introduces a stabilizing effect 
by decreasing this ratio and increasing air film radial stiffness. 



rotor rotation significantly increased the instability threshold. Air injections in the direction 
of rotor rotation caused the instability threshold to decrease; the rotor became unstable at 
a lower rotational speed. 

Changes in the thresholds of instability and fluid whip freąuencies allow for identifica- 
tion of the air circumferential average velocity ratios, and an evaluation of the air film 
stiffness. 

The Antiswirl Techniąue is today successfully implemented in compressors, turbines, 
and pumps (Ambrosch et al., 1981; Miller, 1983; Kirk et al., 1985; Wyssmann, 1986; Brown 
et al., 1986). 
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Figurę 4.5.12 Spectrum Cascade of the rotor vertical response during startup. No injection in the seal. Threshold 
of instability «4800rpm. Rotor orbit photographed from oscilloscope display at ~6000rpm. 
Identified whip frequency %1990rpm, A 0 0.41. 

4.5.12 Influence of Fluid Circumferential Flow on the Rotor 
Synchronous Response 

If the rotor is unbalanced, the eąuation of motion (4.5.1) should be completed by 
the unbalance-related forcing function: 

Mz + MĄz — 2jk(\z\)Qż — (\:\)Q 2 z\D s ż + Kz + D[ż — jA(\z\)£2z] 

+ [Xo + i/r(|z|)]r = mrQ 2 e^ a,+s \ z — x+ jy 

standing at the right side of Eq. (4.5.1 ). In (4.5.40), m, r, and S are mass, radius, and angular 
orientation of the rotor rnodal unbalance respectively. The fluid force model is complemented 
with the fluid inertia effect. In the following analysis, the radial force Pc /Vi and damping 
nonlinearity are now omitted. 

The rotor response to unbalance (the forced solution of (4.5.1)), i.e. the synchronous 
(lx) response of the rotor is: 

z(t) = Be m+fS) (4.5.41) 

where B and are response amplitudę and phase respectively. 

Introducing Eq. (4.5.41) to Eq. (4.5.40) provides algebraic equations for the amplitudę 
and phase: 

B 2 { [K+ Kq + - MQr - MfQ 2 (l - X (S)) 2 ] 2 + Qr\D s + D( 1 - a(B ))] 2 | = m 2 rQ 4 

(4.5.42) 
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Figurę 4.5.13 Anti-swirl effect. Spectrum Cascade of the counterclockwise rotating rotor vertical response with 
9 psi additional pressure in the seal. The flow injected in clockwise direction. Threshold of 
instability increased to about 9100 rpm, A 0 + l ex t % 0.25 (A ex t « -0.16). Rotor orbit photographed 
at 9500 rpm. Rotor frequency %2260rpm indicated an increase of air film radial stiffness due 
to higher pressure. Compare with Figurę 4.5.12. The air film stiffness increase was about 29% 
(29% = [(2260/1 990) 2 — 1 ] 1 00%). 



/J = <5 — arctan 



Q\D, + D[\ - /(fi)]} 



K+K Q + iJĄB) - MO 2 - MfQ\\ - ĄB)] 1 



Algebraic Eq. (4.5.42) of the unknown B is nonlinear; however, for any given functions 
xfr(\z\) — i ls(B) and A(|z|) = ĄB), it can be solved, and the amplitudę B calculated, as a 
function of the rotational speed. 

Using a similar method as applied in the solution of Eq. (4.5.9), it is easy to 
show graphically that the solution B of Eq. (4.5.42) exists, and the nonlinear functions 
^jf(B) and ĄB) slightly rnodify the linear solution (for which i ĄB) = 0 and ĄB) = Ą). 
A simple transformation of Eq. (4.5.42) provides the amplitudę B in the familiar Bodę 
form: 



5 = 



mr(2 z 



{/C+ K 0 + i ĄB) - MQ 2 - MĄ2 2 [\ - A(5)] 2 }"+ f2 2 { D s + D[ 1 - 1(S)]} 2 



(4.5.43) 
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Figurę 4.5.14 Spectrum Cascade of the clockwise rotating rotor vertical response with 9 psi additional pressure 
in the seal. Air injected in the same direction as rotation (forward flow) results in an increase of 
circumferential average velocity ratio to 0.55. Threshold of instability decreased to 4050 rpm. 
Rotor orbit photographed at 7500 rpm. Whip frequency ss 2210 rpm indicated an increase of air 
film radial stiffness due to a higher air pressure. Compare with Figures 4.5.12 and 4.5.13. 



The effect of the fluid film radial stiffness nonlinearity is classical: A higher stiffness i /s(B) 
results in lowering the response amplitudę, which is especially evident at the resonance peak. 

It is interesting to analyze the influence of the fluid circumferential average velocity 
ratio, X, on the rotor response amplitudę, B. In Eq. (4.5.43), the function a(B) appears as 
expression [1 — 1( B)\, associated in the product with either the fluid inertia, Mf or fluid radial 
damping, D. Since for the circumferential flow generated by the rotor rotation only, there is 
0</l(f?)</lo< 1/2, the expression [1 — X(B)\ can be evaluated as follows: 

l/2< 1 — /1 0 <[1 -/>(£)]< 1 

A higher amplitudę, B (such as in the resonance region of rotational speeds) will result 
in an apparent higher fluid damping effect and higher fluid inertia effect, as źiB) becomes 
lower. Since in Eq. (4.5.43) the expression [1 — X(B)\ appears squared in the product with 
the fluid inertia, the latter, which usually is not very high, carries an additional fractional 
multiplier of value between 0.25 and 1. This moreover reduces the fluid inertia effect, 
especially for Iow vibration amplitudes. The fluid damping, D, in Eq. (4.5.43) has the 
multiplier of value between 0.5 and 1. For smali response amplitudes, B (nonresonance 
region), the effect of fluid damping might be reduced to nearly a half. 

Another situation arises if the fluid circumferential average velocity is modified by a 
tangentially injected external flow. In this case, the fluid circumferential average velocity 
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ratio, X, which appears in Eqs. (4.5.42) to (4.5.43), must now be replaced by X + X en , 
where 2, ext is an additional fluid circumferential average velocity ratio due to the injected flow. 
If the external flow is in the direction of rotor rotation (destabilizing case), and i ext reaches a 
value: 



^ext — 1 ~ X(B) + D s /D 

then the damping force is opposed by an equal tangential force term, thus the total effective, 
stabilizing, damping existing in the system yanishes. In this case, at the resonance speed 



Q = 



K+ K 0 + iJs(B) 
M 



the amplitudę of the synchronous response (4.5.41) theoretically increases to infinity 
(practically is limited by the rotor stiffness nonlinearity). 

If the external flow is injected to the clearance in the opposite direction to the 
rotor rotation, it results in a decrease of the original circumferential average velocity 
ratio, and in an apparent increase of fluid inertia and damping (anti-swirl, a stabilizing 
effect). If 



-Aext = 1 - X(B) 

and the flow is in opposite direction to rotor rotation, then the effect of fluid damping is 
doubled, and the fluid inertia effect increases four times. 

A decrease or increase of the rotor synchronous resonance (lx) amplitudę due to 
effects of injected additional flow can be noticed in the experimental results, presented 
in Figures 4.5.13 and 4.5.14, compared to Figurę 4.5.12. In Figurę 4.5.13, the synchronous 
resonance amplitudę is lower. Figurę 4.5.14 indicates an increase of the resonance lx 
amplitudę due to the additionally injected forward flow. 



4.5.13 Proof of the Lyapunov’s Stability of Self-Excited Vibrations 

The method of slowly variable amplitudę and phase, commonly used in Nonlinear 
Vibration Theory will be used to prove the stability (in the Lyapunov sense; see Minorsky, 
1947, Stocker, 1950) of the self-excited vibrations (4.5.6). 

Assume the rotor self-excited amplitudę, A and phase a are not constant, but slowly 
vary. This way, perturhational mriables around the fluid whip rnotion (4.5.6) are introduced 
in the folio wing form: 



z(t) = A{i)Q i[Q>,+01 ^ 1 (4.5.44) 

with its time-derivatives 

ż=[A +jA(co + a)]e j[wl+aU)] (4.5.45) 

i « oĄljA - A(co + 2a)]e Aw,+a(,}] (4.5.46) 

where the second derivatives and nonlinear terms of the variables A, a in Eq. (4.5.46) 
were neglected, following the assumption that the amplitudę A and phase a vary slowly. 
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Introduce Eqs. (4.5.44), (4.5.45), and (4.5.46) to Eq. (4.5.1) (with P — 0) and use expres- 
sions (4.5.10) and (4.5.12). After some transformations, the following equations for the 
first derivatives of the amplitudę and phase result: 



A = 2ADy/[K + K 0 + MAflM 



£2MA) - (1 + D s /D)y/[K+ Kp + jf{A)\/M 
4 M[K+ K 0 + if{A)\ + (D + D s f 






(4.5.47) 



■ n, n , n ^ °*( A ) ~ 0 1 + D S /D)J[K + K 0 + ^(A)]/M 

a — D{D + DA = 

4 M[K+ Ko + i jĄ,A)\ + {D + D s f 



(4.5.48) 



The stability criterion is based on the form of the right-side function in Eq. (4.5.47), 
denoted by fo{A). Eq. (4.5.47) actually means that the first derivative of the function A(t) 
is, in tum, a function of A(t). The relationship dA/dr — fo(A) can be plotted in the piane 
(A, A). The latter is the typical phase piane used in Nonlinear Mechanics. The features 
of the phase piane are well known: The positive sign of the derivative, which occurs in the 
upper half-plane above the axis A, means that the function A(t) is an increasing function of 
time (Figurę 4.5.15). The negative sign of the derivative A in the lower half-plane below the 
axis A indicates that the function A(t) decreases in time. Arrows in Figurę 4.5.15 represent 
possible streamlines of the function A(t). 

The function A(A), i.e., A — fi(A), is given by Eq. (4.5.47) in the explicit form. Following 
the assumed qualitative shape of the functions i/(\z\) — i/Ą A) and l(|z|) = a(A) for the 
solution (4.5.6), where the argument |z| has been replaced by the fluid whip amplitudę, A, 
the function (A) can easily be plotted (Figurę 4.5.16). This function crosses the horizontal 
axis, A at A — 0 and at “A”, which is the solution of Eq. (4.5.9), i.e., it represents the 
rotor self-excited vibration amplitudę. Notę that the numerators of (4.5.47) and (4.5.48) 
contain the same functions as Eq. (4.5.9). For the solution A of Eq. (4.5.9), the nume- 
rators of Eqs. (4.5.47) and (4.5.48) yield zero, i.e., A = 0, a — 0, thus A — const, a — const. 
Following the rules of the phase piane, the time streamlines can be plotted. It is, therefore, 
seen that the solution A — 0 (pure rotational motion of the rotor) is unstable (streamlines 
go out). The solution “^4” is stable (streamlines flow in). The formal criterion of stability, 
therefore, is as follows: 

— — < 0 at A — const and a — const. (4.5.49) 

d A 




Figurę 4.5.1 5 Features of the phase piane: the first derivative of the function A(t) versus the function A(t) itself. 
Arrows indicate possible ‘streamlines’ of the function A(t). 
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Figurę 4.5.16 Function f 3 (A) (Eq. (4.5.47)) versus amplitudę A in the phase piane. Proof that the zero solution 
(pure rotational motion) is unstable and the fluid whip solution with the amplitudę A is stable in the 
Lyapunov sense. 



Application of the method of slowly variable amplitudę and phase is classical, and 
yields good results for the proof of the stability of the rotor self-excited vibrations of the 
fluid whirl and fluid whip type. That is why it was necessary to introduce the “practical” 
definition of stability (see Section 4.2.3), sińce Lyapunov’s stability definition applies only 
“in the smali” sense (local stability). 

For the stability/instability proof, the method based on eąuations in variations can be 
applied as well. FIowever, sińce the linearized eąuations in variations provide two zero 
eigensolutions, only the fuli nonlinear eąuations in variations can be used in the very strict 
stability analysis. This represents a much morę cumbersome task. 



4.5.14 Experimental Evidence of a Decrease of Fluid Circumferential 
Average Velocity Rafio With Rotor Eccentricity 

The same rotor rig, as described in Section 4.5. 11, was used to perform the rotor start-up 
tests. For this set of tests, the purpose was investigation of the influence of rotor eccen- 
tricity on the instability threshold. An additional circumferential airflow with 20 psi pressure 
was injected to the seal in the direction of rotor rotation. The reason for the additional 
injection was dictated by a better resolution of results obtained when the original instability 
threshold was moved to the lower rangę of rotational speeds. For the centered rotor the 
instability threshold was about 3400 rpm (compare with no injection case, in Figurę 4.5.12). 
Using a supporting spring frame, a vertical force was applied to the rotor, causing it to 
move to higher eccentricity inside the seal clearance. This resulted in an increase of the 
instability threshold in comparison to concentric rotor. The results, in terms of the rotor 
start-up responses, are presented in Figures 4.5.17 to 4.5.19 in spectrum Cascade formats. 
For example, the threshold of instability of 3400 rpm for the centered rotor increased 
to ~7420rpm, when the radial force, P of 21bs, moved the rotor to an eccentric position 
of 0.39 relative eccentricity (eccentricity ratio). Figurę 4.5.20 presents a summary of 
experimentally obtained relationship between the threshold of instability and the radial 
force magnitude. 

The system natural freąuency, y/( K+ Kq)/M can be identified from Figurę 4.5.18 as 
2200 rpm. Dividing by the threshold of instability, 3400 rpm, provides an approximate value 
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0 2 4 6 8 10 

Frequency [kcpm] 

No vertical pulling force; shaft centered. 



Figurę 4.5.17 Spectrum Cascade of the centered rotor vertical response. 20 psi additional pressure in the seal. 

Flow injected in the direction of rotation results in an increase of the average circumferential 
velocity ratio, A 0 + ŹUt = 0.62. Threshold of instability ~3400 rpm. Oscilloscope rotor orbit 
photographed at 6600 rpm, when the fluid whip frequency corresponded to 1/3 of rotational speed 
(three Keyphasor dots). The increase of the flow in the direction of rotation increased the fluid 
radial stiffness, and thus increased also the whip frequency (Eq. (4.5.10)), especially pronounced 
at higher rotational speeds. 

of the total air circumferential average velocity ratio, Ao + A ex t = 0.65 (sińce there is an 
external flow in the seal, A 0 is modified byA e xt, as discussed in Sections 4.5.3 and 4.5.11). 

The ratio of the thresholds of instability (4.5.26) for P\ = 1.5 lbs, at rotor displacement 
Ci, to that for P = 0 (C=0), provides a relative increase of the fluid film stiffness, and 
decrease of the average velocity ratio due to rotor eccentricity. Similarly, the ratio of the 
thresholds of instability (4.5.26) for P 2 — 2 lbs, resulting in rotor displacement C 2 , to that 
of P — 0 (C = 0) provides the second relationship. These two eąuations are as follows: 

1 / Vr(C 1 ) + C 1 ^ _ 5500 _ 

A(Ci) + CiA' + A ex t V K+K 0 + K ext 3400 x 0.65 

(4.5.50) 

1 L ir(C 2 ) + C,J/ = 7420 = 

/(C 2 ) + C 2 A' + ;.ext V K+K () + K en 3400 x 0.65 

The contribution to the higher value of the instability threshold at larger displacement, 
C 2 , comes from both sources — lower fluid circumferential average velocity ratio, A, and 
larger fluid radial stiffness, i/ / - The performed test provided only a qualitative finał effect of 
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RUNUP 0.5x 1 x 




— — i- — t — — -I J 

0 2 4 6 8 10 

Frequency [kcpm] 

1.5 Ib. vertical force 

Figurę 4.5.18 Spectrum Cascade of the rotor vertical response when 1 .5 Ibs vertical force was applied resulting 
in 0.31 rotor eccentricity ratio. Threshold of instability increased to ~5500 rpm. Oscilloscope orbit 
photographed at 6600 rpm exhibited an elliptical shape (compare with Figurę 4.5.17). 20 psi 
additional pressure in the seal. Air injected in the direction of rotation. 



the eccentricity increase on the instability threshold, and does not serve directly for 
identification of the specific nonlinear functions i Js(C) and a(C). It can be noticed that 
the ratio of these nonlinear functions results in an increasing function of rotor eccentricity. 
Their ratę of participation in this increase is not, however, defined here. 



4.5.15 Transition to Fluid-lnduced Limit Cycle Self-Excited 
Vibrations of a Rotor 

4.5.15.1 Introduction 

In this section, the fluid force nonlinear model, which emphasizes the strength of the 
circumferential flow in rotor-to-stationary element clearances (such as in bearings, seals, 
blade tip/stator, impeller/diffuser) for lightly radially loaded rotors, is used for a rotor 
operating in fluid environment. The rotor is considered within the first lateral modę, to 
analyze the transient process from the instability threshold to a limit cycle of self-excited 
vibrations. This transient process was experimentally illustrated in Figurę 4.2.4 of this 
Chapter. Rotating fluid inertia, nonlinearity of fluid film radial stiffness, and nonlinearity of 
rotating damping are taken into account in the analysis. The rates of damping force and 
inertia force average circumferential rotation are assumed different. 

The materiał of this subsection is based on the paper by Muszyńska (1999). 
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Figurę 4.5.19 Spectrum Cascade of the rotor vertical response when 2 Ibs vertical force was applied, resulting 
in 0.39 rotor eccentricity ratio. Threshold of instability increased to ~ 7420 rpm. Compare 
with Figures 4.5.17 and 4.5.18. 20 psi additional pressure in the seal. Air injected in the 
direction of rotation. 




Figurę 4.5.20 Threshold of instability versus vertical force magnitude; summary of experimental results. 
Compare with Figures 4.5.9 and 4.6.15. 
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4.5.15.2 Rotor/Fluid Environment Model 

4. 5. 15.2.1 Rotor model 

Following the considerations of subsections 4.3.1 and 4.5.1, the mathematical model of a 
one-mode, isotropic rotor, rotating and laterally vibrating within the fluid environment, 
contained in a relatively smali clearance, is as follows: 



where x, y are two rotor orthogonal lateral displacements, M, K , D s are rotor first 
lateral modę modal mass, stiffness, and damping respectively, K 0 , D, and M/ are fluid radial 
linear stiffness, damping, and fluid inertia effect, Q is the rotor rotational speed, 2 and ).f are 
fluid circumferential average velocity ratios of rotating damping and fluid inertia forces 
respectively. The products /.Q and ).jQ represent, therefore, angular velocities at which fluid 
damping and fluid inertia forces respectively rotate. The functions iJ/( \z\ ) and ir D (\z\) 
represent the nonlinear stiffness and nonlinear damping of the fluid film, as functions of the 
rotor radial displacement \z\. These functions can have any form, provided they are 
continuous within the rangę \z\ <c, where c is the radial clearance. They cover an important 
class of nonlinearities. 

The fluid force model includes the linear fluid inertia effect, which often presents 
a nonnegligible contribution in the fluid dynamie force. Rotation of the fluid inertia 
force with a different ratę than that of the fluid damping force was indicated in references 
by El Shafei (1993), Bently et al. (1985b), Grant et al. (1993) (see also Sections 4.8.6 and 

4.15.2 of this Chapter). 

A justification of the use of the simple rotor model is based on the fact that the 
fluid-induced vibrations most often are associated with the rotors” lowest modes, either 
the rigid body modę (fluid whirl) or the first bending modę (fluid whip; see Section 4.2 of 
this Chapter). The advantage of a simple model is obvious: analytically explicit Solutions 
allow for extended analysis and elear physical interpretations. 

4.5. 15.2.2 Eigenvalue problem: natura I frequencies and instability threshold 

The rotor instability threshold, Q st , can easily be analytically calculated from the 
linearized Eq. (4.5.51) (i jr = 0, i[r D = 0) by using the same approach as in Section 4.5.2. The 
rotor stability criterion is as follows: 



At the instability threshold, the real part of one of the rotor system eigenvalues becomes 
zero, and the natural freąuency w st (the corresponding imaginary part of the eigenvalue) 
is eąual to 



Mz + D s ż + (K+ Kq)z + Mf(z — 2jXjQż — Q 2 ljz^ + (D + VtD(|z]))(i — jXQz) + i !Ą\z\)z = 0 

(4.5.51) 



* = d/d t, z(t) = x(t) +jy(t), j = V— I, \z\ = y/x 2 +y 2 




where y= 1 - 2/1 + D s /D)/l (4.5.52) 




(4.5.53) 
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For the rotational speed Q, exceeding the instability threshold (4.5.52), the real part 
(Re(s)) of the corresponding eigenvalue, s, becomes positive (the remaining three eigenvalues 
can also be analytically calculated): 



Re (s) — 



D + D s 

' 2 (M+Mf) 77 



E + 

\l N 



£> I rę( M MD + D*) m ^ 
\ (M+Mj) 2 M+M f ■) 



(4.5.54) 



where 



MMfkjO 1 / D + D s V K+K 0 
(M+Mf) 2 + \2(M + M f )J M+ M f 



The positive value of the eigenvalue real part means that the rotor lateral vibrations are 
unwinding; the rotor orbit represents a spiral with increasing amplitudę. The particular 
solution of the linearized Eq. (4.5.51) has the following form (see Section 4.4 of this Chapter): 

z(t) = Ce Re(ę) V“"' (4.5.55) 



where 



MfkjCi | 1 
M+M f + ^/5 



-E + 



N 



N 



gy l MfAfQ(D D s ) DXQ, ^ 
\ (M+M f ) 2 M+Mfj 



co n is the imaginary part of the eigenvalue, and C is a constant of integration. In the 
case when the rotor vibration amplitudę Ce Re bl' increases, the linearized model (4.5.51) 
ceases to be adeąuate, sińce the nonlinear factors start playing a dominant role in the 
rotor response as the rotor displacement amplitudę grows. This causes the ratę of increase 
of the vibration amplitudę during the transient motion to decrease, until a limit cycle of the 
self-excited vibrations is reached. 



4.5. 15.2.3 Rotor self-excited vibrations 

Long after early theoretical predictions of self-excited vibration limit cycles by Poincare 
and Lyapunov (Minorski, 1947; Stocker, 1950), post-instability-threshold limit cycles of 
fluid-induced, self-excited lateral vibrations of rotors have been discussed in several 
publications (Malik et al., 1986; Cheng et al., 1996; Brown, 1986; Genta et al ., 1987; 
Krynicki et al., 1994). 

The limit cycle of the rotor self-excited vibrations can be obtained as a particular solution 
of Eq. (4.5.51): 

2(0 = Ae /0Jl (4.5.56) 

where A, co are amplitudę and frequency of the rotor self-excited vibration respectively. While 
Eq. (4.5.55) of the transient process represents an unwinding spiral orbit, Eq. (4.5.56) 
describes a closed circular orbit of the rotor — the limit cycle. Its amplitudę A and frequency 
co can be calculated if Eq. (4.5.56) is substituted into Eq. (4.5.51): 

— (M + Mf)co 2 + [D + D s + 1 lrj)(A)]jco + 2MfXfQ st co — MfQ 2 Al 

1 (4.5.57) 

+ K+ K 0 + V/(T) -jW s ,[D + f D {A)] = 0 
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By splitting this eąuation into real and imaginary parts, two algebraic eąuations are 
generated which can be used to calculate the amplitudę A and freąuency co (Eąs. (4.5.52) 
and (4.5.53) were used): 



Mur + M f (co - AjQ sl ) 2 -K- K 0 - i/(A) = 0 

1Q S ,[D + MA)\_ 1 + D s /D 

C ° D + D s + f D {A) ~ 1 + (DJ(D + MA))) 0)51 ~ " Jst + 1 

where the parameter S was introduced as 

X = co st {{D/D s ) + D/[D + MA)]} 



(4.5.58) 



(4.5.59) 



For any given functions |z| ) and i//( |z| ), which now are functions of the self-excited 
vibration amplitudę A, this amplitudę can be calculated from Eqs. (4.5.58). The limit cycle of 
the self-excited vibrations, fluid whirl or fluid whip, is, therefore, explicitly obtained. Notę 
that the self-excited vibration freąuency, co, in (4.5.58) differs only slightly from the rotor 
natural freąuency at the instability threshold, co st , in Eq. (4.5.54). 

Ftsing Eqs. (4.5.52), (4.5.53), (4.5.58), and (4.5.59) allows for the following simpliflcation 
of the frrst Eq. (4.5.58): 

F(x) = X 2 {M + M f ) + 2 xco sl (M + Mfy) = M) (4.5.60) 

as the identity MoĄ t + Mf[co st — 1/(1 + D s /D)co st /X)~= K + Kq can be eliminated. The 
function F(x) is a parabola, while the function x — x(V , o) (Eq. (4.5.59)) is a hyperbola. 
Figurę 4.5.21 presents the graphical solution for x, as a function of A when the nonlinear 
damping |z| ) = \I/d(A) is a given function. 

Figurę 4.5.22 presents the subseąuent graphical solution obtained from the functions 
X(A) and F(y). It provides the amplitudę of the self-excited vibration limit cycle when the 
nonlinear stiffness function 1/4 | z] ) = ijĄA) is given. This amplitudę A can be found at the 
intersection of the functions i J/(A) and F\y{A)]. Since the function F cxists within the rangę 
F((oo st /( 1 + D/D s )) and F(D s co st / D), and the function i/s(A) exceeds this limit, the solution for 
A must exist, as two of these function plots cross (Figurę 4.5.22). 



4.5.15.3 Transient Process Starting at the Instability Threshold 



When the rotational speed reaches the instability threshold (4.5.52), the ratę at which 
the unstable linear vibrations start unwinding can be calculated as a derivative of 
Eq. (4.5.54) 3Re(.v)/3f2 at Q — Q st multiplied by Q st : 






3Re(^) 
3 Q 



D + D. 



[((Z) + D. s ) 2 /4(K + K 0 )(M + M/y)) + 1 ] (M + M/y 2 ) 






(4.5.61) 



At the instability threshold, the rotor unwinding spiral motion can, therefore, be 
presented (with approximation) as 



z(0 - Ce ■'* V®"' 



(4.5.62) 
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Figurę 4.5.21 Graphical construction of function / = /(A) using Eq. (4.5.59) and a given nonlinear damping 
function = fo(\z\) = fo(A). 




Figurę 4.5.22 Graphical solution for the limit cycle, self-excited amplitudę A, based on Eq. (4.5.60), function 
x(A), and a given nonlinear stiffness function i/f(|z|) = f(A). 



As can be seen from Eq. (4.5.61), the real component of the exponent s* in the solution 
(4.5.62) decreases with an increase of M, Mf, and X. It increases with K+ K 0 and ).j. The role 
of the damping in s* is better seen if the fluid inertia in Eq. (4.5.61) is neglected: 

D + D, 

M f = o ~~ ((D + D s f/4(K+ Ko)) + M 

This function has a maximum when D + D s — M( K + Kq) which resembles the critical 
damping. For subcritical damping, 5* increases with a damping increase; for supercritical 
damping, it decreases. The above statements are also true for Eq. (4.5.61) in a qualitative 
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sense, as some quantitative changes take place when the fluid inertia is incorporated: the 
maximum occurs at a smaller damping value. 



4.5.15.4 Transient Process Around the Limit Cycle 



In order to evaluate the transient process around the stable limit cycle of self-excited 
vibrations (4.5.56) (its stability was proven in Section 4.5 of this Chapter), the variational 
eąuations will be analyzed. Eq. (4.5.51) is transformed using the following relationship: 

z(i) = [A + u(i)}e jlo>t+a W (4.5.63) 

where co is given by the second Eq. (4.5.58) and u(t), a(t) are real variational variables, 
considered smali. Substituting Eq. (4.5.63) into Eq. (4.5.51), the variational equations are 
obtained: 



(M + Mf ) [ii + 2 iij (co + a) + (A + u) ja — (A + u)(co + a) 2 ] 

+ [D + D s + j / d ( A + ii) — 2/.l/ / /. ; O v , J (ii ( A + u)j(co + d)] f 5 j 

+ Ja1+ Kq — [Z) + V/ 1) ( A + iij\j2.Q s t — MfQ 2 t Xj + V/ ( A + // ) j ( A + ii) — 0 



The linearized equation is obtained when the functions i /roi A + u) and i fr(A + u) are 
represented by the first two terms of their Taylor series, and when nonlinear terms in 
Eq. (4.5.64) are neglected: 



[M + Mf)(u + 2jcou + jAa — 2coAu) + (D + D s — 2jMfXfQ s j)(u + jAći) + jr D (A)(u + jAći) 

+ jAujf d (A)(oo — XQ st ) + A/'(A)u = 0, (4.5.65) 

where Eq. (4.5.57) was used, and 



f D (A) - 



dfr)(A + u) 
d (A T u) 



u = 0 



i/r'(A) = 



d jr(A + u) 
d(A T ii) 



u=0 



Splitting Eq. (4.5.65) into real and imaginary parts provides: 

(M + Mf) (ii — 2Acoa) + [D + D s + \ /fo(A)\u + 2MfXjQ st Ad + uAj/'(A) = 0 

(M + Mj)(2uco + Ad) + [D + D s + i /r D (A)\Ad — 2MfXjQ s ,u + uA(co — XQ s ,)jf D (A) = 0 

(4.5.66) 



The characteristic equation for Eqs. (4.5.66), from which the variational eigenvalues s v 
can be calculated, is as follows: 



/ / D + D s + \jfj)(A)\ 

•< M+M H»“ + m + m, ) + 



+ 



M A Mf 



[D + D s + j/f)(A)]j/(A) + 



Aj/' (A) 
2 

M+M f 



[Mco + Mf[co — XfQ st )Y 1 5, 



M+Mf 

[Mco + Mf{co — XQ st j] ( co — XfQ st )Ajr D (A) = 0 

(4.5.67) 
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One of the roots s v is zero, and it has been extracted from Eq. (4.5.67). The analysis of 
the polynomial (4.5.67) shows that there exists only one real, negative root — j**, which 
is approximately equal to: 

^ -** - 4 {[^ + D * + ^dWU)\ ~ {2(MŹst - a>) [Mm + M f [u> - A/fl,,)]^)} 

[D + D s + ij n (A)f+A(M + Mj)xlf’(A) + A[Mo) + Mj{a> - kjQ sl )} 2 

(4.5.68) 

Using Eqs. (4.5.52), (4.5.53), and (4.5.58) sonie terms in Eq. (4.5.68) can be transformed: 

- ^ D s a>st 

D + D s + f D (A) 

(4.5.69) 

&>nst 

As can be seen from the first Eq. (4.5.69), the second term in the numerator of Eq. (4.5.68) 
is smaller than the first, as it directly depends on external damping, D s , and can be practically 
neglected. 

The behavior of the eigenvalue j**, as a function of the system parameters, is very similar 
to that of s*\ s** decreases with increasing M, Mf, and 1, and it increases with 1/ and i j/(A). 
The effect of K+K 0 is opposite to that for i*, sińce now i j/(A) is dominating the system 
stiffness. 

The particular solution of Eqs. (4.5.66) is as follows: 

u(t) = C„e - s "‘, a(t ) = C a e (4.5.70) 

where C u , C a are constants of integration. The solution describing the rotor motion around 
the limit cycle of the self-excited vibrations (4.5.56) will, therefore, be as follows: 

z(0 = (B + C u e - J "*) e r(® ; + C « e “ s **') (4.5.71) 

By comparing z(t ) with the solution (4.5.62), it can be seen that at the instability threshold 
the rotor amplitudę exponent, which starts from the positive value +^*, ends up, during the 
transition time, as the negative value —s**, when it reaches the limit cycle. This transition to 
the limit cycle of the self-excited vibration is qualitatively illustrated in Figurę 4.5.23. 

In summary, in this subsection the post-instability threshold behavior of rotors rotating 
in fluid environment enclosed in smali radial clearances was discussed. The nonlinear fluid 
force model identified using the modal perturbation testing was implemented into the first 
lateral modę of an isotropic rotor. The equations provide analytical values for the instability 
threshold, and the limit cycle self-excited vibration amplitudę and frequency. The transient 
process starting at the instability threshold, and ending at the limit cycle, illustrated 
experimentally (Figurę 4.2.4 of this Chapter), was evaluated here analytically. 



Mco + Mf(co — lfQ st ) — - 



M( 1 + (Ds/DY) 

+ (D S /(D + f D )) 



+ MĄ y + 



D s f D 



D(D + D s + i j/o). 



4.5.16 Summary 

In this section, a single-complex-lateral-mode rotor/seal (or rotor/bearing) model 
was considered. The fluid force model derived in Section 4.4 has been introduced to the 
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Figurę 4.5.23 Time base diagram of the rotor vibration transient processes between the instability threshold 
and the limit cycle of the self-excited vibrations. 



rotor two-lateral modę model. This model represents the first lateral modę of an isotropic 
rotor. Within the rangę of rotational speeds, limited to the first lateral modę, the isotropic 
rotor/fluid model is adeąuate for the following cases: 

• Rotor/bearing system (with fluid whirl and whip tendencies), 

• Rotor/seal systems (with seal fluid whip tendency), 

• Fluid handling machines with blade-tip or rotor/stator periphery interactions (with fluid whip 
tendencies) 

• Rotors with press fit rotating elements, exhibiting high internal/structural friction (with internal 
friction whip tendencies; ~ 1 , Mf = 0). See also Section 3.3. 

The analysis provided the following meaningful results: 

• Rotor static eąuilibrium position due to external constant radial force, applied to the rotor in 
presence of fluid force; 

• Rotor threshold of instability as a function of rotor and fluid film parameters, and the fluid 
circumferential average velocity ratio in particular; 

• Rotor self-excited vibrations, as limit cycles of post-instability threshold cases when rotational 
speed exceeds the threshold of instability; 

• Relationship between the radial load-related rotor eccentricity and modified threshold of 
instability; 

• Anti-swirl control of rotor instability; 

• Fluid film effects on rotor forced synchronous response due to unbalance; 

• Transition to fluid-induced limit cycle self-excited vibrations of a rotor. 

Ali the above characteristics were obtained as rotor/fluid system properties. The 
relationships were obtained analytically. 
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It has been demonstrated that the fluid circumferential average velocity rafio inside the 
rotor/stationary part clearance plays an important role in all considerations and in particular, 
it is directly responsible for rotor instability. 



4.6 MODEL OF A FLEXIBLE ROTOR SUPPORTED BY ONE PIVOTING, 
LATERALLY RIGID AND ONE FLUID-LUBRICATED BEARING 

4.6.1 Rotor Model 

In this Section, the rotor model will be extended by another lateral modę. The results 
obtained here provide adeąuate theoretical explanation of the rotor behavior described in 
Section 4.2. 

The mathematical model of a horizontal isotropic rotor supported by one pivoting, 
laterally rigid bearing and one fluid-lubricated bearing (Figurę 4.6.1) is as follows 
(Muszyńska, 1986a): 



M\'ż\ + D s ż i + (K\ + Ki)z\ — K 2 Z 2 — mrQ 2 e' at 



(4.6.1) 



M 2 z 2 + Mf[ z 2 - 2jX(\z 2 \)Qż 2 - l 2 (|z 2 |)0 2 z 2 ] + D[ż 2 - j2(\z 2 \)Qz 2 ] 
+ [Kf) + ^(\z 2 \)\z 2 + K 2 z 2 + K 2 (z 2 - zi) = 0 



(4.6.2) 



-1 - a'i +jy u z 2 - x 2 +J >2 



where M\, M 2 are generalized (modal) masses of the rotor flrst bending modę (approx- 
imately M\ corresponds to the rotor disk, M 2 to the journal), D s is external generalized 
(viscous) damping coefficient, A) , K 2 are rotor generalized (modal) stiffness coefficients; 
K 2 is the stiffness of an additional supporting radial spring of the rotor at the journal 
location. It serves to set the journal inside of the bearing clearance at a reąuired position, 
and in particular, to balance the journal gravity force (which therefore is not included in 



Journal 




Figurę 4.6.1 Model of a symmetric rotor supported in one rigid and one oil-lubricated bearing. 
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Eq. (4.6.2)). As previously, ir is nonlinear part of fluid radial stiffness, Q is rotational 
speed, and m,r, and S are respectively, mass, radius, and angular orientation of rotor 
modal unbalance. The rotor generalized (modal) parameters can be obtained by applying any 
classical method of modal reduction. 

The variables z\{t) and Z 2 (t) represent correspondingly the lateral motion of the rotor 
disk and journal (Figurę 4.6.1). The fluid-lubricated bearing fluid force is introduced to the 
Eq. (4.6.2) in the simplified form (4.4.5) (damping nonlinearity is neglected). The external 
radial constant force is deliberately omitted in this consideration. Its influence can easily 
be analyzed following the approach presented in Section 4.5. It would lead to very similar 
qualitative results for the extended model (4.6.1), (4.6.2). Notę, however, that it is assumed 
that the journal at rest (and slow roli) is located concentrically inside the bearing clearance, 
as it is supported by the mentioned above additional spring, K 3 . 



4.6.2 Eigenvalue Problem of the Linear Model (4.6.1), (4.6.2): Natural 
Frequency and Threshold of Instability 

With 1/^=0 and A(|r|) replaced by A 0 , Eq. (4.6.2) becomes linear. The eigenvalue problem 
for Eqs. (4.6.1) and (4.6.2) leads to the following characteristic equation: 



[M 2 s 2 + M f (s -jA 0 Q) 2 +D(s -j/. 0 Q) + Ko + K 3 ] {Ki +K 2 + D s s + M x s 2 ) 
+ K 2 (K X + D s s + Mis 2 ) = 0 



(4.6.3) 



where s is the system eigenvalue. 

Eq. (4.6.3) can easily be solved numerically. An example is presented in Figurę 4.6.2, 
where the eigenvalues are given as functions of the rotational speed, Q . 

After computing several numerical examples, it has been noticed that when the 
modal mass, M 2 and the fluid inertia Mj do not exceed certain “critical”, quite large 
(and rather unrealistic) values, they have very little effect on three eigenvalues. It has also 
been noticed that one of these eigenvalues always has the imaginary part proportional to the 
rotational speed, Q, when the latter is Iow, and that it tends to the constant value 
corresponding to the uncoupled rotor natural frequency, yJ(K\ + K 2 )/M x , when Q increases. 
The corresponding real part of this eigenvalue crosses zero at a specific rotational speed. 
That is, after this specific speed, the pure rotational motion of the rotor becomes unstable 
(see eigenvalue #1 in Figurę 4.6.2). 

These observations have led to an important conclusion about the character of the system 
eigenvalues, and to approximate eigenvalue formulas. 

The approximate values of three eigenvalues, i.e., three Solutions of Eq. (4.6.3) are as 
follows: 



s 1 



^0 + ^3 
D 



K 2 (K x - M x 1 2 0 Q 2 ) 

7 To oT ~rjA0*e 

D(K X + K 2 - M^fo 2 ) 



(4.6.4) 



^ 2,3 



±/V ^3 +jR 4 — ± 




(4.6.5) 
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co 

=3 

03 



Natural frequency 

— Decay/growth 
Eigenvalue#1 
Eigenvalue#2 
■ 4 — Eigenvalue#3 
Eigenvalue#4 



K : = 137 Ib/in = 23991 N/m 
K 2 = 88 Ib/in = 15411 N/m 
M : = 0.0039 lbs 2 /in = 0.68 kg 
M 2 + M f = 10' 4 lbs 2 /in = 0.018 kg 
D = 1 .23 Ibs/in = 215 kg/s 
D s = 0.01 5 Ibs/in = 2.63 kg/s 
A = 0.42 
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Figurę 4.6.2 Eigerwalues of the rotor/bearing system versus rotational speed for a particular numerical values 
(real part of eigerwalue ‘3’ is not shown; it has a high negative value). Notę the behavior of the 
eigenvalue #1 . (Notę also that in the original analysis, not s but co = -js was used as an 
eigenvalue, thus the signs of the real part of s are inversed.) (Muszyńska, 1986a) 



where 



= 



K x +K 2 

Mi 



K 2 2 (K 0 + K 3 )/R 5 , r 4 



-k\d[ 



I Ki + K 2 
Mi 



AqQ ] / R$ 



Rs 



K 0 + K 2 - M 2 (Ki + K 2 )/Mi - M f (y(Ki + K 2 )/Mi 




+D 2 




M i 



The real part of the fourth eigenvalue is negative and almost constant. The natural 
freąuency of the fourth eigenvalue is approximately eąual to the third natural freąuency 
at Iow rotational speed, but it carries a negative sign. 



© 2005 by Taylor & Francis Group, LLC 





FLUID-RELATED PROBLEMS IN ROTOR/STATOR CLEARANCES 



313 



The formulas (4.6.4), (4.6.5) give appvoximate eigemalues of the rotor/bearing model 
(4.6.1), (4.6.2). The imaginary parts of the eigenvalues (4.6.4) and (4.6.5) represent natural 
freąuencies. The approximation (4.6.4) was obtained by neglecting M 2 and Mf, use s—jl 0 Q 
from the previous level of approximation in products with M\, and finally solving Eq. (4.6.3) 
for s. 

At Iow rotational speed, the first natural freąuency, Im (.S | ), the second natural freąuency, 
Im fs' 2 ) , and the third natural freąuency, Im (s 3 ), are proportional to the fluid circumferential 
average velocity ratio and to the rotational speed: 



co, ń — Im(ji) ~ A 0 Q (4.6.6) 

At Iow rotational speed, the second natural freąuency, Im (^ 2 ), and at high rotational 
speed the first natural freąuency, Im(^i), are close to the rotor constant natural freąuency: 



«n 2,3 — I m fe, 3 ) ~ ±y/(K\ + K 2 )/M\ 

which is the natural freąuency of the rotor first bending modę, when rigidly supported at 
both ends; thus uncoupled from the journal. Stronger coupling between disk and journal 
motion (higher K 2 and M 2 ) causes morę significant divergence from these “uncoupled” 
natural freąuencies of the system, especially in the rangę of rotational speeds, when u> n \ and 
(o n2 are close in value. 

The real part of the eigenvalue (4.6.4) predicts the threshold of instability: For 



Q < I j Ki K 2 (K q + Ki) 

— Mi M\[k 2 + (k q + at 3 )] 



(4.6.7) 



the rotor pure rotational motion is stable. For Q>Q st , the rotor pure rotational motion 
becomes unstable. The first term under the above radical, namely K\/M is usually 
dominant. The second term contains two stiffness components in seąuence, namely K 2 
and (^o + A^). Usually the stiffness K 0 +K 3 is smali, as it represents the sum of the fluid 
film stiffness at a concentric position of the rotor inside the bearing clearance and addi- 
tional supporting spring stand stiffness (if ever it is included in the system). Connection 
in seąuence with the much larger rotor stiffness, K 2 niakes the resulting stiffness of the 
seąuence smaller than Kq + K 3 . It is reasonable, therefore, to reduce further the expression 
for the rotor/bearing system approximate instability threshold (4.6.7) to 



Q s t 



1 [~El 

2o V M\ 



(4.6.8) 



It is clearly noticed that lower rotor mass M\, a lower fluid circumferential average 
velocity ratio i-o, and a higher rotor partial stiffness Ki improve rotor stability by increasing 
the threshold of instability. 

For the unstable conditions, i.e., for the rotational speed above the threshold of instabi- 
lity (4.6.8), the rotor vibration amplitudes increase exponentially in time, and eventually 
fluid film nonlinear forces become significant, causing finał limitation and stabilization of 
the vibration amplitudę, reaching the self-excited vibration limit cycle (see Figures 4.2.2 
to 4.2.4). This subject is discussed in Subsection 4.6.4. 
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4.6.3 Experimental Results: Threshold of Instability 

An experimental rotor rig consists of a slender elastic shaft supported in one laterally 
rigid, pivoting anti-friction bearing at the inboard side and in one oil-lubricated plain 
cylindrical bearing with radial clearance 15mils at the outboard end. A heavy disk 
can be attached at various axial locations of the shaft. A frarne of adjustable radial springs 
mounted on the rotor next to the oil-lubricated bearing helps to balance the rotor 
weight, and to adjust the journal to have concentric position (or specific reąuired eccentric 
position) inside the bearing. Two sets of displacement proximity transducers in XY 
configurations measure the rotor lateral vibrations at the disk and journal locations. The 
Keyphasor transducer, mounted near the inboard bearing, provides the rotational speed 
and response phase measurements. The rig is eąuipped with a rotor speed/acceleration 
controller. Before each experiment, the rotor was well balanced. 

The results of the rotor vibrational response during startup runs are presented in the 
form of spectrum Cascade plots (Figures 4.6.3 to 4.6.5). The rotor response exhibits 
the fluid whirl and fluid whip self-excited vibrations. 

The experimental results confirm the conclusion concerning the threshold of instability 
(4.6.8). For the case of disk mounted on the rotor next to the laterally rigid inboard 
bearing, the instability threshold occurs at about 7200 rpm. A decrease of the stiffness 
Ki , when the disk has been moved to mid-span, caused a decrease in the instability threshold, 
which now occurred at about 4100 rpm. An additional decrease of the stiffness Aj , when 
the disk was moved next to the oil-lubricated bearing, caused the instability threshold to 
drop down to about 3300 rpm. Notę that in all these cases the rotor-supporting springs were 
adjusted to obtain the same concentric position of the journal at rest and slow roli speed. 



4.6.4 Rotor Self-Excited Vibrations: Fluid Whirl and Fluid Whip 

For the case of zero unbalance (m — 0), Eqs. (4.6.1), (4.6.2) have an exact particular 
solution describing the limit cycle of self-excited vibrations (fluid whirl and fluid whip): 

z\ = Ai& j(at+a \ z 2 = A 2 e Jo,t (4.6.9) 

where A\, A 2 are corresponding constant amplitudes, a is the relative phase angle, and co is 
the self-excited vibration freąuency. 

Bearing in mind that for the solution (4.6.9) \z 2 \ — A 2 , by introducing Eqs. (4.6.9) 
into Eqs. (4.6.1) and (4.6.2), the algebraic equations for calculating A\,A 2 ,ol, and co are 
obtained: 



{-M 2 w 2 - M f [co - A(A 2 )Qf+jD[(o - a(A 2 )Q\ + K 0 + i]f(A 2 ) + K 3 }(Ki + K 2 
— M\co 2 + D s jco) + K 2 (Ki + DJco — M\co 2 ) = 0, 



(4.6.10) 



k 2 a 2 

\J (K\ + K 2 — Mico 2 ) + D^co 2 



a = arctan 



D s a> 

Mico 1 - Ki - K 2 



(4.6.11) 



Notę that in Eq. (4.6.11) the product K 2 A 2 can be interpreted as amplitudę of exciting 
force applied to the rotor disk, a represents the phase between the journal and disk self- 
excited vibrations. 
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Figurę 4.6.3 Spectrum cascades of the rotor start-up vertical vibration responses measured at the bearing 
(a) and at the disk (b) locations (arrows indicate transducer locations). Disk mounted on the shaft 
next to the rigid bearing. Threshold of instability «7200 rpm. Compare with Figures 4.6.4 and 
4.6.5. Figurę (a) presents also the oscilloscope picture of the rotor orbit at the instability threshold 
in transition to the limit cycle of the fluid whirl self-excited vibrations. 
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Figurę 4.6.4 Spectrum Cascade of the rotor start-up vertical vibration responses measured at the bearing (a) 
and at the disk (b) locations (arrows indicate transducer locations). Disk mounted at the shaft mid- 
span. Threshold of instability ^4100rpm. Notę high whip vibrations of the disk. Compare with 
Figures 4.6.3 and 4.6.5. 
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Frequency [kcpm] 




(b) Frequency [kcpm] 



Figurę 4.6.5 Spectrum Cascade of the rotor start-up vertical vibration responses measured at the bearing 
(a) and at the disk (b) locations (arrows indicate transducer locations). Disk mounted next 
to the oil-lubricated bearing. Threshold of instability ^3300 rpm. Compare with Figures 4.6.3 
and 4.6.4. 
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The real and imaginary parts of Eq. (4.6.10) provide relationships for calculating 
the amplitudę A 2 and freąuency cd , for each particular case of the nonlinear functions f(A 2 ) 
and X(A 2 ). 



ir( A 2 ) = M 2 or + Mf[co - X(A 2 )Q] 2 -Ko - K 3 - K 2 



{Ki +K 2 - Mico 2 )(K i - Mi co 2 ) + D 2 co 2 
(. Ki +K 2 - Mico 2 f+D 2 y 



= 4>\{co) 



(4.6.12) 



^ = 5 



1 + - 



K\D S 



D (Ki +K 2 - MaP-y+D 2 co 2 



= <p2 ((O) 



(4.6.13) 



where <p\(a>) and <p 2 (co) respectively denote the right-side functions of freąuency co in 
Eqs. (4.6.12) and (4.6.13). Since external damping D s is assumed smali, the second term in the 
brackets of Eq. (4.6.13) can be neglected. Thus, X (A 2 ) ~ co/Q. An approximate value of co is, 
therefore, as follows: 



cd — co\ ~ QX(A 2 ) (4.6.14) 

where cd \ is the approximated lowest self-excited vibration freąuency. 

Formally, the freąuency co can be calculated front the following eąuation: 

X{f~ x [<P\{co)\) = <p 2 (co) 

where \j/~ l is the inverse function f. From Eq. (4.6.12) results A 2 — i/s~ l [cpi(co)]. 

Taking Eq. (4.6.14) into account and neglecting external damping, Eq. (4.6.12) will have 
the following form: 



K Q + K 3 + ir — M 2 cd~ + K 2 1 — j = 0 

K\+K 2 — M\CiP 

Using Eq. (4.6.14) makes the fluid inertia term in Eq. (4.6.12) vanish. The above eąuation 
can be transformed to a ąuadratic eąuation for co 2 . Two Solutions of it are as follows: 

2 Ki+K 2 K Q + jr+K 2 + K 3 ■ If K i+K 2 Kq + x[r + K 2 + K 3 \ 2 K 2 

2 Mi 2 M 2 + VV 2 Mi 2 M 2 ) + MiM 2 ’' 



Approximate values of the roots of co 2 are as follows: 

2 _ Ki + K 2 K 2 ^ Ki +K 2 

Wl ~ Mi Mi (K 0 + i/r + K 2 + K 3 )~ M 2 (K, + K 2 ) ~ Mi 

2 ^ Ko + ^ + K 2 + K 3 Ą 

~ M 2 Ml (Ko + yjr + K 2 + K 3 ) - M 2 (K X + K 2 ) 

The radical here was approximated as VI + e ^ 1 + (e/2), which are the flrst two terms 
of the Taylor series expansion. The above eąuations provide two approximate ralues of the 
self-excitecl vibration freąuency. 



CD w ±J(Ki + K 2 )/Mi 



(4.6.15) 
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The freąuencies (4.6.14) and (4.6.15) are close to the linear rotor/bearing system fluid 
whirl and fluid whip natural freąuencies (4.6.6) and (4.6.7) at the threshold of instability 
(4.6.7). The freąuency Solutions (4.6.14), (4.6.15) exist practically independently from non- 
linear stiffness function, damping, fluid inertia, and journal generalized mass. The sensitivity 
of the freąuencies (4.6.14) and (4.6.15) to these parameters is very weak. 

The amplitudes A 2 of the journal self-excited fluid whirl and fluid whip vibrations 
corresponding to the freąuencies (4.6.14) and (4.6.15) can be calculated from Eq. (4.6.12). 
The fluid whirl amplitudę for co — a(A 2 )Q is as follows: 



A 2 



i fr 1 



M 2 ~a 1 (A 2 )Q 1 -K 0 -K 3 -K 2 



K x - M\A 2 (A 2 )Q 2 \ 

K\ + K 2 — M\)?(A 2 )Q 2 \ 



(4.6.16) 



The fluid whip amplitudę for co — yfWl + Kfl/Ml is as follows: 



A 2 ^ f 



-1 



M 2 (K\ + K 2 )/M x + Mf^/{K X + K 2 )/Mi - UA 2 )qJ- 



-K q -K 2 -K 3 \ (4.6.17) 



In Eq. (4.6.16) the expression in brackets should be positive. This condition provides 
the limitation of the rotational speed rangę: The self-excited vibrations with the fluid whirl 
amplitudę (4.6.16) exist only in the following rangę of the rotational speeds (for better clarity 
of the formulas the mass M 2 has been omitted): 



1 [kT K 2 (Ko + K 3 ) ^ 0 ^ 1 [k; + K 2 

KA 2 ) V Ml Ml (Ko + K 2 + K 3 )~ - A(A 2 ) V Ml 



The left side of the ineąuality (4.6.18) represents the threshold of instability comparable 
to Eq. (4.6.7). The right side term, limiting the rotational speed rangę, separates the fluid 
whirl from the fluid whip. 

A similar reasoning regarding the positive sign of the expression in the brackets of 
Eq. (4.6.17) implies that the self-excited vibrations with fluid whip amplitudę (4.6.17) exist in 
the following rotational speed rangę: 



Q> 



1 



^ + K 2 
M x 



K q + K 2 + K - 



M 2 (K\ + K 2 ) 
Mi 



/ M f | 



(4.6.19) 



i.e., the fluid whip self-excited vibrations exist in the whole higher rangę of the rotational 
speeds. 

From Eqs. (4.6.1 1), the corresponding fluid whirl and fluid whip amplitudę and the relative 
phase a of the fluid whirl and fluid whip between the journal and disk can be obtained. 
Eqs. (4.6.11) and (4.6.17) indicate that the rotor disk fluid whip amplitudę is controlled by the 
external damping D s : 



Ai 



K 2 VM~i L _ 
DjKi +K 2 yr 



M 2 ( Ki + K 2 ) 
Mi 



+ Mfy 



Ki + K 2 
M x 



- Ko -K 2 -K 3 



(4.6.20) 
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During the fluid whip, the rotor vibrates at its resonance conditions of the first bending 
modę. 

The second Eq. (4.6.11) may serve for identification of the instability source along the 
rotor, as the fluid whirl or fluid whip phases at other than the fluid-induced instability source 
locations are always lagging the source phase. The angle a is negative (see Section 4.7.4). 

4.6.5 Synchronous Solution — Rotor Forced Vibrations 
Due to Unbalance (1 x) 

In this section, a particular forced solution of Eqs. (4.6.1) and (4.6.2) will be discussed. 
This solution describes rotor synchronous vibrations (lx) due to rotor unbalance force, and 
has the following form: 



where the amplitudes B \ , Bi and phase angles f}\, p 2 can be calculated froni the following 
algebraic equations resulting from Eqs. (4.6.1), (4.6.2), and (4.6.21): 



\K () + K 2 + K 3 + iAB 2 ) + jDQ [ I - k(B 2 )\ - M 2 Or - M,(Ą] - ).(B 2 )f \B 2 e^ = K 2 B ]C ' P ' 

(4.6.22) 

Eqs. (4.6.22) can be solved for B\ and B 2 when any given nonlinear functions i/s and k 
are explicitly provided, as their arguments, \z 2 \, now become equal to B 2 , the amplitudę of the 
journal synchronous vibrations. 

A simple transformation of Eqs. (4.6.22) leads to the relationship between the journal 
amplitudę and rotational speed: 



R 6 = R & R 9 + K 2 (Ki - MO 1 ) - DD s Q 2 [ 1 - k(B 2 )\, R 2 = f2{T> s (7? 8 + K 2 ) + D[ 1 - k{B 2 )\R 9 ] 
r s = K 0 + K 2 + i IĄB 2 ) - M 2 Q 2 - Mf0 2 [ 1 - k(B 2 )] 2 , R 9 = Ki + K 2 - MO 2 

When for each rotational speed, O , the amplitudę B 2 is calculated from Eq. (4.6.23), the 
remaining parameters of the synchronous vibrations can eventually be obtained from the 
following relationships: 




(4.6.21) 



(Ki +K 2 + DJO - MQ-)B^ jP " - K 2 B 2 e jP 2 = mrO 2 



B\(Rl + R 2 ) = (K.mrO 2 ) 1 



(4.6.23) 



where 



p 2 — arctan (—R 2 /R 6 ) 



(4.6.24) 



Pi — arctan(—D s Q/R 9 ) + arctan 



tan/02 



(4.6.25) 



1 + iiircLp /(K 2 B 2 cosfi 2 ) 



(mrQ 2 y +2K 2 B 2 mrQ 2 cosfi 2 + ł£ 2 B\ 



(4.6.26) 



M 



Ą + D]0 2 
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Rotalional speed [krpm] 




Figurę 4.6.6 Bodę plot: phase and amplitudę ot the rotor and journal synchronous vibrations (4.6.21) versus 
rotational speed for a particular numerical example. Notę very Iow sensitivity to the fluid inertia and 
journal generalized mass M 2 . Nonlinear functions are assumed in the following forms: 

f{\z 2 \) = x/,(B 2 ) = 5/(1 5 2 - B|), A(|z 2 |) = 1(B 2 ) = 0.42(1 - B 2 /15) 2 . 



Figurę 4.6.6 presents numerical examples of Bodę plots for the rotor synchronous 
response. The nonlinearity of the stiffness causes a reduction of resonance amplitudes in 
comparison to the linear case. The effective damping increases in the resonance zonę, as its 
multiplier [1 — /(ZT)] increases with increasing amplitudę B 2 . Notę also that the fluid inertia 
has the multiplier, value of which varies from 1 to 0.25. The originally smali fluid inertia 
contribution becomes, therefore, even smaller by up to four times. 



4.6.6 Stability of Synchronous Vibrations 

The stability of the synchronous vibrations (4.6.21) will now be analyzed by applying the 
perturbation method. Assuming variations of amplitudes only and introducing variational 
real variables w\{t), w 2 (t) according the following relations: 

n = [B x + wi(t)]e KQt+f> '\ z 2 = [B 2 + w 2 (t)]e j(Q,+fi2) (4.6.27) 
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the linearized variational eąuations are obtained: 

+ 2jw\Q — Q 2 \ t’i) + D s (w\ + jQw\) + ( K\ + K2)w\ — = 0 



M 2 (w 2 + 2jw 2 Q ~ £ 2 2 W ; 2 ) + Mf{ H ’2 + 2jQ\\’2[\ — A(8 2 )] — £2 2 M’2[1 — A( 8 2 )] 

X [1 — A(8 2 ) — B 2 A ) + Z)jvi ’2 T jQw 2 [ 1 — A(8 2 ) — - 62 ^]} + [Aj + 4'(B 2 )]w 2 + 8 2 l/Mi’ 2 
+ (K 2 + K 3 )w 2 - K 2 w X Q m ~ pi) = 0 

(4.6.28) 



where the following notation is used: 



if' = (df/d\z 2 \) 



1-2 1 = B 2 



A'=(dA/d|z 2 |) 



1-2 1 = -82 



The eigenvalue problem for Eqs. (4.6.28) leads to the following characteristic eąuation: 
{M 2 s 2 + M t {s - jQ2,(B 2 )\ 2 +2MjQ 1 B 2 X + D\s - jQ/i Bi) - jLlBi)'] 

(4.6.29) 

+A 0 + xlr+B 2 rl/ + AjjfA, + A 2 + D s s + M x s 2 ) + A 2 (A! + D s s + M x s 2 ) = 0 
where the solution of Eqs. (4.6.28) was assumed in the following form: 

H-i = Eie (s, - jQt - JP ' ) , h ’ 2 = E 2 e (s, - JQ, ~ m (4.6.30) 



(Ei, E 2 are constants of integration; s is the eigenvalue.) 

The stability of the synchronous solution (4.6.21) is assured if all eigenvalues of 
Eqs. (4.6.28), i.e., Solutions of Eq. (4.6.29), have nonpositive real parts. 

The characteristic Eq. (4.6.29) differs from the characteristic Eq (4.6.3) by the terms 
generated by the nonlinearities, namely the terms 1 / 2 ( 82 ), 8 2 , A( 8 2 ), and 8 2 A'. The thres- 
hold of instability, calculated the same way as previously in Subsection 4.6.2, now has the 
following form (M 2 and Mf are neglected for clarity): 

q 1 /At A 2 [Ao + A 3 + MB 2 ) + B 2 ^] ~ VKJM 

s ‘ A( 8 2 ) + B 2 X y Mi Mi [Ko + A 2 + A 3 + 1 / 1 ( 82 ) + 8 2 i^] ~ A( 8 2 ) + 8 2 A' 



For 



Q<Q S , (4.6.32) 

the synchronous Solutions (4.6.21) are stable. 

The instability threshold (4.6.31) differs from (4.6.7) by the nonlinear function-generated 
terms: the fluid circumferential average velocity ratio, Ao, is now replaced by A( B 2 ) + 8 2 A', 
which is definitely lower than A 0 (sińce A is a decreasing function of journal eccentricity, 
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Figurę 4.6.7 Stability chart for the rotor synchronous vibrations (6.21) due to unbalance. Graphical solution ot 
inequality (4.6.32). 



X(B 2 ) < Ao and '' is negative); the stiffness Kq is now replaced by Kq + \//(B 2 ) + B 2 i//, which has 
higher value than Kq, as 1 // is an increasing function of eccentricity. The amplitudę B 2 is a 
function of the rotational speed, exhibiting a peak value when the rotational speed is close to 
the rotor natural freąuency, v /( Ki + Ki)/ M \ . 

The stability of the synchronous solution (4.6.21), determined by the ineąuality (4.6.32), 
will now be investigated graphically. Since 1 jr is an increasing function and 1 is a decreasing 
function of the journal radial displacement, |z| = B 2 , the instability threshold (4.6.31) is 
an increasing function of B 2 , tending to infinity when B 2 c (c is radial clearance). This 
function is plotted in (B 2 ,Q st )- i ę>\&nę (Figurę 4.6.7). The relation between the amplitudę 
B 2 and rotational freąuency, Q, is given by Eq. (4.6.23). It is plotted in the lower part of 
the graph in Figurę 4.6.7. From these two plots, the third one, namely, the instability 
threshold as a function of the rotational speed, can be built by eliminating B 2 . On the 
plot Q st (Q), as a function of the rotational speed, the straight linę Q — Q is superimposed. 
The intersections of the latter two plots provide instability thresholds. The stable synchro- 
nous forced solution (4.6.21) exists in two main regions: at Iow rotational speeds and in 
the resonance region. Within the resonance region, the journal high amplitudę, B 2 in the 
synchronous modę of vibration, causes the fluid film stiffness to increase due to nonlinearity, 
and causes the fluid circumferential average velocity rafio to decrease, which results in an 
increase of the instability threshold. 

It is easily seen that a higher unbalance, exciting higher amplitudes B 2 , will cause an 
increase of the width of the stability region around the resonance speed of the synchronous 
vibrations (Figurę 4.6.8). 
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Figurę 4.6.8 Modification of the synchronous vibration stability regions by unbalance. 
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Figurę 4.6.9 Spectrum Cascade of a rotor with a Iow residual unbalance. Vertical response measured at the 
journal. Synchronous vibrations are unstable for rotational speed higher than ~2100rpm. 



A series of experiments with balanced and unbalanced rotors confirmed this analytical 
prediction; a higher unbalance caused a wider band of rotational speeds, where synchronous 
vibrations (4.6.21) are stable (Figures 4.6.9 through 4.6.11) and the fluid whirl vibrations 
are unstable. 
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Rotor with 1 gram x 1.2" unbalance 




Freguency [kcpm] 



Figurę 4.6.10 Spectrum Cascade of the rotor with 1 g x 1.2" ot unbalance. Vertical response ot the journal. 

Synchronous vibrations are stable for the rotational speed lower than ~2100rpm and in the 
resonance region: from ~4200 to ~4900rpm. Notę high synchronous, 1x amplitudes in this 
region. 



Rotor with 1.2 gram x 1.2“ unbalance 




Frequency [kcpm] 

Figurę 4.6.11 Spectrum Cascade of the rotor with 1 .2 gramx 1.2" of unbalance. Vertical response of the journal. 

Synchronous vibrations are stable for the rotational speed lower than ~21 00 rpm and in the wider 
than that in Figurę 4.6.10 resonance region, namely from ~4100 to ~5200 rpm. Notę larger 
amplitudes of the synchronous (1 x) vibrations in this region. 
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4.6.7 Fluid Nonlinear Radial Damping Force 

If the fluid nonlinear damping force is not neglected, then in all eąuations of this 
subsection, the fluid radial damping D should be replaced by D + It is easy to show 

that the introduction of the fluid nonlinear damping force will not change the qualitative 
features of the results, while affecting them quantitatively. 



4.6.8 Experimental Evidence of Decrease of Fluid Circumferential 
Average Velocity Rafio with Journal Eccentricity 

A very sinrilar test as outlined in Subsection 4.5.14 was performed on the rotor/oil- 
lubricated bearing rig described in Subsection 4.6.3. This time, a vertical pulling force was 
applied to the rotor. It resulted in journal eccentric position inside the bearing. The rotor 
startup responses documented an increase of the instability threshold with increasing eccen- 
tricity of the journal within the clearance (Figures 4.6.12 through 4.6.15). The frequency of 
the fluid whirl decreased from 0.47f2 for concentric journal to 0.430 for the pulling force of 
10 lb., resulting in a 0.64 eccentricity ratio (]z 2 |/c) of the journal (Figurę 4.6.16). The fluid 
circumferential average velocity ratio decreased from 2, 0 — 0.47 to 1 = 0.43 for |z 2 |/c = 0.64. 



4.6.9 Experimental Evidence of an Increase of the Threshold of 
Instability with Increasing Oil Pressure in the Bearing 

Using the same experimental rig as described in Subsection 4.6.3, start-up responses of 
the rotor with variable oil pressure demonstrated the effect of lubricant oil pressure in the 
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Figurę 4.6.12 Spectrum Cascade of the centered rotor vertical response. Threshold of instability %7050rpm. 
0.25 Ib vertical up pulling force. 6 psi oil pressure. Fluid whirl frequency = 0A7Q. 
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Figurę 4.6.13 Spectrum Cascade of the rotor vertical response. Vertical pulling force ot 0.75 Ibs results in 0.27 
eccentricity ratio of the journal. Threshold of instability ~ 7600 rpm (compare with Figurę 4.6.12). 
Fluid whirl freguency slightly lower than 0.47Q . 6 psi oil pressure. 




Freguency [kcpm] 



Figurę 4.6.14 Spectrum Cascade of the rotor vertical response. Vertical pulling force of 10 Ibs results in 0.64 
eccentricity ratio of the journal. Threshold of instability increased to ^8500 rpm. Compare with 
Figures 4.6.12 and 4.6.13. Fluid whirl freguency = 0.47Q. 6psi oil pressure. 
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Figurę 4.6.15 Threshold of instability versus radial (vertical) force. Experimental results. Compare with Figures 
4.5.9 and 4.5.20. 




Eccentricity ratio, e = lz 2 l/c 

Figurę 4.6.16 Fluid circumferential average velocity ratio versus journal eccentricity ratio |z 2 |/c (c = 4.2 mils). 
Experimental results reduced from Figures 4.6.12 to 4.6.14. 

bearing on the instability threshold. For 6 psi oil pressure, instability threshold is 7600 rpm 
(Figurę 4.6.13). It drops down to 5000 rpm when the oil pressure is only 2 psi (Figurę 4.6.17). 
A higher oil pressure causes an increase of the fluid film radial stiffness, thus causing an 
increase of the instability threshold. Fluid radial stiffness increased almost proportionally 
to the fluid pressure. 



4.6.10 Summary 

In this section, a simple mathematical model of an isotropic rotor rotating in one 
pivoting, laterally rigid bearing and one 360° lubricated bearing is described. The model 
provides results, which stand in very good agreement with the experimentally observed rotor 
dynamie phenomena, concerning instability thresholds and the limit cycle self-excited 
vibrations, known as fluid whirl and fluid whip. 
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Figurę 4.6.17 Spectrum Cascade of the rotor vertical response. Vertical force ot 0.75 Ibs results in 0.27 journal 
eccentricity ratio. Threshold of instability ^5000 rpm; oil pressure = 2psi. Compare with Figurę 
4.6.13. A lower oil pressure results in a lower radial stiffness of the oil film, thus a lower instability 
threshold. Oscilloscope orbits photographed at 8000 rpm (lower) and 1 0,500 rpm (upper). Notę 
differences in fluid whirl amplitudes, tending from fluid whirl to fluid whip, as the rotational speed 
increases. 



The rotor in the model is represented by the generalized (modal) parameters of its first 
bending modę. These parameters can be analytically obtained by applying any classical 
method of modal reduction (see Section 6.6 of Chapter 6) or can be experimentally acąuired 
by applying perturbation testing (see Section 4.8 of this Chapter). A nonlinear model, based 
on rotating character of this force (Section 4.3 of this Chapter), represents the fluid force 
acting at the journal. The fluid nonlinear force is introduced in a very generał form. The fluid 
film radial stiffness and the fluid circumferential average velocity ratio are generał, conti- 
nuous functions of the journal radial displacement (eccentricity inside the journal bearing). 
Both of them play important roles in the rotor/bearing system stability. 

The results, obtained from the analysis of the rotor model concerning the rotor 
self-excited vibrations and synchronous vibrations due to unbalance, very well reflect 
experimentally observed rotor dynamie behavior. 

The classical eigenvalue problem provides eigenvalues of the rotor/bearing system. The 
first eigenvalue has the imaginary part (natural freąuency) close to aQ, and it corresponds 
to the fluid-related, fluid whirl freąuency. For Iow rotational speeds, Q. this is the lowest 
natural freąuency of the rotor/fluid system. The real part of this eigenvalue predicts the 
threshold of instability — the rotational speed at which the balanced rotor pure rotational 
niotion or unbalanced rotor synchronous (1 x) yibrations becorne unstable. The rotor mass 
and rotor partial stiffness components, as well as the fluid circumferential average velocity 
ratio, determine this threshold of instability. 
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The second and third eigenvalues of the rotor/bearing system have the imaginary part 
close to the rotor (“mechanical”) natura! freąuency (± v d K\ + K 2 )/ M] ) of the first bending 
modę, when the rotor is rigidly supported at both ends. The latter is conventionally referred 
to as “whip freąuency”. 

The mathematical model provides the self-excited vibrations (known as fluid whirl and 
fluid whip) as particular Solutions. The freąuencies of the fluid whirl and fluid whip are very 
close to the natural freąuencies of the linear system at the instability threshold. If specific 
nonlinear functions are applied, the model permits explicit calculation of the amplitudes and 
relative, journal/rotor phase angles of these self-excited vibrations. 

The important result presented in this section concerns the analytical evaluation of the 
stability of the synchronous vibrations of the rotor. It is shown that the rotor/bearing system 
has three instability thresholds, two onsets, and one cessation. For a significant unbalance, 
the rotor becomes stable in the region around the first hulance resonance speed. The 
relationship between the width of the second stability region, and the amount of the rotor 
unbalance has been evaluated. The results are obtained by applying classical investigation of 
stability using eąuations in variations. 

The influence of a constant radial force on the rotor/bearing system dynamics was not 
discussed in detail in this Section, except providing some experimental data. However, the 
analytical methods used in the Section 4.5 can easily be applied to the extended rotor model 
(4.6.1), (4.6.2). The results will be qualitatively very similar: a larger radial force, which 
moves the rotor to higher eccentricity, causes an increase of the instability threshold. The 
action of a constant radial force on the rotor is, in fact, very similar to the action of the 
unbalance force: both are moving the rotor to higher eccentricity. The first moves the rotor in 
a static, unidirectional manner, the second moves it in a rotational modę. 



4.7 SIMPLIFIED ROTOR/SEAL AND ROTOR/BEARING MODEL 
AND ITS SOLUTION 

4.7.1 Rotor/Seal and Rotor/Bearing Mathematical Model 

In this section, a simplified model of the rotor/seal or rotor/bearing system illustrated 
in Figurę 4.7.1 will be discussed. This model reflects the most important features of the 
rotor/bearing or rotor/seal Systems, discussed in the previous sections. Less important 
features, which do not significantly affect the rotor responses, are neglected in this model. 
The assumption on system isotropy is maintained. The modal approach is maintained 
and the considerations are limited to the first lateral modę of the rotor. The fluid force 
model presented in Section 4.3 is used in a simplified form (without nonlinearity of 
damping, without nonlinearity of the fluid circumferential average velocity rafio, /, and 
without the fluid inertia). Rotor unbalance as well as journal mass are not considered; see 
Section 4.6 and papers by Muszyńska (1986, 1988g), for extended models and fuli analysis. 
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Figurę 4.7.1 Rotor/seal (a) and rotor/bearing (b) models. 
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The rotor/fluid model, which is an abbreviated version of the model discussed in Section 4.6, 
is, therefore, as follows (Figurę 4.7.1): 

Mz i + D,ż i + (K x + K 2 )zi - K 2 z 2 — 0, Zi(t) — Xi(t ) +jy,{t), \z t \ — yjxj + y] 

D(ż 2 -j/.Qz 2 ) + [K 2 + K 3 + K 0 + ty(\z 2 \)]z 2 - K 2 z\ =0, i = 1,2, (4.7.1) 

where M , D s are rotor modal mass and external damping respectively, K \ , K 2 . K 3 are rotor 
partial modal stiffness components for the rotor/seal model (Figurę 4.7. la); K 3 is an 
additional rotor-supporting spring stiffness for the rotor/bearing model (Figurę 4.7. Ib); z\ 
and z 2 are rotor lateral displacements at the disk and at the fluid force location in the 
complex number format. The fluid model is represented by the radial nonlinear stiffness, 
Kq + ty(\z\) and damping, D, rotating at angular velocity XQ, where X is fluid circumferential 
average velocity ratio and Q is rotor rotational speed. The model (4.7.1) represents the most 
important features of the rotor operating in fluid environment. 



4.7.2 Eigenvalue Problem 



First, the system eigenvalues will be investigated. The characteristic eąuation for the 
linear Eqs. (4.7.1) (ty — 0) is as follows: 

(A^ +K 2 + sD s + Ms 2 )[D(s - jXQ) + K 2 + K 3 + K 0 \- K 2 2 = 0 (4.7.2) 

where s is the eigenvalue. Introducing the complex eigenvalue a> by ^ —jw, Eq. (4.7.2) can be 
transformed into the following form: 



co — XQ 



D s u>K\ 

d[(Ki +K 2 - Mo) 2 ) 2 +D;co 2 j 



+ Ł K +KĄ K. + Kl ~ Mw2 ) - W ) + D > 2 
d[ 0 3 2 (K\ + K 2 - Motyf+D]oty 



(4.7.3) 



The Solutions of above equation can be obtained in an approximate way. The First 
approximation of one of the eigenvalues as an approximate solution of Eq. (4.7.2) results 
from Eq. (4.7.3), by replacing co by XQ in the right-side expressions (notę that co — XQ is 
the zero-th approximation): 



XQ 



D s Ą 



D 



-^\Ko + K 3 + K 2 



[(A) + K 2 - MX 2 Q 2 ) 2 +D]X 2 Q 2 ^ 

(Ki + K 2 - M/ 2 Q 2 )(K\ - MX 2 G 2 ) + D 2 X 2 Q A 



(4.7.4) 



(Ki +K 2 - MX 2 Q 2 ) 2 +D 2 s X 2 Q 2 



The real (direct) part of Eq. (4.7.4) presents the first approximation to one of the system 
natural frequencies, co. Since the second term of the real part of (4.7.4) is proportional to 
the rotor external damping, D s , its value is smali, thus this natural frequency is practically 
very close to the value XQ. The imaginary (quadrature) part of Eq. (4.7.4), when equalized 
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to zero provides the threshold of instability Q st . In order to calculate its value, the rotor 
damping D s will be omitted below for clarity, and Q — Q sl will be used, resulting in the 
approximate relationship mentioned in Section 4.6 (Eqs. (4.6.7) and (4.6.8)): 



Q s t 




K i 



K 2 (K 0 + K 3 ) - 
K 2 + (Ko + Ko) 



(4.7.5) 



The expression under the radical in Eq. (4.7.5) represents two stiffness components 
in series: K 2 and Ko + K 2 -, thus, it results in a stiffness value lower than either of these 
components. In the rotor/seal case (Figurę 4.7. la), this produces a value, which may 
significantly contribute to K\. Consequently, the threshold of instability (4.7.5) becomes 
relatively high, often as high as twice flrst natural frequency of the system. In this rangę, 
the vibrations of the first modę fluid whirl do not exist, and the resulting post-instability 
threshold self-excited vibrations are of the fluid whip type. 

This is not the case for the rotor/bearing system (Figurę 4.7. Ib). The stiffness of the 
supporting springs K 2 , if they are ever installed, is usually smali; the fluid film stiffness 
for concentric rotor, Ko is even lower, so the last term in Eq. (4.7.5), which represents 
a stiffness lower than the lowest in the series, can practically be neglected, in comparison 
to K\. The instability threshold of the rotor/bearing system (4.7.5) reduces, therefore, to 
Q st ss ^ JK\/M/X . This value may be much lower than the first balance resonance (as 
practically shown in Section 4.2 of this Chapter). At such Iow speed, the post-instability 
threshold, self-excited vibrations are fluid whirl. 

Notę the most important feature: the instability threshold (4.7.5) is imersely proportional 
to the fluid circumferential average relocity ratio , X; thus, a lower X produces higher instability 
onset. Here, therefore, is where one must look for the system stability improvements. The 
anti-swirl injections serve as an excellent means to fulfill this purpose (see Section 4.5.11 and 
references by Muszyńska et al. 1988b, Bently et al. 1989a). Notę, also that this instability 
onset does not depend on the fluid radial damping , /)! 

The remaining two eigenvalues of Eq. (4.7.2) provide two additional natural frequencies, 
&>„. They are close to the natural frequency of the forward and backward bending modes of 
the rotor itself. Thus three natural frequencies of the considered rotor are as follows: 



XQ, 



(On 



zb 



K x +K 2 
M 



Figurę 4.7.2 presents a sample of eigenvalues versus rotational speed and eigenvalues in 
the root locus format. As can be seen in Figurę 4.7.2b, one of the system natural frequencies 
is very close to the straight linę XC2i the other is close to a constant value, the rotor natural 
frequency. When, in the uncoupled system, the straight lines cross they often degenerate into 
hyperbolas when the system is coupled (“vertical” or “horizontal” hyperbolas, see Section 
3.7.2, 3.9.2, and 3.10.4 of Chapter 3). Figurę 4.7.2a and the root locus, in Figurę 4.7.2c 
show that at the instability threshold (4.7.5) the real part of one eigenvalue (“Decay/Growth 
Ratę”) crosses the zero linę into the instability region. At higher rotational speeds it 
crosses the stability linę back again. Using Eq. (4.7.2), it may be shown that for the 
eigenvalue “1” with the rotor natural frequency co +o/(K\ + K 2 )/M its real part reaches 
zero at a rotational speed, which corresponds to the fluid whip cessation (Muszyńska, 1988d): 






[ l fl+K 2 f K\M \ 

X\ M l DD S (K\ + K 2 )) 



(4.7.6) 
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Figurę 4.7.2 Eigenvalue analysis versus rotational speed and in the root locus format, (a) Rotor system real 
(‘Decay/Growth Ratę) versus rotational speed, (b) Imaginary (‘Orbiting Ratę’) parts ot eigenvalues, 
s, versus rotational speed, and (c) Eigenvalues in the root locus format (the third, stable eigenvalue 
not shown in (c) for clarity). The eigenvalue ‘1’ corresponds to the fluid whirl, W, which 
asymptotically approaches the natural frequency ot the rotor bending modę a> n — y/U < i + K 2 )/M. 
At ~900 rad/s the instability threshold occurs; at ~21 00 rad/s the fluid whip ceases. The 
eigenvalue ‘2’ corresponds to the fluid whip/whirl of the second modę, see Section 4.9. Numerical 
parameters: M = 1 kg, Ki = 15 x 10 4 N/m, K 0 = 5 x 10 4 N/m, D = 3000 kg/s, K 2 = 25 x 10 4 N/m, 
D s = 100 kg/s, ,1 = 0.44. This example with sample of parameter values is fully qualitatively 
representative to all cases. 

In Eq. (4.7.6) the system damping shows its stabilizing role: a higher damping D and D s 
results in a lower speed, at which the fluid whip ceases. Similarly to the instability onset 
(4.7.5), the cessation threshold is inversely proportional to 1. Notę that Figurę 4.7.2b has the 
same format as the spectrum Cascade, except it is rotated by 90°: The linę of the eigenvalue 
“1” well matches the fluid whirl and fluid whip freąuencies illustrated in Figures 4.2.3 and 
4.2.4 in Section 4.2. 
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Root locus of 2-CDOF rotor model 




(c) Decay/growth ratę [1/s] 



Figurę 4.7.2 Continued. 



4.7.3 Post-lnstability Threshold Self-Excited Vibrations 

The rotor limit cycle of self-excited lateral vibrations of the fluid whirl or fluid whip 
type, which occur after the rotational speed exceeds the instability onset (4.7.5), can be found 
as a particular solution of Eqs. (4.7.1) (transition from a stable rotor at z\ — z 2 — 0, into the 
limit cycle is not considered here; see Section 4.5.15 and Muszyńska (1999) for the pertained 
analysis). The self-excited vibration solution of Eqs, (4.7.1) is as follows: 

z\ — A\Q j ^ t+a) , z 2 = A 2 e ja, ‘ (4.7.7) 

where A\, A 2 are amplitudes of the rotor disk and journal limit cycle circular orbiting, co is 
the frequency of the fluid whirl or fluid whip, and a is the relative phase angle between the disk 
and journal (or rotor at the seal location) vibrations. These parameters can be calculated 
from two algebraic equations obtained by substituting Eqs. (4.7.7) into Eqs. (4.7.1): 

[—Mur + jDu> + K { + K 2 )A,e Ja - K 2 A 2 = 0, 

[jD(co - ?Q) + K l +K 2 + K Q + if{A 2 )\A 2 - K 2 A 2 Q ja = 0 



Notę again that with the assumed generał form of the fluid film radial stiffness non- 
linearity, this function now becomes the algebraic function of the amplitudę A 2 . After some 
transformations, these algebraic equations are as follows: 

(^i + K 2 - Mo? +jD s co) [jD(co - W) + K 2 + K 2 +K 0 + i jr{A 2 )\ - Ą = 0 (4.7.8) 



A ie J ' a 



K 2 A 2 

K\ + K 2 — Mu? +jD s a> 



(4.7.9) 
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From Eq. (4.7.8), the frequency&> and amplitudę A 2 can be calculated; subsequently, 
Eq. (4.7.9) provides A \ and a. As can be noticed, Eq. (4.7.8) has virtually the same format 
as the characteristic Eq. (4.7.2), except for an additional stiffness nonlinearity-related term 
i//( At). In consequence, the value of the self-excited vibration freąuency co will be close to one 
of the natura! freąuencies calculated from Eq. (4.7.2) at the instability threshold. Thus, it 
will be close to either K2 (for fluid whirl) or the rotor natural frequency of bending modę, co„ 
(for the fluid whip). 

An approximate value of the self-excited frequency of the fluid whip vibration can be 
obtained from Eq. (4.7.8), when it is transfonned as follows (external damping D s neglected 
here for clarity): 



Mw ~ K] + ( 1 /K 2 ) + (1/(^3 + K 0 + j D(a> - KI) + f(A 2 ))) 7 10) 

^ + ( \/K 2 ) + ((l/oo)) 

When the rotor is in self-excited fluid whip vibration condition, the journal ampli- 
tudę A 2 at the bearing is large; the journal rotates near the bearing wali, so that A 2 & c (c is 
the radial clearance). At such high eccentricity the fluid-film radial stiffness, i J/(c), tends 
to infinity (actually tends to the value of stiffness of the bearing itself ). At high eccen- 
tricity the fluid film radial damping, D is also high (although its nonlinearity was not 
explicitly introduced to the model), while A tends to zero. The rotor operates like rigidly 
supported at both ends. In Eq. (4.7.10) the second fraction in the denominator becomes, 
therefore, close to zero. Independently of the rotational speed value Q, Eq. (4.7.10) reduces, 
therefore, to: 



Mco 2 = K x +K 2 \ thus, 00 = 00 ,,= ± y /(K l + K 2 )/M (4.7. 1 1) 

Thus, in approximation, when the journal is at high eccentricity in rotational modę, the 
fluid whip ribrations accpiire the rotor lateral bending modę natural freąuency, the same as 
it would have when rigidly supported at the outboard bearing. This consideration led, 
eventually, to the definition of fluid whip frequency as the rotor “high eccentricity lateral 
natural frequency’’, which equals to the rigidly supported rotor first bending modę natural 
frequency (4.7.11). 

Eq. (4.7.9) can be solved for the rotor disk response amplitudę and relative phase between 
the rotor disk and the fluid force location: 



Ai 



K2A2 

7( Aj +K 2 - Maff+D 2 s a? 



a = — arctan 



D s co 

K] + K 2 - Moj 2 



The phase relationship led to an important practical conclusion, discussed below. 



4.7.4 Identification of Instability Source Along the Rotor 

Equation (4.7.9) provides a clue that allows identification of the axial location of the 
instability source of whirling or whipping in the machinę train rotor. From Eq. (4.7.9) 
the phase a, which is the relative phase between the fluid whirl (or fluid whip) vibration at 
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the location of fluid instability source and the other portion of the rotor (in the considered 
case — the disk location) can be presented as follows: 



a — — arctan 



D s a> 

A'| + I< 2 - Mor 



(4.7.12) 



Since co, the freąuency of fluid whirl or fluid whip, is generally slightly lower than 
co„ — tJ(K\ + K 2 )/M, the angle a is, therefore, negative, thus the rotor disk self-excited 
vibration lags the journal ribration where the instability occurs. 

This statement is also true in the case of a rotor train with many possible sources 
of instability, like bearings and seals. By measuring the phases of the filtered fluid whirl 
(or fluid whip) vibrations at several axial locations along the rotor, the instability source 
can be pinpointed. The instability occurs at the location, where the phase of the fluid whirl 
or fluid whip vibrations is most leading. This method is now successfully used in the 
industry (Bently et a!., 1990a). 

When the rotor is in the fluid whirl, the angle a is not large (see, for instance, the 
difference in Keyphasor dot positions on the orbits at 5370 rpm in Figures 4.2.2 and 4.2.3 
of Section 4.2 in this Chapter; for a better judgment, however, both corresponding orbits 
should be filtered to the fluid whirl or fluid whip freąuency). During the fluid whirl, the rotor 
is in the rigid body conical modę. There is, however, a phase difference between the fluid 
whirl vibrations of the rotor journal and the disk. Thus, the rotor is slightly twisted. When 
the rotor is in the fluid whip regime, the freąuency co is close to co n and a — —90; thus the rotor 
twist in this modę is ąuite considerable. The rotor modę at the fluid whip is, therefore, 
a “corkscrew” type. This is a new fluid-related modę of the rotor (see Figurę 4.2.5 in 
Section 4.2 of this Chapter). 



4.7.5 Summary 

A simplified rotor/seal and rotor/bearing model including one and a half complex 
modes was discussed in this section. The “half’ of the modę results from ignoring the 
journal modal mass and fluid inertia at the location of the fluid force. The model simplifi- 
cation led to elear mathematical expressions without considerably affecting the adeąuacy 
of the model in comparison with experimental results. The modal mass and fluid inertia 
are usually not very high. The nonlinearity of damping and fluid circumferential average 
velocity ratio were omitted, but without any substantial difficulty they can be included 
in the model. The presented simplified model was extensively tested numerically and the 
results were successfully confronted against hundreds of experiments. 

The model allowed obtaining a simple formula for identification of the instability source 
along the rotor. The method, based on this formula, is now applied in industry for rotating 
machinę trains. 



4.8 MODAL PERTURBATION TESTING AND IDENTIFICATION OF ROTOR/FLUID 

FILM CHARACTERISTICS 

4.8.1 Introduction 

Experimental Modal Analysis has become a popular method for studying practical 
vibration problems of mechanical structures. Application of Modal Testing for parameter 
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identification and diagnostics of rotating machines, which represent an important class 
of mechanical structures, has several specific and uniąue aspects and reąuires a special 
approach. The results and predictions obtained by applying the classical “passive structure” 
Modal Testing to a rotating machinę are usually incomplete, and not sufficiently accurate 
for the most important modes, while providing information which is not significant for 
the rotating machinę operating performance. 

Perturbation methodology, as a part of Experimental Modal Analysis, is well known 
and widely applied in experimental mechanics. The idea came from control theory. The 
main objective of perturbation is identification of the system characteristics by exciting 
the system with a known input function and observing (measuring) its response. The 
comparison between the input and output of the system gives an insight into the system 
characteristics, i.e., provides its transfer function (Figurę 4.8.1). When little is known 
about the system characteristics, the system is often referred to as a “black box”. When 
the mathematical structure of the system characteristics is known (or rather assumed 
known, such as, for instance, by a linear differential eąuation model of the n-th order), 
the system is referred to as a “gray box”. The identification procedurę then provides the 
parameters pertaining to the assumed mathematical structure of the system model. The 
transition from a “black box” to “gray box” is performed by iterative adjustments of 
the system model. It results from a series of perturbation tests conducted for various 
operating conditions. 

Rotating machines are particular subjects of perturbation testing. They represent a special 
class of “ active ” mechanical structures. The main motion of a rotating machinę is rotation, 
driven by an external energy source. In order to fully understand the rotating machinę 
working process, and identify its operational characteristics, the perturbation tests should be 
conducted on a machinę at its operational conditions, in particular, when the rotor rotates at 
its operating speed (Figurę 4.8.2). The rotational energy provides, therefore, an additional 





System 

transfer function: 




Input 


‘black box’ 


Output 


(known) 


or ‘gray box’ 


observed/ 






measured 



Figurę 4.8.1 Identification of object characteristics by comparison of the input and output. 




Figurę 4.8.2 Nonsynchronous perturbation technigue for rotating machines. 
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input to the system. Most often, this input is considered uncoupled from the perturba- 
tion input/output flow. The rotational energy, as an additional input to the system has, 
however, a very important influence on the system: its dynamie characteristics are rotational 
speed-dependent. The perturbation input should, therefore, be entirely independent from 
the rotational energy input. One of these techniąues is called “nonsynchronous” pertur- 
bation, as introduced in Chapter 1 and as discussed by Muszyńska (1986) and Muszyńska 
et al. (1990). 

There are two particular cases of the nonsynchronous perturbation techniąue applied 
to rotating machinery. In these particular cases only one input is used: (i) perturbation of 
the rotating machinę at rest (like a “passive” structure), and (ii) synchronous perturbation. 
In the latter technique, the rotational energy represents the only input to the system. 
In the synchronous perturbation method, a controlled unbalance, implemented in the machinę 
rotor, transfers rotational energy into an input force. This method was used, for instance, 
by Bently et al. in 1985 and by Childs et al. in 1986. Both of these particular perturbation 
techniąues often provide important, but also limited, information about the rotating system 
characteristics. 

Perturbation testing of rotating machines is used for identification of their mechanical 
characteristics associated with “parasitic” vibration modes. Rotor lateral modes attract the 
highest attention. In particular, the lowest lateral modes are of the greatest concern in 
high-speed machinery, as the rotor must survive many start-ups and shutdowns, passing 
through the lower modes. The highest vibration amplitudes, thus conditions for rotor 
malfunctions, usually characterize the lowest lateral modes of the rotor. 

In most rotating machines, the rotor rotates in a fluid environment. Fluid, working liąuid 
or gas in fluid-handling machines or just air in others, involved in dynamie rnotion by the 
rotor, becomes an important part of the dynamie system. Fluid/solid interaction causes 
an appearance of additional modes of vibration in the system. These particular modes have 
been identified by applying nonsynchronous perturbation testing as early as in 1947 by Stone 
et al. and later by Hull (1955, 1959). 

Perturbation testing is used for identification of the rotating machinę characteristics 
at various conditions, such as under steady State or variable load, unbalance, at different 
rotational speeds, including operational speed and above, at various temperatures, and other 
specific conditions. The information provided from the perturbation testing is used for model 
adjustments; it helps to predict stability of machinę operation, provides tools for malfunction 
diagnostics, and assists in optimization of the machinę performance. 

In LL active" structures, such as rotating machines with continuous input of energy , 
associated with the rotational motion, the best input force for modal testing of rotor/bearing 
structure lateral modes is a circular rotating force applied directly to the rotor in a piane 
perpendicular to the rotor axis. This input should be entirely independent of the rotor 
rotation. The main advantage of such input force is to investigate the machinę rotor at 
operational conditions. A particular advantage of the rotating force input is the ability to 
determine the force direction: “forward”, with the rotor rotation, or “baekward” in the 
opposite direction. This way, a separation of the forward and baekward modes is easily 
obtained. The use of a circular rotating input has further advantages, namely ease of control 
of the input magnitude and phase, as well as the ease of controlling its freąuency. A unilateral 
rotor perturbation (or a perturbation applied to the pedestals or other nonrotating elements 
of the rotating machinę) results in mixed “forward” plus “baekward” perturbation of the 
rotor (see Section 1.6 of Chapter 1). The rotor response then contains both modes, and the 
results are difficult to separate, although possible. In addition, when the unilateral force is 
applied to a rotor in a form of an impulse, the results may lead to underestimation of the 
input, due to generation of friction-related tangential force components. 
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Historically, fluid-lubricated bearings were the First to be investigated, as sources of 
rotor instabilities (Newkirk, 1924, 1925). Mitchell et al. (1965/66b), performed probably one 
of the first experimental identifications of static parameters of fluid force in fluid-lubricated 
bearings. The authors applied constant forces with increasing values, measured journal 
responses, and eventually obtained a matrix of four stiffness coefficients of the fluid force. In 
1966/67, Glienicke applied, to the bearing housing, sinusoidal perturbation forces in two 
orthogonal directions. This, most likely, was the first dynamie rnethod of fluid force identi- 
fication. Later, Bently et al. (1979), parallel to Parkins (1979, 1981), applied vertical and 
horizontal oscillatory forces to the journal and identified fluid forces in bearings. In 1979, 
Lund published a review on the theoretical and experimental methods for the determi- 
nation of fluid-lubricated bearing coefficients. For experimental identification of these 
coefficients, he underlined the necessity for accounting the rotor dynamie stiffness and 
noticed an over- 50% discrepancy between experimental and theoretical results. In 1979, 
Stanway et al. presented an appraisal of bearing dynamie testing methods. The authors 
concluded, that in order to improve the experimental results, rotor/bearing Systems should 
be run under norrnal operational conditions, atnong which the rotational speed is a rnust. 
Using various identification schemes and multitudes of bearing designs, most researchers 
limited identification procedures to the fluid film stiffness and damping coefficients. Someya 
(1989) compiled extensive analytical and experimental results for various fluid-lubricated 
bearings. In 1997, Swanson et al. published a survey of the experimental data available in the 
literaturę for fixed geometry hydrodynatnic bearings. The authors incorporated fluid 
dynamie parameters, including fluid inertia effect. 

Conseąuently, seals and other rotor/stationary part clearances of fluid-handling machines, 
such as pumps, were explored from the rotor instability standpoint. In his book, published 
in 1993, Childs presented a survey of the experimental data for liquid and gas annular 
seals, as well as turbines, and pump impellers, including its dependence on geometry and 
operational conditions. 

In all identification attempts, the researchers used classical model of fluid forces, based on 
lubrication theory, and practically limited their fmdings to linear models of bearing (or seal) 
coefficients. This certainly restricted their vision of the adeąuacy of the applied model 
to observable phenomena. 

In the following subsection, a comparison of rotor/fluid identification data obtained by 
several authors using various techniąues is presented. It is shown that while using different 
experimental approaches, when the outeome is reduced in a similar way, the results regarding 
the fluid force components are the same. 

The materiał of this section is based on several papers by Bently and by Muszyńska, 
published during years 1982-1999. Particular references are ąuoted in the text. 



4.8.2 Comparison of Two Frequency-Swept Rotating Input Perturbation 
Techniques Used for Identification of Fluid Forces in Rotating 
Machines 

For structural identification purpose, rotating machines can be perturbed by all classical 
input functions used in the identification procedures of mechanical structures. The most 
popular and efficient is nonsynchronous freąuency-swept periodic input (Stone et al., 1947; 
Hull, 1955; Bently et al., 1979, 1982a,b, 1983, 1984, 1985a,b,c, 1986; Parkins, 1979, 1981; 
Iwatsubo, 1980; Ohashi et al., 1984, 1988; Jery et al., 1984; Adkins et al., 1986; Childs, 1987, 
1989; Kanki et al., 1986a; Bolleter et al., 1987; Sheng et al., 1988; Elrod et al., 1988; Adams 
et al., 1988; Brennen et al., 1988). The freąuency-swept periodic input gives the most reliable 
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results with good signal-to-noise ratios. Another popular input function is impulse input. 
(Morton, 1975; Kankieta/., 1986b; Nordmann et al., 1984, 1986, 1988; Massman et al., 1985; 
Marsh et al., 1997; Qiu et al., 1997). Less popular function is random input, as used by 
Yasuda et al., 1986. If the identified system is close to linear, all perturbation methods 
should lead to the same results for Identification of the solid/fluid system parameters. 
However, each method has its own strong and weak points, which result in differences of 
accuracy in specific applications. Two methods of nonsynchronous perturbation, which 
have several advantages in comparison to other techniąues, are discussed below. 

There are two main perturbation techniąues of nonsynchronous testing, used for iden- 
tification of fluid force models in rotor/bearing, rotor/seal Systems, as well as in fluid 
handling machines (mainly pumps). The basie advantage of these two methods is the 
rotational character of the input function in forward or baekward direction (the same, or 
opposite to rotor rotation). This allows for independent identification of forward and 
baekward modes of the rotating structure. These two perturbation techniąues differ by 
the input/output functions (Figures 4.8.3 and 4.8.4). In both techniąues, the system isotropy 
was maintained, although these methodologies are also applicable to anisotropic rotor 
Systems. 

Stone et al. (1947), Hull (1955, 1959), Bently et al. (1979, 1982a,b, 1983, 1984, 1985a,b,c, 
1986, 1988b), Muszyńska (1986b, 1995, 2001), Muszyńska et al. (1989c, 1990b, 1993a, 1997), 




Pressure 

transducers 




Figurę 4.8.3 Examples of nonsynchronous perturbation techniąues: (a) perturbation by forced dispiacement 
(a stationary rotor and casing displacements are also used for the same purpose). The output in 
this scheme is fluid pressure in the rotor/stator clearance. (b) Perturbation by force (unbalance 
force of an auxiliary rotor in this case). The output is rotor dispiacement. 
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Figurę 4.8.4 Input/output characteristics for Identification of the transfer function, H{u> p ) and its inverse, 
dynamie stiffness, k(w p ) used in nonsynchronous perturbation techniques by forced displacement 
(a) and by force (b). 



Grant et al. (1993), used a circular force as an input (Figurę 4.8.3b). In 1955, Hull built one of 
the first devices to perturb the rotor using nonsynchronous excitation. This device consisted 
of a pair of door-springs attached to the rotor by a bearing and driven by cams to produce a 
circular (or elliptical) force on a rotor at any speed, while the rotor was turning at a constant 
rotational speed (Figurę 4.8.5a). About fifteen years later, Bently designed an unbalanced 
rotating free spinner mounted on the subject-rotor, which was driven by an air jet flow 
(Figurę 4.8.5b). The free spinner was the simplest mechanism to generate the circular 
excitation force to use in perturbation experiments. The spinner was, however, soon replaced 
by morę precise perturbation devices, which provided better control of the perturbation 
freąuency. An example of such devices is presented in Figurę 4.8.5c, where the rotating 
force is generated by springs attached to an eccentric sleeve, driven by a separate motor 
eąuipped with a speed controller (see Section 4.8.6). In other experiments an unbalanced 
auxiliary rotor, attached to the rnain subject-rotor through a pivoting rolling element 
bearing was used (Figurę 4.8.3b). For these Systems, the freąuency (angular speed) of 
the perturbation force is entirely independent of the rotational speed of the main rotor. The 
latter rotates at a chosen constant speed, while the auxiliary perturbation device provides 
the external perturbation rotating force with sweep freąuency and constant or freąuency- 
dependent amplitudę. These perturbation Systems also provide very good results in “passive” 
cases, i.e., when the rotor does not rotate. 

Figurę 4.8.4 explains similarities and differences of the nonsynchronous pertur- 
bation methods used for identification of rotor and its surrounded fluid within smali 
clearances. Here B is rotor lateral (orbital) displacement amplitudę, j3 is rotor response 
phase (also fi — aretan (—F t /F r )), F r and F, are respectively fluid film radial and tangential 
forces acting on the rotor, and co p is rotor perturbation (excitation) orbital freąuency, 
usually slowly varying front zero to some value co pmax . In case (a) in Figurę 4.8.4, the 
forces F r and F, are obtained by integrating the fluid pressure or measuring forces outside 
an elastically supported seal or bearing; F is the input force amplitudę in case (b) 
(Figurę 4.8.4). 

In both cases of the input, the objective is identification of the “black box”: i.e., the 
transfer function of the system. Morę precisely, the functions sought are k{co p ), which is 
contplex dynamie stiffness, or H(co p ) = 1 /k(co p ), which is transfer function, also called, 
contplex dynamie contpliance of the system. The most often obtained result front either 
techniąue is the complex dynamie stiffness: 



k{co p ) — 



F +JF, 

B 



when inputting displacement; 



(4.8.1) 
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Figurę 4.8.5 Devices providing nonsynchronous rotating force acting on a rotating rotor, (a) Hull’s perturbator 
(1955). (b) Air jet-driven free spinner, mounted on a rotor through a rolling element bearing. 
(c) Constant force amplitudę perturbator driven by a separate electric motor. 
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(c) Perturbator disk This spring under increased 

assembly tension: eccentric operation 





when inputting force 



(4.8.2) 



For both methodologies, the identified complex dynamie stiffness components can be 
calculated as follows: 



Direct Dynamie Stiffness = DDS — F,/B = (/•'cos fi)/ B, (4.8.3) 

Quadrature Dynamie Stiffness = QDS — F t /B = (— Fsin fi)/B (4.8.4) 

By limiting the input to a circular periodic function applied to a particular system, both 
methodologies must yield, therefore, ex actly the same results, if the system is linear, and 
the instrumentation provides comparable signal-to-noise ratios. 

Two described-above techniąues are known in mechanics as “kinematic excitation” 
(or excitation by inputting prearranged motion) and "force excitation” respectively. They 
both serve well for identiflcation of the generalized (modal) parameters of the system 
lowest modę. 

As is evident from Eqs. (4.8.3) and (4.8.4), the force-to-motion amplitudę ratios F r /B and 
F,/B correspond to the direct and ąuadrature dynamie stiffness components, respectively; 
often, in sonie published papers, with opposite sign convention. 

The author uses here the notion of dynamie stiffness, well established in mechanics. For a 
system with one complex degree of freedom (one lateral modę of a symmetric rotor with no 
gyroscopic effect) the direct dynamie stiffness is composed of the static (direct) stiffness (K), 
minus the effect of inertia, proportional to perturbation freąuency sąuared, and a term 
linearly depending on perturbation freąuency. By defmition, the static stiffness, K is positive; 
therefore, conventionally it appears in the direct dynamie stiffness (DDS) with the plus 
sign. The ąuadrature dynamie stiffness (QDS) contains the product of the radial (direct) 
damping (D) and freąuency ( co p ), minus a constant, perturbation freąuency-independent, 
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cross-coupled stiffness. Since damping is positive by naturę, it is reasonable to consider the 
product of damping and perturbation freąuency as positive, and present the corresponding 
straight linę of the QDS versus perturbation freąuency with a positive slope. The data 
from references by Childs (1987), Ohashi et al. (1988), Iwatsubo et al. (1988), illustrated in 
Subsection 4.8.12, have been transformed and presented in this unified dynamie stiffness 
component format. The elements of the dynamie stiffness components discussed above 
correspond to the standard linear fluid bearing or seal models with isotropic properties 
(symmetric diagonal fluid inertia matrix, and skew symmetric damping, as well as stiffness 
matrices; see Section 4.11 of this Chapter). 

In some cases, use of noncircular forces/displacements or occurrences of noncircular 
response orbits/forces, being an extension of the above-described perturbation method, 
proved useful for higher eccentricities of the rotor, where system characteristics are 
considerably anisotropic, as described by Bently et al. (1984). Since anisotropic Systems have 
morę parameters, for fuli identification of system, this method reąuired a double number 
of measurements, in comparison to the above-described method for isotropic Systems. 
Notę also that the method of input force/output displacement can be used for morę than one 
modę of the rotor (see Subsection 4.8.5), while the method of input displacement/output 
force is practically limited to one modę. 

Results of perturbation testing of rotor/fluid Systems using nonsynchronous rotating 
forward and baekward perturbation input are discussed in the next subsections. 



4.8.3 Perturbation Testing of Low-Mass, Rigid Rotor/Bearing System by 
Applying Force at the Input: Identification of Fluid Dynamie Forces 

The perturbation testing used for the experiments described below was adopted from the 
method applied by Stone et al. (1947) and Hull (1955, 1959). The nonsynchronous pertur- 
bation method has proved to be very efficient for identification of fluid dynamie forces in 
radial clearances, as well as rotor/fluid coupled Systems. In fact, the results of the rotor/fluid 
perturbation testing described below, led to discovery of a new model of the fluid force, 
which was described in Section 4.3 of this Chapter. 

Figurę 4.8.6 depicts the rotor system used for identification of bearing fluid dynamie 
forces. Figures 4.8.7 and 4.8.8 illustrate some typical results obtained by Iow rangę freąuency 
perturbation, covering fluid whirl resonance (see Subsection 4.4.5 of this Chapter). Fluid 
whirl resonance occurs at the perturbation freąuency slightly less than a half of the 
constant rotational speed of the rotor. This specific freąuency depends on the rotor/fluid 
system parameters. 

The perturbation testing of rotor/bearing Systems brought several conclusions, of which 
the most important was a determination of fluid whirl resonance freąuency, as being a rotor/ 
bearing system natural freąuency, and for isotropic Systems existing only for forward 
directions (see Section 4.8.7 for the case of anisotropic Systems). This freąuency is associated 
with the specific fluid whirl modę. 

Following Sections 4.4 and 4.5 of this Chapter, the model of the one-lateral-mode 
isotropic rotor/bearing fluid system used in perturbation testing is as follows: 

Mz + D s ż + Kz + F x +jF y — m„ra> 2 p e IJl0pt+s) , z — x+jy (4.8.5) 

where z(t) is rotor radial displacement inside the bearing, M is rotor generalized mass, D s 
is generalized (modal) external damping, and K is the generalized (modal) stiffness of 
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Figurę 4.8.6 Nonsynchronous perturbation test system for bearing fluid film dynamie stiffness identification. 



the rotating system first bending modę; F x +jF y is the fluid dynamie force to be identi- 
fied; m u , r, and 8 are mass, radius, and angular orientation of the controlled input 
perturbation unbalance respectively; a> p is perturbation freąuency. The main rotor was well 
balanced, so the only exciting force was the controlled unbalance sweep-frequency rotating 
force. In order to eliminate effects of the rotor residual unbalance and other possible 
disturbances, the differential techniąue of data acąuisition was applied (see Section 1.7.2 
of Chapter 1). 

The experimental rig to perform these nonsynchronous perturbation tests consisted 
of two rotors, coupled through a pivoting bearing (Figurę 4.8.6). The well-balanced main 
rigid rotor rotated at a fixed rotational speed, Q. This rotor, with major mass concen- 
trated in the journal at the outboard end, was supported by a laterally rigid pivoting 
bearing at the inboard end, and by a fluid-lubricated plain cylindrical bearing at the 
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Perturbation speed, 
Increase of the system mass 
causes an increase of the oil 
whirl resonance response 
amplitudę, as margin of 
stability is reduced. 

Oil whirl resonance occurs at 
frequency close to fi/2, 
identified as X£2. 



(rad/s x 100) 

O = original rotor/bearing system 
S = added springs 
M = added mass 
SM = addded springs and mass 
fi = constant rotational speed 
X = fluid circumferential average 
velocity 



Figurę 4.8.7 Typical plots of phase and amplitudę of rotor responses filtered to forward (positive) and reverse 
(negative) nonsynchronous perturbation frequency presented versus perturbation frequency 
(Bently et al., 1982a). Response phases and amplitudes to the forward (in the direction of rotor 
rotation) and reverse perturbations are dispiayed on the right and on the left sides of the graph, 
respectively. The fluid whirl resonance occurs at the forward perturbation frequency close to Q 12 
(identified here as: X = 0.48). The peak amplitudę is controlled by the system mass and stiffness. 
An increase of the system mass or a decrease of the system stiffness caused an increase of 
the fluid whirl resonance response amplitudę, as the margin of stability has become reduced 
(see Section 6.3 of Chapter 6). 



outboard end. The lubricant oil was supplied to the bearing through four radial symmetrical 
ports. The oil pressure and temperaturę were measured and controlled. 

The main rotor was driven by an electric motor eąuipped with a speed/acceleration 
controller. The light, rigid perturbation rotor was connected to the main rotor through a 
pivoting rolling element bearing, mounted inside the main rotor journal, so the journal 
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Figurę 4.8.8 Phase and amplitudę of rotor response versus perturbation-to-rotational speed ratio for several 
values of rotational speeds Q. Notę an increase of amplitudes due to a decrease of margin of 
stability for higher rotational speeds (see Section 6.3 of Chapter 6). Notę also that all amplitudę 
peaks occur at a> p /Q = l, lower than %. T = temperaturę, jj = oil viscosity, p = oil pressure, m u = 
perturbation unbalance mass at zero angular orientation (Bently et a!., 1982b). 



connected to the main rotor and the perturbation rotor could rotate independently at 
different rotational speeds. The perturbation rotor carried an unbalance mass, m u , at the 
radius r, and angular orientation 8, and was driven by a separate electric motor eąuipped 
with another speed/acceleration controller. It rotated at “sweep freąuency” perturbation 
speed, cl> p starting from zero to a freąuency slightly lower than the first balance resonance 
freąuency of the rotor system. 

The system was deliberately isotropic. To compensate for the weight of two rotors, the 
supporting spring frame, which introduced an adjustable radial force, allowed centering 
the journal inside the cylindrical bearing in such a way that the journal at rest was located 
at the bearing center and its lateral response to the perturbation force was a circular 
orbital motion around the center of the bearing. The amplitudes B and the phases fi of 
the main rotor journal responses to perturbation force were measured at the fluid - 
lubricated bearing by two noncontacting displacement transducers mounted in orthogonal 
orientation inside the bearing. The rotor vibrational data was filtered to perturbation 
frequency at each perturbation speed, then stored in a Computer, and eventually processed 
and displayed in the form of Dynamie Stiffness component graphs. Notę that sińce the 
system was isotropic, the rotor responses in two lateral orthogonal directions differed only 
by 90° -phase lag. Only horizontal data is presented here. 

Based on Eq. (4.8.5) and on the linear part of the fluid force model (4.3.2) (Section 4.3 
of this Chapter), the Direct (kd) and Quadrature (kq) Dynamie Stiffness components 
of the system have the form presented below. Assuming that /./■— 1, stiffness components can 
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be calculated from the corresponding terms of the ratios of perturbation force vectors to 
rotor response vectors: 



k d = -(M+M f )( 0 2 p + 2A QMfW p + K+K 0 - M f A 2 G 2 = - Moj 2 - M f (co p - AG) 2 + 



m u rcoz 

K+ K 0 = — ^cos (8 - P) 

D 


(4.8.6) 


, , ni u rcói 

k q — D{(jo p - AG) + D s (jo p — — sin(<5 - fi) 


(4.8.7) 



where m u , r are mass and radius of controlled imbalance, B , fi are filtered to the perturbation 
freąuency amplitudę and phase of the rotor lateral circular response: 

z = BefaW) (4.8.8) 



H= m u rco p 



Kn 

— 8 — arctan— = 8 — arctan- 
kd 



D(co„ — AG) -f- D s w p 



K+ K 0 - Mm 2 - Mf{u p - AG) 2 



(4.8.9) 



Notę that the Direct Dynamie Stiffness versus perturbation freąuency represents 
a parabola, while the Quadrature Dynamie Stiffness is a straight linę. Both these functions 
and their parameters are easy to identify (see Figurę 4.4.20). The Dynamie Stiffness compo- 
nents can, therefore, be calculated directly from the results of experiments, and displayed as 
functions of the perturbation freąuency, co p (Figures 4.8.9 to 4.8.11). In Eąs. (4.8.6) and 
(4.8.7), the remaining notations are the same as in the previous sections. The whirl resonance 
occurs when the perturbation freąuency is: 



AG 

co„ — Ali 

P 1 + D s /D 



At this freąuency the rotor response amplitudę is (see Subsection 4.4.5 of this Chapter): 



Bn = 



m„rA 2 Q 2 



K+Kq- Mar - M f (co p - AG) 2 



\K+ K 0 - MA G 



2r>2 1 



The whirl resonance amplitudę is, therefore, controlled by the rotor system mass, stiffness, 
and the constant rotational speed. 

Figures 4.8.7 through 4.8.11 illustrate important representative results of perturba- 
tion. The following main conclusions emerged from the rotor/bearing system perturbation 
testing described above. These conclusions lead to the development of the fluid force model, 
introduced in Section 4.3 of this Chapter. 

• Identification of the freąuency of the fluid whirl resonance: The relationship of the response 
amplitudę versus perturbation freąuency exhibits a resonance peak at a perturbation freąuency 
eąual to a fraction A of the constant rotational speed (Figures 4.8.7 and 4.8.8). Thus, for the 
bearings used in the experiments, the resonance occurs at ai p = AQ. This value is referred to as 
a fluid whirl resonance freąuency (in industry it is sometimes called a “bearing resonance”). 
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(a) 




Figurę 4.8.9 Phase, amplitudę (a), and Dynamie Stiffness components (b) versus perturbation frequency 
for several values of bearing oil pressure. Notę an inerease of the stability margin (see Sub- 
sections 4.4.6 and 4.8.4) for higher oil pressure values. rj = oil viscosity, m„, r = unbalance 
perturbation force mass and radius respectively. Damping identified = D=6.94lbsec/in. (Bently 
eta!., 1983). 
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Figurę 4.8.10 Rotor/bearing Direct and Quadrature Dynamie Stiffnesses versus perturbation frequency for 
several rotational speeds Q: Identification of bearing fluid film force parameters (Bently et al., 
1983). A higher rotational speed caused a secondary effect, an inerease of oil temperaturę, thus 
a decrease of the fluid film radial damping, D, reflected in Quadrature Dynamie Stiffness graphs 
with slightly lower slopes. 




Figurę 4.8.11 Rotor/bearing Direct and Ouadrature Dynamie Stiffness components versus perturbation 
frequency for three values of oil temperaturę. Notę a major effect on the Ouadrature Dynamie 
Stiffness. Fluid radial damping inereases with a decrease of temperaturę (7= oil temperaturę, 
t] = oil viscosity). Temperaturę changes have no effect on the fluid circumferential average 
yelocity ratio. 
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At the perturbation freąuency co p = XQ, the rotor response phase sharply changes value around 
zero degrees (not —90° as in classical mechanical resonances, see Subsection 4.4.5 of this 
Chapter) from positive to negative values. This type of resonance amplitudę and phase behavior 
First observed over 20 years ago, provided the conclusion that the product XQ represented 
the rotor/bearing natural freąuency. However, at this freąuency, the resonance is different 
from classical mechanical type resonances, determined by the mechanical properties of mass and 
stiffness. This resonance at co p = aQ, occurs due to the solid/fluid interaction, and is governed 
by the ąuadrature terms (damping and “cross-coupled stiffness,” the latter being a function of 
the fluid circumferential average velocity ratio, X). For backward speed perturbation, reso- 
nance has not occurred (Figures 4.8.7 and 4.8.8). There is no backward fluid whirl resonance 
for isotropic rotor systems. (The backward fluid whirl resonance in anisotropic systems is 
discussed in Section 4.8.7.) 

• The Dynamie Stiffness method allows for identification of numerical values of the system 
parameters, and proved to be the best data presentation format (Figures 4.8.9 to 4.8.11). In 
the parameter linear rangę, the plot of Direct Dynamie Stiffness versus perturbation freąuency 
is a parabola , and the Quadrature Dynamie Stiffness is represented by a straight linę , both 
displaced from the coordinate origin because of the “cross-coupled” terms existing in the system 
damping and stiffness matrices respectively. Notę that using the forced displacement at the input, 
the other authors reduced their data either in the dynamie stiffness format, or in the compliance 
(transfer function) format, an inverse of the dynamie stiffness. The results are, however, fully 
comparable (see Subsection 4.8.12). 

• The analysis of the Quadrature Dynamie Stiffness led to an important relationship between 
the fluid radial damping ( D ) and the “cross stiffness” coefficients. The Quadrature Dynamie 
Stiffness is a straight linę with respect to perturbation freąuency, with a zero value at a> p = 1Q, 
close to the traditional “half speed” of fluid whirl. The value of the Quadrature Dynamie 
Stiffness at zero perturbation freąuency, ).QD, represents the coefficient known as “tangential 
term,” “fluid-dynamic cross-coupling term,” “ cross-coupled stiffness coefficient,'' etc. This term, 
usually lumped as one coefficient, k xy in bearing or seal stiffness matrices, is actually a product 
of three separate physical parameters. It is directly proportional to the fluid radial damping, D, 
which rotates at the ratę ).(2. 

• The relation between the fluid inertia, cross-damping term, and fluid film radial stiffness coeffi- 
cients was established, from the analysis of the Direct Dynamie Stiffness versus perturbation 
freąuency. The “ cross damping" creates an offset of the Direct Dynamie Stiffness parabola 
from the zero perturbation freąuency axis, in the direction of the fluid circumferential 
average velocity ratio, and is related to the fluid inertia Coriolis force. The identified “cross 
damping” term is 2 MfXQco p . The fluid film radial stiffness coefficient is modified by the fluid 
inertia, in a manner similar to the centripetal acceleration inertia term in a complex motion. 
At high rotational speeds, the effect of a “negatire spring" was observed, as the fluid centripetal 
acceleration inertia term is proportional to Q 2 , and it appears with the minus sign, subtracting 
from the stiffness, K+K 0 . At high rotational speeds, the Direct Dynamie Stiffness parabola 
crosses the vertical axis (zero perturbation speed) at the negative side (Figurę 4.8.10). 

• Relatively high values of the fluid inertia Mf were noticed. The fluid inertia is usually neglected in 
simplified bearing analyses (while it cannot be neglected in seals; see Section 4. 1 1 of this Chapter). 
In the perturbation tests, using a bearing with comparatively high radial clearance, and minimum 
rotor mass, the fluid inertia, Mf, was found to be about ten times higher than the rotor 
generalized mass, M. 

• At zero perturbation freąuency the rotor response phase is; 



P = S- 



—DXQ 

aretan = — =■ 

K+ K 0 - M f X 2 n 2 



(4.8.10) 



thus it is not eąual to the original phase of the force, S, as in cases of nonrotating, “passive” 
systems, but the response phase is leading the input force phase, sometimes by over 90° (see 
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Figurę 4.8.7; the input perturbation force phase there was 5 = 0). The response phase decreases 
with increasing perturbation freąuency, reaching the original phase 5 at freąuency a> p = 
(DW/(D + D s )) w XQ (see Eq. (4.8.9)). At this freąuency, the response amplitudes have distin- 
guished resonance peaks. At higher perturbation freąuencies, the response amplitudes decrease 
and response phases approach —90°. Notę that only the first modę of the rotor was investigated in 
this experiment. The case of two lateral modes is presented in Subsection 4.8.5. 

• The lubricant temperaturę / viscosity effect was evaluated. A higher oil temperaturę in the bear- 
ing, resulting in a lower viscosity, affected mainly the radial damping, D. The influence of 
temperaturę on other parameters was minor (Figurę 4.8.11). 

• Sąueeze film damper characteristics were determined. A particular case of the tests, for which the 
main rotor did not rotate (Q = 0; a "passive system”), provided important results for the sąueeze 
film damper dynamie characteristics. The Quadrature Dynamie Stiffness allowed for elear 
identification of the radial damping coefficient, D (Eq. (4.8.7)). 

• Fluid inertia My was identified at ai p = 0 based on Direct Dynamie Stiffness (DDS) from several 
perturbation runs with a seąuence of rotational speeds. At in p = 0, DDS = K + Ko — MQ 2 . 
Plotted versus Q 2 , DDS is a straight linę, so the identification is easy. Notę that using the 
unbalance-related perturbation force, the response amplitudę at zero perturbation freąuency 
is also zero. In order to identify the fluid inertia from the direct dynamie stiffness at zero 
perturbation freąuency, a perturbation force which is independent of the freąuency should be 
applied (see Figurę 4.8.5c and Section 4.8.6). 

• The stability margin of rotor/fluid systems has been identified (see next subsection). 

These conclusions, which resulted from a large number of perturbation tests on slightly 
different rotor rigs with various ranges of system parameters, are imariant in relation to 
the system changes. The main physical features of the rotor, rotating in a clearance filled 
with fluid, led to the development of the fluid force model described in Section 4.3 of this 
Chapter. 



4.8.4 Rotor/Fluid System Stability Margin 

Based on classical considerations of linear system stability, which is assured when all 
real parts of the eigenvalues are nonpositive, an instability threshold occurs, when with a 
change of a selected parameter, one of the system eigenvalues becomes purely imaginary, 
so its real part turns into a zero. This specific occurrence is related to free vibrational 
responses of mechanical systems. This occurrence may also be presented mathematically 
in systems ex cited by periodic external forces. For the considered system of a rotor supported 
by one laterally rigid pivoting bearing and one fluid-lubricated bearing, the instability 
threshold occurs at the perturbation freąuency, at which the zero of the Direct Dynamie 
Stiffness coincides with the zero of the Quadrature Dynamie Stiffness. Mathematically, 
the conditions of the instability threshold calculated using free vibrations and those based 
on forced vibrations are identical (see Subsection 4. 4. 5. 3 of this Chapter). 

Knowing this specific role of the zeros of the Dynamie Stiffness components, as func- 
tions of the perturbation freąuency, the margin of stability for the rotor/fluid system has 
been defined (see also Section 4.4.6 of this Chapter and Section 6.3 of Chapter 6). The 
stability margin is eąual to the minimum difference between zero (root) values of the Direct 
(DDS) and Quadrature Dynamie Stiffness ( QDS ) components (Figurę 4.8.8): 



SM — min[(&>pg — co p di), (« ' P m — 



(4.8.11) 
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where “min” means a minimum value, 



(4 - 812) 

is the Quadrature Dynamie Stiffness zero Crossing freąuency (a root of the Quadrature 
Dynamie Stiffness), and 



WpDi = 



XQ 

1 + M/M f 



+ (—!)' 

\ 



K+Kp 
M + M f 



MM f X 2 Q 2 
(. M+Mff 



i — 1,2 



(4.8.13) 



are two Direct Dynamie Stiffness roots, i.e. the freąuencies at DDS zero values (rotor 
external damping neglected for clarity). In order to assure rotor stability, the root of the 
Quadrature Dynamie Stiffness should occur between two roots of the Direct Dynamie 
Stiffness. 

The stability margin (4.8.11) decreases when the system mass inereases (including 
fluid inertia), when stiffness is reduced, and when the rotational speed and fluid circuin- 
ferential average velocity ratio inerease (Figures 4.8.9 and 4.8.10). Notę that this stability 
margin is practically independent of the fluid film radial damping. 

The margin of stability Eq. (4.8.11) is horizontat' , thus expressed in terms of 
perturbation freąuency (Figurę 4.8.9). An additional “ rertical margin of stability ” can be 
defined. It expresses the Direct and Quadrature Stiffness closeness to the threshold of 
instability: 



minfDD^atcupg), QDS ( aXw P D \ ), QDS{&t(i> pD 2)\ (4.8.14) 

This stability margin helps to indicate which parameter of the system is most likely to be 
responsible for the instability. Notę that all Dynamie Stiffness roots, thus conseąuently the 
margin of stability, depend on the rotor rotational speed. 

A set of experiments was performed on the same rotor rig as discussed in Section 4.8.3. 
In these perturbation tests, the rotational speed was gradually inereased from test to 
test, while all other parameters were kept constant. The results are presented in Figures 4.8.12 
to 4.8.14 in the form of Direct and Quadrature Dynamie Stiffness plots versus pertur- 
bation freąuency. When the rotational speed of the rotor was 1000 rpm, the difference 
between the root of the Quadrature Dynamie Stiffness and the second (larger) root 
of the Direct Dynamie Stiffness (margin of stability) was 360 cpm (Figurę 4.8. 12a). 
When the rotational speed was inereased to 1450 rpm, the margin of stability decreased 
to 230cpm (Figurę 4.8. 12b). At 1900rpm, this margin was 80cpm (Figurę 4.8. 13a). 
At the rotational speed 2525 rpm, the margin of stability decreased to zero (Figurę 4.8.14). 
The value of the perturbation freąuency corresponding to the fluid whirl instability 
threshold was 1210 rpm. The latter instability threshold was confirmed by a regular 
start-up test of the rotor: At the rotational speed 2525 rpm the fluid whirl occurred with 
the freąuency 1210 rpm. This speed value divided by the rotational speed 2525 rpm pro- 
vided the fluid circumferential average velocity ratio: X — a> p /Q — 1210/2525 =0.48. Notę 
that when the rotational speed gradually inereased, the zeros of both Dynamie Stiff- 
ness components moved to higher perturbation freąuencies, but not proportionally. The 
Quadrature Dynamie Stiffness, through its important fluid film radial damping component, 
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Figurę 4.8.12 Rotor Direct and Quadrature Dynamie Stiffness and stability margin 360 cpm at rotational speed 
lOOOrpm and stability margin 230 cpm at rotational speed 1450rpm. 
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Figurę 4.8.13 Rotor Direct and Ouadrature Dynamie Stiffness and stability margin 80 cpm at rotational speed 
1900 rpm and 10 cpm at rotational speed 2575 rpm. 

is much morę sensitive to the rotational speed. The fluid inertia term, which contributes 
to the Direct Dynamie Stiffness with its relationship to the rotational speed, is much less 
active than the fluid film radial rotating damping, so the zero of the Quadrature component 
moves “faster” with the rotational speed inerease. 

The above-described simple test served also for identification of the rotor system 
parameters. A partial identification can be performed if only two sets of data are take into 
consideration: the first run at rotational speed 1000 rpm and the last run at the rotational 
speed 2525 rpm. Assuming that ).f= Eąuations (4.8.6) and (4.8.7) with i— 2 provide the 
stability margin: 



SM = 



XQ 



1 + M/M f 



+ 



N 



K+K 0 

M+M f 



MM f X 2 Q 2 

{M+Mff 



XQ 

1 + D s /D 



(4.8.15) 
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Figurę 4.8.14 Rotor Direct and Quadrature Dynamie Stiffness and stability margin Ocpm at rotational speed 
2525 rpm. 



At AQ = 480 cpm, SM= 360 cpm. At AQ — 1210cpm, there is SM=0cpm. Neglecting rotor 
external damping, D„ the two following relationships result from Eq. (4.8.15): 



Ik+k 0 


/ 480e N 


V 2 480e 2 


J M+Mf 


\l + ei 


) 1 + e 2 



= 360 



K+K 0 / 1210s\ 2 
M+M f \1 + e V 



1210s 2 






+ e 2 



(4.8.16) 



where s 2 = M/Mf. From the second Eq. (4.8.16), the ratio of the stiffness K + Ko to masses 
M+Mf is calculated. The latter is then inserted to the first Eq. (4.8.16). This leads to 
a quadratic equation for e 2 . Finally, solving this quadratic equation, the following result is 
obtained: 



' K+K q 

M+Mf 



462 cpm, 



^ = o.m 

Mf 



(4.8.17) 



This simple calculation confirms the relatively high value of the fluid inertia ( Mf= 5.85 M) 
noticed in previous experiments. 

The identification of rotor and fluid parameters can be improved when the remaining 
experimental data is taken into consideration. The best parameter identification results, 
however, from the rotor Direct and Quadrature Dynamie Stiffness data, as parabolas and 
straight lines are easy to average and identify. 



4.8.5 Perturbation Testing of a Flexible Two-Complex Modę Rotor: 

Identification of Rotor/Bearing System Parameters 

In the tests described in Section 4.8.3, the main rotor was deliberately madę rigid 
and light, so that the first natural frequency of the rotor-bending modę was well above 
the rangę of the perturbation frequencies. 
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Figurę 4.8.15 Test rig. 1 - Main motor, 2 - Elastic coupling, 3 - Radially rigid pivoting bearing, 4 - Main 
rotor, 5 - XY noncontacting probes at the disk, 6 - Main rotor disks, 7 - Disk perturbation motor, 
8 - Perturbation driving system, 9 - Keyphasor probe, 1 0 - Disk with perturbation unbalance, 1 1 - 
Bearing XY noncontacting probes, 12 - Rotor weight balancing spring tramę, 13 - Main 
rotor journal, 14 - Oil-lubricated bearing, 15 - Pivoting rolling element bearing connecting 
auxiliary rotor to the journal, 16 - Auxiliary perturbation rotor, 17 - Disk with perturbation 
unbalance, 18 - Keyphasor probe, 19 - Radially rigid, pivoting bearing, 20 - Elastic coupling, 
21 - Journal perturbation motor. 



The next series of tests concerned the coupled rotor/bearing system. A well-balanced 
main rotor was madę morę elastic and a heavy disk was mounted at the mid-span 
(actually there were two disks close to each other, separated by the perturbation spinner; 
Figurę 4.8.15). The rotor was supported in similar bearings, as described in Subsection 
4.8.3. The main rotor first natural lateral bending freąuency became much lower, and 
fell in the rangę of the applied perturbation freąuencies. The isotropy of the system was 
still maintained. Two perturbation Systems were attached to the main rotor: one, as 
described in Subsection 4.8.3, an auxiliary rotor driven by a separate motor (perturbation 
at the journal), and the second, an unbalanced spinner mounted through a rolling- 
element bearing at rotor mid-span and driven by another motor (perturbation at the disk). 
Details of the experimental rig are discussed below. Only one perturbation system was used 
at a time. 

The mathematical model of the rotor/bearing system was based on discretized modal 
considerations, and took into account four “degrees of freedom”: horizontal and vertical 
displacements of the rotor at the disk location (x\,y\), and at the journal (xj, yi), corres- 
pondingly. Four displacement transducers in orthogonal configurations measured rotor 
responses at the disk and bearing locations. As the system was laterally isotropic, each 
vertical and horizontal motion was expressed by one complex variable. Therefore, the 
mathematical model of the system is similar to the model Eqs. (4.6.1), (4.6.2), discussed in 
Section 4.6 of this Chapter, namely: 



Mi fi + D s ż i + (Ki + K 2 )z\ - vK 2 z 2 — m ud r(Ope ic ° pt 
M 2 z 2 + Mj[z 2 — 2jAQz 2 — )cQ 2 z 2 ^ + D[z 2 — jA(2z 2 \ + Kqz 2 + K 2 z 2 
+ K 2 (vz 2 - zi) = m uh ra) 2 p e J(0 >’ t , 
zi = x\ +jyu z 2 — x 2 +jy 2 



(4.8.18) 



where a> p is perturbation freąuency; m u( i, m„b, r are perturbation unbalance masses and 
their radius respectively (the input perturbation force phases were zero); v 1 has been 
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introduced as a geometric/modal correction factor. Notę again that the rotating perturbation 
forces in Eqs. (4.8.18) will be used later one at a time for two consecutive rotor runs. 

The model Eq. (4.8.18) describes the main dynamie features of the first bending modę of 
an isotropic rotor, supported by one radially rigid pivoting bearing and one fluid-lubricated 
bearing. 

When in Eqs. (4.8.18), the perturbation unbalance mass m llh is equal to zero (practically, 
the perturbation system at the bearing was disabled), the measured responses due to 
perturbing force applied only to the disk have the following form: 

z, = B d ieX<V+Afl), Z2 = (4.8.19) 

where B d \, B d2 , Pdi, Pd 2 are the corresponding response disk and journal amplitudes and 
phases. When the perturbing force is applied only to the journal {m ud = 0 in Eqs. (4.8.18); 
practically, the perturbation system at the disk was disabled), the measured forced response 
of the rotor is as follows: 



Z\ = B hl A m < lt+lib >), z 2 = B b2 e j ( <0 r t+Pb2 ) 



(4.8.20) 



where B b \ , B b2 , fib \ , fibi are respectively amplitudes and phases of the disk and journal 
responses. Introducing the expressions (4.8.19) and (4.8.20) to the corresponding Eqs. 
(4.8.18) provides four complex number algebraic equations: 



{k D i +jK Q2 )B in e jfid ' - vK 2 B d2 e jfij2 = m ud rco p 
(Km +jK Q4 )B d2 c j ^ - K 2 B di e jf> “' = 0 
(kd i +jK Q2 )B hl e jfih ' - vK 2 B b2 e M2 = 0 
(k D 3 +jK Q4 )B b2 e M 2 - K 2 B hl e jfib ' = m ub ro? p 



(4.8.21) 



where 



Km = K\ + K 2 — M\a) p , kq 2 = D s a> p 

kd 3 = —M 2 co p — Mf(a> p — +^To + ^3 + vK 2 , kq 4 = D(co p — (4.8.22) 

are corresponding elements of the rotor/bearing system Dynamie Stiffness matrix. The 
response vectors can easily be calculated from Eqs. (4.8.21). These equations provide also 
the identification algorithm for the dynamie stiffness components, using known input force 
vectors and measurable response vectors. Four components of the rotor system Dynamie 
Stiffness can easily be calculated from four Eqs. (4.8.21), as functions of measured param- 
eters: response amplitudes, phases, perturbation input force amplitudes, and perturbation 
frequency. 



kd i +Jkq 2 = 



KD3 +jKQ4 = 



m ud ra> 2 p + vK 2 B d 2 e jftj2 _ vK 2 B b 2 e J ^ 2 
B dl ejfc ~ B bl ejfa ’ 

K 2 B d ie^ _ m ub r(Ą + K 2 B bl e ih ' 
BtneJfa ~ B h2 yi 
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From here: 



m ud rco: 



m uh rw\ 



K D\ +jKQ2 — = — — ' — — , KD3 +jlCQĄ — — — — ' — 



B,n — B h \B d2 /Bb2 



K 2 = Re 



f ntubrcOpBfó ' 

\B d \Bh2 — B h \Bd2j 



Bh2 

m U((Bh 1 
WhtbBd 2 



Bb\B d2 /Bii\ 



where bars over amplitudes B, signify response vector amplitudes and phases, Z?, = B, g/A _ 

The particular parameters of the system can then be identified from the parabolic 
and straight-line graphs of Dynamie Stiffness components versus perturbation freąuency. 
Since the data processing involves additions, multiplications, and divisions, smoothing of 
the original response amplitudes and phases versus perturbation speed, using an averaging 
techniąue, is recommended. 

The experimental rig shown in Figurę 4.8.15 consists of the main rotor, supported by 
one rigid bearing and one oil-lubricated bearing, and driven by an electric motor, plus 
two auxiliary perturbation Systems. The perturbation force, generated by the unbalance 
mass, was applied to the main rotor through either (i) a light rotor, which is mounted to 
the journal through a pivoting bearing rolling element bearing, and driven by the second 
motor (perturbation at the journal), or (ii) an unbalanced spinner mounted through a rolling 
element bearing between two rotor mid-span disks. The spinner was rotated through the belt 
transmission by the third motor (perturbation at the disk). Ali three motors were eąuipped 
with speed and acceleration controllers. The well-balanced and straightened main rotor 
consists of a slender Steel shaft with an aluminum journal at the end, and two relatively heavy 
disks mounted close to each other at the rotor mid-span. The system is deliberately isotropic 
in the vertical and horizontal directions. The force of gravity is balanced by the external 
adjustable radial spring stand, supporting the rotor, to center the journal motion inside the 
bearing (coefficient K 2 in Eqs. (4.8.18) includes the stiffness of these springs). 

Each perturbation run consisted of setting a constant rotational speed for the main 
rotor and then applying the perturbing force with the freąuency variable from 0 to 5000 rpm, 
either to the rotor mid-span or to the journal in either forward direction (the same as 
rotor rotation) or backward direction (opposite to rotation). Each such run was doubled, 
by changing the location of the same unbalance weight by 180°, for differential data 
Processing. This differential data processing method was applied in order to eliminate any 
influence of the residual unbalance in the system (see Section 1.7.2 of Chapter 1). 

Each run provided four data sets, stored in a Computer for further processing: rotor 
lateral response amplitudes and phase angles measured at the disks and at the journal 
for each discrete value of the perturbation freąuency filtered to the perturbation freąuency 
(Figurę 4.8.16). The information was sufficient to identify the system dynamie stiffness 
components for two modes of the rotor system covering the fluid whirl modę and the 
rotor First bending modę natural freąuencies. The dynamie stiffness graphs versus 
perturbation freąuency, or its sąuare, for direct dynamie stiffness, allowed for identification 
of the system parameters (similarly to graphs presented in Figures 4.8.10 and 4.8.11). The 
response amplitudes and phases of the computed results, based on the Solutions (4.8.19), 
(4.8.20) of Eq. (4.8.18), and using the identified values of the parameters, are shown in 
Figurę 4.8.17. Very good agreement with the experimental results (Figurę 4.8.16) is evident. 

Four constant rotational speeds were used to obtain the test and analytical results. 
For forward perturbation, the rotor responses measured at the oil-lubricated bearing and at 
the disk (mounted at mid-span of the main rotor), show two resonance regions corresponding 
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Figurę 4.8.16 Experimentally obtained matrix of amplitudes and phases of the rotor/bearing system responses versus perturbation frequency in the forward and backward 
(negative perturbation frequency) directions. The upper graphs represent results of perturbation at the disk, the lower — perturbation at the journal; left side 
corresponds to disk response, right side — to journal response (Bently et at., 1985a). Compare with Figurę 4.8.17. 
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Perturbation frequency wp [krpm] 



M< = 0.68 kg M P = 0.02 kg D = 0.68 kg K ? = 43780 N/m 

D s = 2 kg/s K 1 = 40277 N/m K 3 + K 0 = 37826 N/m 






Figurę 4.8.17 Similar to Figurę 4.8.16, matrix ot analytically calculated phases and amplitudes of the rotor/bearing system responses, based on Eqs. (8.18) to (8.22), and 
using parameters identified from the experimental results. The upper graphs represent results of perturbation at the disk, the lower, perturbation at the 
journal; left side, corresponds to disk response, right side, to journal response (Bently eta/., 1985a). 
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to the fluid whirl and fluid whip resonances (“fluid whip” — this name is conventionally 
associated here with the rotor first natural bending freąuency). Fluid whirl has the reso- 
nance freąuency eąual to Ż.Q (a little lower than a half of the main rotor actual rotational 
speed). The fluid whirl resonance is well pronounced at the journal, especially for 
higher rotational speeds; the amplitudę of the fluid whirl resonance at the disk is lower, as 
the rotor is in its conical modę (see Figurę 4.2.5 in Section 4.2 of this Chapter). At the 
perturbation freąuency of the fluid whirl resonance, the journal and disk vibrate almost 
in phase (journal phase slightly leading). Laterally, the rotor behaves as a rigid body. 

The whirl resonance revealed by this test, as well as the perturbation tests described in 
Subsection 4.8.3, show distinct features that are different from classical resonances occurring 
in mechanical Systems. In contrast to the classical resonance freąuencies, determined by 
the system mass and stiffness properties, the fluid whirl resonance freąuency is determined 
by the freąuency of the constant external energy input (rotational speed) and the fluid 
circumferential average velocity ratio, which both appear to be associated with the bearing 
fluid film radial damping. The bearing fluid radial damping rotating force is the dominant 
force acting at the journal. As the journal modal mass and fluid inertia are significantly 
smaller than the damping, the system mathematical model (4.8.18) can, therefore, be 
justifiably reduced to one second order, and one first-order differential eąuation, both with 
complex variables (one and half complex degrees of freedom), discussed in Section 4.7 of this 
Chapter. This fact determines essentially the modes of vibration and, in particular, the 
unconventional, almost 90° journal/disk phase difference, occurring at higher perturbation 
freąuency, during the whip modę. 

At a Iow perturbation freąuency, the same as noticed in Subsection 4.8.3, an unconven- 
tional feature of the rotor/bearing system response was observed: at Iow perturbation 
freąuency the response leads the perturbation force, i.e. the response phase is larger than the 
force phase (the latter set originally to zero for these tests). This phase directly depends on 
the rotor constant rotational speed. 

The fluid film damping has no influence on the amplitudę magnitude of the fluid whirl 
resonance. The amplitudę of the fluid whirl resonance is controlled by the system stiffness, 
mass, and constant rotational speed (see Figurę 4.8.7). The peak amplitudę of the journal 
fluid whirl resonance increases rapidly with increasing rotational speed (see Figures 4.8.8 
and 4.8.16). 

When the rotational speed, Q, approaches the value y/{K\ + K 2 )/M i/l, the two natural 
freąuencies of the system coincide, and the margin of stability decreases to zero (see prev- 
ious subsection). It was not possible to conduct the experiments for rotational speeds 
higher than 4000 rpm due to excessive vibrations of the system. The Computer simulation 
using the identified rotor and fluid force parameters shows almost infinite growth of the 
response amplitudes, when the rotational speed is only slightly lower than ^J(K\ + Ay/A/j/l. 
The latter value corresponds to the instability threshold freąuency. 

Since the system was maintained isotropic, the backward perturbation tests show no 
appearance of the whirl resonance (Figurę 4.8.16). The second resonance region revealed by 
the perturbation testing corresponds to the rotor natural freąuency, determined by its modal 
mass and stiffness, i.e., typical natural freąuency of the rotor bending modę (conventionally 
called here a “fluid whip modę”). The disk exhibits a well-pronounced resonance, while the 
journal shows an “anti-resonance”. Rotor centerline modal deflection curve indicates that the 
rotor is bent in two planes. The journal response lags the perturbation force phase by about 
90°, the disk lags by about 180°, thus their relative phase is about 90°: The rotor at the fluid 
whip resonance is in a “cork screw” modę (see Figurę 4.2.5 in Section 4.2 of this Chapter). 

The “fluid whip” resonance is ąuite similar for both forward and backward pertur- 
bations. However, the disk resonance amplitudes at backward perturbation are usually 
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higher than those obtained by the forward perturbation. This fact possibly indicates an 
influence of rotor internal friction, not included in the considered model. For backward 
perturbation, internal friction opposes external damping, decreasing its stabilizing effect. 
For forward perturbation in the freąuency rangę higher than the actual rotational speed, 
the internal friction adds to the external damping, and the resulting peak amplitudes of the 
fluid whip resonance are lower (see Section 3.3.5 of Chapter 3). 

The mathematical model of the rotor/bearing system (Section 4.6), based on the First 
bending modę of the rotor and implementing the fluid force model developed in Section 4.3 
of this Chapter, adeąuately describes the main system features, and allows for identifl- 
cation of the parameters. The model provides the system natural freąuencies, predicts the 
threshold of instability, and gives forced responses which agree with the experimental results. 



4.8.6 Parameter Identification of a Rotor Supported in a Pressurized 
Bearing Lubricated with Water 

4.8.6. 1 Introduction 

This subsection presents results of perturbation testing and parameter identification of 
a rotor supported in one rigid and one externally pressurized water-lubricated bearing, 
following the mathematical model and methodology previously developed for the rotor 
system identification. Another tool was used here for the experimental testing of the 
rotor/bearing system. This tool consists of a constant force amplitudę perturbator used to 
apply the force to the system under test over a freąuency rangę of ± 3000 rpm (perturbation 
forward and backward). The uniąue feature of this perturbator is that the force has constant 
amplitudę, independent of freąuency, unlike that of unbalance type perturbation. This 
feature enables one to obtain very clean (high signal to noise ratio) data in the Iow freąuency 
rangę. It offers, therefore, morę accurate identification of the lowest modes of rotors with 
fluid interaction. The materiał of this subsection is based on the paper by Grant et al. (1993). 

4.8.6.2 Experimental Test Rig 

The experimental rotor is illustrated in Figurę 4.8.18. The system consists of a stainless 
Steel shaft carrying a balanced, concentrated mass at the brass-sleeved, aluminum journal 
of 1.990-inch diameter and 5 mil radial clearance inside the bearing. The rotor is sup- 
ported on the inboard end by a laterally rigid, pivoting bronze (oilite) bearing, and at the 
outboard end by the water-lubricated, hydrostatic bearing. This cylindrical bearing has four 
eąually spaced, canoe-shaped pockets, as shown in Figurę 4.8.19. These pockets are fed 
through radial 0.135 inch diameter capillaries. The water temperaturę was monitored using 
a thermocouple that was located in a drain tubę of the hydrostatic bearing. The rotational 
energy was derived from a 0.5 hp electric motor connected to the rotor through a flexible 
coupling. A speed controller was used to control rotational speed. 

The perturbation force was applied to the rotor rotating at a constant speed. Soft 
supporting springs installed near the test bearing allowed for controlling journal eccentricity: 
all tests were run with the journal concentrically located within the bearing to maintain 
the system isotropy. To obtain the shaft/journal lateral vibration data, one pair of eddy 
current displacement probes in orthogonal orientation was mounted to observe the rotor 
lateral displacements, next to the journal. A computerized data acąuisition and processing 
system was used in the tests. 
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Figurę 4.8.1 8 Experimental rotor rig with constant force perturbator, A - 0.5 hp electric motor, B - Speed control 
probe, C - Keyphasor® probe, D - Flexible coupling, E - Bronze sliding bearing, F - Rotor, G - 
Slim disk for balancing, H - Spring support (with stiffness 38 Ib/in), I - XY eddy current 
displacement probes, J - Experimental pressurized bearing, K - Constant force perturbator, L - 
Optical Keyphasor. 




Figurę 4.8.19 Externally pressurized bearing with radial and anti-swirl ports. 



4. 8.6.3 Constant Force Amplitudę Perturbator 

The right side of Figurę 4.8.18 and Figurę 4.8.20 present the system used to perturb the 
rotor/bearing system. The perturbator consists of a stiff Steel shaft connected to the main 
rotor journal, using a sealed rolling element bearing. The perturbator shaft was supported 
on the other end by a bronze (oilite) bearing (Figurę 4.8.20). The perturbator was driven 
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Figurę 4.8.20 Constant force perturbator (not to scalę; eccentricity e exaggerated). 



by another 0.5 hp bi-directional electric motor eąuipped with a speed control device. The 
rotor response, to the input perturbation force, was filtered to the perturbation freąuency. 
The response phase was measured in reference to an optical Keyphasor that observed a 
reflective spot on the perturbator. 

In previous experiments, the input perturbation force applied to the rotor was gen- 
erated by an unbalance. Since unbalance centrifugal force is proportional to rotational 
speed sąuared, its amplitudę becomes very smali for Iow perturbation freąuencies. A new 
device was designed that provides constant force amplitudę in order to increase the data 
accuracy in the Iow freąuency rangę. The principle of operation of this force perturbator 
is similar to the kinematic excitation, known in vibration theory: a calibrated rotating 
displacement (e) is exerted across a known radial stiffness (K p ) of the elastic materiał within 
the perturbator. This creates a known rotating force vector that is applied to the rotor 
under test. The known displacement is obtained by adjusting the eccentricity of an inner 
calibrated ring, as shown in Figurę 4.8.21. To obtain the rotating force sweep freąuency, 
the perturbation disk is rotated with very Iow acceleration in a direction the same as the 
rotor under test (forward perturbation), or opposite the direction (reverse perturbation). 
The elastic materiał used for the perturbator was Dow Corning® 3112 RTV Silicon rubber. 
The stiffness, damping, and inertia of this materiał were separately identified by the use 
of dynamie stiffness testing of the perturbator itself. It was found that maximum inertia 
effect was 0.000209 lb sec 2 /inch and maximum damping was 0.079 lb sec/inch. Using both 
static and dynamie testing, the perturbator radial stiffness was evaluated to be 374 lb sec/inch, 
as shown in Figurę 4.8.21. Since the inertia and damping proved smali compared to the 
stiffness, they were eventually neglected in the input force model. 

4.8.6A Water Delivery System 

To study hydrostatic bearing/seals, a high-pressure water system (1000 psi @ lOgpm) 
was developed. It consists of a 50 galion water storage drum, low-pressure feed pump 
(100 psi), high-pressure multistage centrifugal pump (400 psi) driven by a 5hp, 3 phase, 
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Displacement [mils] 

Figurę 4.8.21 Perturbator disk radial stiffness. Results from static tests. 



230 volt electric motor rotating at 3450 rpm. This delivers water through a pipeline, which 
contains 80 mesh, 25 micron, and 1 micron fłlters, and several gauges and valves. Water is 
returned to the 50-gallon storage drum using a sump pump. Water temperaturę is controlled 
in the open loop by using a submersion heater in the storage tank, with cooling provided by 
a fan blowing air at the storage tank surface. 

The water is delivered to the hydrostatic bearing using three specially designed distri- 
bution manifolds. One manifold leads to the four radial ports, and the other two to the 
eight anti-swirl ports of the test bearing (which are not used in this test). Each port is fed from 
the manifold to the port through a manually controlled flow valve, and a high-pressure 
hose. Each of the high-pressure feed lines is eąuipped with pressure gauges to measure 
the pressure drop at the bearing port. Pressure is also monitored at the manifold. 

Flow is measured using the sump pump. The sump holds a calibrated 2.5 gallons before 
pumping, thus by timing this volume, the total flow ratę is determined. Such calculation is 
only valid when testing one set of ports at a time, and when the journal rotates concentrically 
within the bearing. 

4.8. 6. 5 Mathematical Model 

The model of the considered system is as follows: 

Mz + M f (z - 2 jXQż - X 2 Q 2 z) + D(ż -jXQz) + (K + K p + K 0 )z = K p se j(o>t+s) 

where z — x+ jy is the rotor lateral (x — horizontal, y — vertical) displacement, M and K 
are the rotor modal mass and stiffness (including stiffness of the supporting, centering 
journal springs), Mf is the fluid inertia effect, K 0 and D are the fluid radial stiffness and 
damping respectively, and X is the fluid circumferential average velocity rafio; co p and Q 
are perturbation freąuency and rotational speed, respectively. K p is the perturbator radial 
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stiffness, s and S are the perturbator calibrated eccentricity parameters: its magnitude and 
angular orientation, respectively. 

The rotor response to the perturbation force is as follows: 

z = 

where B and fi are amplitudę and phase respectively. The following relationships were further 
used in the identification procedurę: 

Direct Dynamie Stiffness — K+ Ko + K p — Mar — Mf(a> p — W) 1 — ^^cos (S — fi) (4.8.23) 



K £ 

Quadrature Dynamie Stiffness = D(co p — AQ) — — ^-sin(i5 — fi) (4.8.24) 

B 

Since Eqs. (4.8.23) and (4.8.24) are simple functions with respect to the perturbation 
freąuency, it was possible to identify the parameters by using polynomial best fitting. The 
coefficients of the polynomial for these best-fit curves can then be eąuated to the corres- 
ponding coefficients in Eqs. (4.8.23) and (4.8.24) to determine the value of each parameter. 

4.8. 6. 6 Experimental Test Results 

The set of tests was designed to determine the effects of pressurized water input 
through the radial inlets to the bearing (anti-swirl ports shut off). The pressure at the radial 
port manifold was approximately 75 psi, and the drop across the bearing through the pocket 
was maintained constant at 20 psi. The water flow through the bearing varied frorn 3.9 to 

4.6 gal/min for four consecutive tests. During four consecutive tests, the rotational speed was 
constant 0, 1000, 2000, and 3000 rpm respectively. 

Figurę 4.8.22 shows the rotor responses to a rotating sweep frequency perturbation force 
vector of K p s — 1.535 lbs at S = —310°. The responses to perturbation forward (+&>) and 
baekward (— a>) were filtered to the perturbation frequencies and are presented in the Bodę 
format (Figurę 4.8.23). Notę that the response amplitudes in the considered rangę of 
frequencies are rather fiat, not the same, as if the system was excited by an unbalance force. 
Notę, also, that there is some disturbance in amplitudes and phases around the area where 
the perturbation and rotation frequency are equal. This is due to an interference of the 
rotational frequency vibrations in the filtering system. Figurę 4.8.23 presents the dynamie 
stiffness plots that were obtained using Eqs. (4.8.23) and (4.8.24). Each plot consists of 
570 data points. To identify the systenfs modal parameters, the plots were best-fitted by 
polynomials. Interesting enough, the coefficients of higher power than the second for the 
direct stiffness, and higher than the first for the quadrature stiffness, were morę than flve 
orders smaller than those of lower powers. Therefore, a parabola was adopted for the Direct, 
and a straight linę for the Quadrature Dynamie Stiffness. They are shown as solid lines in the 
plots of Figurę 4.8.23. The coefficients of the best-fit equations are summarized in Table 4.8.1. 

If the best-fit coefficients are equated to those of the dynamie stiffness model, Eqs. 
(4.8.23), (4.8.24), and converted to the proper angular frequency units, the system parameters 
can be identified, as shown in Table 4.8.2. 

When calculating the rotor modal mass, M, at rotational speed of 0 rpm, the fluid inertia 
effect and the mass cannot be readily separated (M+ 7.37 x 10 _3 lbsec 2 /inch). To 
obtain reasonable data for zero speed, the modal mass was obtained by averaging the values 
at all other rotational speeds. The average mass, M avg — 1.43 x 10~Nbsec 2 /inch (0.251 kg), 
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was then subtracted from the second-order coefficient C, providing the fluid inertia effect 
value at Orpm (Table 4.8.1). 

As it was mentioned before, there is a possibility that the fluid film radial damping and 
fluid inertia forces rotate at different rates of k (see also Section 4.15 of this Chapter). 
A method to determine the fluid inertia rotation ratę, kf, is to solve the eąuation resulting 
from eąuating Eq. (4.8.23) with the best-fit coefficients and resolve it for Mf kf (see 
Table 4.8.1 and Eq. (4.8.23)): 



M f k f = A 



2Q 



1 2 



(4.8.25) 



where R is the first-order coefficient of the direct stiffness best fit parabolas (Table 4.8.1). 
If the average modal mass, M avg , is used again, the fluid inertia effect can be calculated from 
the second order coefficient of the parabola: 



M f — 




2 

T M avg 



(4.8.26) 



(a) (b) 




Perturbation frequency [kprm] Perturbation frequency [kprm] 



Figurę 4.8.22 Rotor vertical response (filtered to perturbation frequency) to a forward and backward 
perturbation force rotating vector of Ks = 1.535 Ibs at S = -310°, with the water-lubricated 
bearing radial port pocket pressure of 20 psi and a rotational speed of (a) 0 rpm, (b) 1 000 rpm, (c) 
2000 rpm, and (d) 3000 rpm. The horizontal responses, which were very similar, are not shown. 
Response amplitudę measured peak to peak. 
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(c) 



(d) 
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Figurę 4.8.22 Continued. 



where C is the second-order coefficient of the direct dynamie stiffness best fit parabola 
(Table 4.8.1). The ratę 2/is calculated by dividing Eq. (4.8.25) by Eq. (4.8.26). The results are 
summarized in Table 4.8.3. They show that the values 2 and Xf are, actually, very close 
(maximum difference is 7.2%). 

Figurę 4.8.24 presents the results from another set of perturbation tests in which the 
rotational speed varied, while the perturbation force was constant with K p s— 1.535 lbs and 
<5 = -310°. The quadrature dynamie stiffness data were identified as parabolas or straight 
lines by best fitting polynomials (Table 4.8.4). The corresponding quadrature stiffness 
components, D and 2 that were calculated from the data, are summarized in Table 4.8.5. 
Generally, the fluid rotating damping, £>, resulting from these tests, is slightly higher, and 2 
slightly lower than obtained from the previous tests. Ali test results were not compensated 
for the water temperaturę changes, which, within each test, varied from 0.3°F to 0.8°F within 
the rangę of 90.4° F to 96° F. The data acquisition system was set on the average value of 
the proximity transducer sensitivity, 0.2 v/mil. Due to slightly inereasing temperaturę during 
the tests, the transducer output sensitivity varied from 0.198v/mil to 0.199v/mil, thus 
the amplitudę readings were 0.5% to 1% higher than the actual ones, and, consequently, the 
dynamie stiffness values became from 0.5% to 1% lower. 

The fluid film radial damping calculated using the well-known formula: D — nr)(i/c) 3 
(where r] is fluid dynamie viscosity, r , i , and c are bearing radius, length, and radial clearance 
respectively) provides the values from 3.401bsec/inch to 3.221bsec/inch for water tempe- 
ratures from 90.4° F to 96.5° F and corresponding viscosities varying from 0.7577 c poise 
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to 0.7076 cpoise through the entire set of tests. The identified values of D were, therefore, 
lower than the calculated ones. The proper temperaturę compensation of the results would 
decrease the difference. 

4 . 8. 6. 7 Conclusions 

This subsection presented nonsynchronous perturbation test results of an externally 
pressurized water-lubricated bearing for one pressure value. The parameters of the bearing 
fluid film force were identified. The results confirm, again, the meaningfulness of the fluid 
circumferential average velocity ratio, as the important element of the fluid force model in 
lightly loaded bearings and seals. The results also indicate the existence of the fluid inertia 
effect which is quite high, 3-6.7 times larger than the rotor modal mass. The perturbation 
tests provided the rotor modal stiffness, fluid radial stiffness and stiffness of supporting 
springs as one lumped number. Separate tests would be necessary in order to identify these 
individual stiffness components. 



(a) (b) 






Figurę 4.8.23 Direct and Quadrature Dynamie Stiffness plots based on Eqs. (4.8.23), (4.8.24) and on the 
system responses presented in Figurę 4.8.22 for four rotational speeds: (a) Orpm, (b) 1000 rpm, 
(c) 2000 rpm, and (d) 3000 rpm. 
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(c) (d) 






Figurę 4.8.23 Continued. 



Table 4.8.1 Best Fit Coefficients of the Polynomials in Figurę 4.8.23 



Rotational 
Speed, O rpm 


Direct Dynamie 
Stiff ness A+Rw+ Rm + Co 2 


Ouadrature Dynamie 
Stiff ness Ew+ F 


A 


Rx10~ 3 


C x 10~ 3 


E 


F 


0 


1182 


2.126 


-8.084 


0.400 


3.424 


1000 


1226 


49.30 


-8.557 


0.420 


-150.5 


2000 


1205 


113.6 


-8.363 


0.408 


-318.9 


3000 


1220 


152.0 


-7.707 


0.402 


-530.2 



Table 4.8.2 Identified Parameters of the Rotor/Bearing System 



Rotational Speed, Q rpm 


D 




M f 


K+K 0 +K p 




M 






rad 

sec 


Ib x sec 


kg 


Ib x sec 2 _ , 


kg 


Ib 


N h„3 
X 10 3 
m 


Ib x sec 2 


10 3 . 
kg 


inch 


sec 


inch 


inch 


inch 


0 


0 


3.82 


669 


5.94 


1.04 


1182 


207 


1.43* 


0.251* 


1000 


105 


4.01 


702 0.358 


6.28 


1.10 


1235 


216 


1.52 


0,267 


2000 


209 


3.90 


683 0.390 


6.64 


1.16 


1249 


219 


0.99 


0.173 


3000 


314 


3.83 


671 0.440 


5.25 


0.92 


1320 


231 


1.78 


0.312 



*Average of the column. 
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Figurę 4.8.24 Ouadrature Dynamie Stiffness versus rotational speed for constant values of perturbation 
frequency. The solid lines are best fits using second order polynomials. 



Table 4.8.3 Identification of the Fluid Inertia Average Circumferential Velocity Ratio 



Rotational Speed, (1 


M,l 








kf 






Ib x sec 2 inch , 




Ib x sec 2 inch , 






rpm 


rad/sec 


x 10 3 

inch 


kg 


. x 10 3 

inch 


kg 




1000 


105 


2.25 


0.394 


6.37 


1.12 


0.353 


2000 


209 


2.59 


0.454 


6.19 


1.08 


0.418 


3000 


314 


2.31 


0.405 


5.60 


0.98 


0.413 



Table 4.8.4 Best Fit Coefficients for the Polynomials of the Ouadrature Dynamie Stiffness from 

Figurę 4.8.23 Versus Rotational Speed 



Perturbation 
Speed, oj p (rpm) 


Second Order Fit G + HQ + IQ 2 


First order Fit JQ + L 


G 


H x 10~ 3 


/ x 10~ 3 


J x 10~ 3 


L 


500 


216 


-136 


-13 


-207 


287 


1000 


443 


-123 


-19 


-228 


543 


1500 


573 


-115 


-17 


-208 


662 


2000 


835 


-159 


-13 


-231 


904 


2500 


1097 


-188 


-8 


-229 


1137 



The use of the constant force perturbator has enabled the acquisition of very clean 
vibration data (higher signal, thus better signal to noise ratio) in the Iow freąuency rangę, and 
hence clean dynamie stiffness data was produced. This data madę the identification 
procedurę morę accurate, and allowed for advancements in adjustments of the mathematical 
model of the rotor/bearing system. 
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Table 4.8.5 Identified Parameters for Ouadrature Dynamie Stiffness Using Eq. (4.8.23) and Polynomial 

Fits from Table 4.8.4. 



Perturbation Speed, <o p 


Second Order Fit Parameters 


First Order Fit Parameters 


D 


l 


D 


i. 


rpm 


rad/sec 


Ib x sec 
inch 


kg/sec 


Ib x sec 
inch 


kg/sec 


500 


52 


4.13 


723 


0.315 


5.47 


958 


0.361 


1000 


105 


4.23 


741 


0.278 


5.18 


907 


0.420 


1500 


157 


3.64 


637 


0.301 


4.22 


739 


0.471 


2000 


209 


3.99 


699 


0.381 


4.31 


755 


0.511 


2500 


262 


4.19 


734 


0.429 


4.34 


760 


0.504 



4.8.7 Identification of the Backward Fluid Whirl Resonance in an 
Anisotropic Rotor System with Fluid Interaction 

4.8. 7. 1 Introduction 

The research on isotropic models presented in the previous sections has provided valuable 
results valid for isotropic rotor/fluid Systems. Lateral anisotropy of such Systems must, 
however, be considered in order to provide realistic results for rotating machinery. A basie 
anisotropic rotor model was introduced in Section 3.4 of Chapter 3, then other anisotropic 
models were discussed in Section 3.11 of Chapter 3 and in Section 4.5 of this Chapter. This 
section presents the results of perturbation testing and parameter identification of anisotropic 
rotor/fluid Systems. 

There exist several sources which may contribute to the rotor/fluid system anisotropy. 
Anisotropy can be produced by internal and external sources such as misalignment, fluid 
flow interaction, nonsymmetry of support components, etc. A number of diagnostic methods 
have been developed to verify the presence and extent of anisotropy, based on rotor lateral 
vibration response (see Subsection 7.2.2 of Chapter 7). Graphical tools to assess the 
magnitude of anisotropy based on the rotor lateral vibrations, such as elliptical orbits, Bodę 
and polar plots exhibiting “split resonances”, and transducer axis simulated rotation 
methodology (see Section 6.2 of Chapter 6) have been introduced. To analyze the dynamie 
behavior of a mechanical system, parameter identification is an essential step. 

In this section, an isotropic rotor supported by one relatively rigid and one fluid- 
lubricated bearing with anisotropic characteristics is considered. The rotor is a subject of 
nonsynchronous perturbation testing in both forward and backward directions in the rangę 
of freąuencies which includes the fluid whirl resonance. An algorithm for dynamie stiffness 
data processing and identification has been developed for the two lateral modes of the 
anisotropic rotor. The rotor/fluid model includes fluid inertia effeets. The existence of a 
previously undocumented resonance phenomenon for the backward orbiting, which exists 
only under anisotropy, is demonstrated. The materiał of this section is based on the paper by 
Jang et al. (1996). 

4.8.7. 2 System Model and Anisotropy Algorithm 

The rotor, assumed isotropic, is supported anisotropically by one rigid and one fluid 
lubricated bearing. The system model, based on the discretized modal considerations, is 
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represented by two lateral modes. The model contains the fluid-induced force (including fluid 
inertia effect) that was developed for lightly loaded bearings or seals. The mathematical 
model in terms of the rotor two lateral orthogonal displacements at the lubricated bearing 
location is as follows: 

Mx + D s x + Mf x (x + 2X x Qy — )? x Q 2 x) + D x (x + X x Qy) + K x x — F x 

(4.8.27) 

My + D s y + Mf y (y — 2X y Qx — X 2 Q 2 y) + D v (y — X y Qx) + K v y = F v 



where M, D s , Mf x , Mf y , Df x , Df y , X x , X y , F x , F y are respectively rotor modal mass, external 
damping, fluid film fluid inertia effect, fluid radial rotating damping components, fluid 
circumferential average velocity ratios, and circular unbalance perturbation force compo- 
nents; K x , K y are lumped stiffness components, containing the rotor modal stiffness, rotor 
supporting spring-frame stiffness, and fluid film radial stiffness components; x, y, co p , and 
Q are respectively rotor horizontal and vertical displacements at the fluid-lubricated 
bearing, nonsynchronous perturbation freąuency, and rotational speed. The subscripts x 
and y denote values of corresponding parameters in x and y directions. Due to the realistic 
assumptions D x 'y> D sx , D y D sy , the external damping is neglected and Eqs. (4.8.27) 
are reduced to the following form: 



Mx + Mf x (x + 2X x Qy — X 2 x Q 2 x) + D x (x + X x Qy) + K x x = F x 
My + Mf y (y — 2X y Qx — X 2 Q 2 y) + D y (y — X y Qx) + K v y — F y 



The rotor/fluid model (4.8.28) can be rewritten in the matrix form: 



M + M fx 


0 


X 


+ 


D x 


2Mf x X x Q 


X 


0 


M + Mfy 






— 2.MfyXyQ 


Dy 


_y_ 



~K X - Mf x X 2 x Q 2 


D x X x Q 




X 




~F X - 


DyXyQ, 


Ky - MfyX 2 y Q 2 




_y_ 




.Fy_ 



(4.8.28) 



(4.8.29) 



When the perturbation circular forces F x f, F y f, F x h, F y f, with sweep-frequency are applied to 
the rotor system (subscript / means perturbation forward, b = backward). 



F x j— Fcos(o) p t + S), F y f— Fńn(oj p t + 8 ), F xb - Fcos(a> p t — S), F vh = —Fsin(co p t - 8 ) (4.8.30) 

the rotor lateral responses for forward, x r , yj and backward, x b , y b , perturbations are as 
follows: 



Xf — B x f co Ma) p t -f b x f) , yy — B y fCos(oj p t f> y j) 

X b B xb COS ((Opt b \k ) , yb B yb COS( (Dpt byh) 



(4.8.31) 



where B , fi, F=mxco 2 , 8 are respectively rotor response amplitudes and phases and 
unbalance perturbation force amplitudes and angular orientations. The subscripts denote 
directions of measurements (x, y) and perturbation (/, b). Substituting Eqs. (4.8.30), (4.8.31) 
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into Eqs. (4.8.28), separately for forward and backward perturbation cases, provides for each 
direction the following identification eąuations (see Appendices 3 and 8): 

M[B\ f =[F\ f , [ K ][B] h = [F] h (4.8.32) 



where k is the complex dynamie stiffness matrix: 



M = 



K 11 
*21 



* 12 
*22 



and 



K x — (M + M fx )or p — Mf x /? X Q 2 + jD x a> p 
— Dy/.yQ — j2MfyXyQ(Op 



D x X x C2 4“ /2 Mf x X x £2co p 
Ky - (M+ M fy )or p - M fy X 2 y Q 2 +JD y co p _ 

(4.8.33) 





B x ic" ! ' : 




B x be j ^ b 




- Fe js - 




- Fe -js - 




, [B] h = 


B r be J P fh 


, L F] f = 


_ FeJS . 


, [F] b = 


1 

T 

i 


B v je^yf 



(4.8.34) 



Each complex dynamie stiffness component, Ky, splits into direct (real) and ąuadrature 
(imaginary) parts. Combining the results of the forward and backward cases (4.8.32) and 
inverting the response vector matrix, the following anisotropic system complex dynamie 
stiffness matrix eąuation is obtained: 



■ Fe j& 


Fe~J s ' 


B k jC //! " B x be J P* b 


_ Fe jS 


-Fe-- 1 * _ 


Byfi JClyf BybZ^ yh 



(4.8.35) 



Parameters of the right-side matrices in Eq. (4.8.35) are either known (F, S) or measured 
( B x f, B y f, B x b, B r k , fi x f, p v f, Pxb, Pxb)\ thus the dynamie stiffness matrix can be identified. For a 
given rotational speed Q , from Ar n , the following parameters can be identified: K x — Mf x 
X~ x Q',D x and M+Mf x ; from /c 12 : M fx and X x can be identified; from k 2 n M Py and X y ; 
from k 2 2 - K x — M yx żc V Q 2 ,D y and M+ Mf y respectively can be identified. Equation (4.8.35) 
yields a matrix of the system dynamie stiffness for each perturbation frequency, a> p . The 
swept frequency perturbation, consecutively run in forward and backward perturbation, 
results in the matrix of dynamie stiffness components as functions of o> p . The obtained curves 
versus perturbation frequency are used for further parameter identification. 

4.8.7. 3 Experimental Test Rig and Test Results 

The test rig is shown in Figurę 4.8.25. A well-balanced rotor system consisted of a 
stainless Steel shaft, 0.01 m in diameter and 0.47 m in length. The inboard end of the rotor is 
supported by a radially-rigid pivoting rolling element bearing. On the outboard end, the 
rotor is supported by a smooth cylindrical “Chevron GST Oil 32” turbine-oil-lubricated 
bearing, with four radial inlet oil ports, 0.025 m diameter, and 203 pm radial clearance. The 
oil supply pressure at the radial manifold was maintained at approximately 18 kPa. The rnain 
mass of the rotor was concentrated in the journal. To control the oil temperaturę, a water 
bath heat exchanger was used between the oil pump and the bearing inlet. Oil temperaturę 
was controlled to maintain 21°C± 1.5°C. Four radial supporting springs of stiffness equal to 
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Figurę 4.8.25 Experimental test rig. A - 75 watt electric motor, B - Speed control transducer, C - Keyphasor 
transducer (rotor), D - Flexible motor coupling, E - Rolling-element bearing, F - Transducer 
mounting błock, G - Rotor, FI - Supporting spring frame, I - Perturbation disk, J - Transducer 
mounted at fluid-lubricated bearing, K - Fluid-lubricated bearing, L - Rigid coupling half 
component, M - V-shape base. Dimensions: a = 0.28 m, b = 0.32 m, c = 0.36 m, d = 0.47 m. 



3100 N/m, mounted in a frame and installed near the fluid-lubricated bearing serve to control 
the journal eccentricity position within the bearing. For all experiments, the journal position 
within the bearing was set at 0.1 eccentricity ratio position, vertically down. 

A bi-directional 75 W motor, eąuipped with a speed/acceleration controller, drove the 
rotor. The perturbation system consisted of an aluminum disk connected through a soft 
rubber drive belt to the rnain perturbator wheel, mounted on the main rotor through a 
rolling-element bearing. This wheel carried a known unbalance weight, placed at a known 
radial and angular position. The system was eąuipped with an optical Keyphasor transducer 
that observed a reflective spot on the side of the perturbation wheel. The perturbator was 
driven by another motor similar to the main motor, also eąuipped with a speed/acceleration 
control device. This type of system allows for nonsynchronous perturbation of the rotor 
in forward and backward directions by using unbalance-induced circular rotating force 
with swept freąuency perturbation, which is entirely independent of the rotational speed of 
the main rotor. 

Two eddy current displacement transducers were mounted inside the fluid-lubricated 
bearing in orthogonal orientation: looking from the rotor driving end, 45° left from the 
up-pointed vertical axis, called vertical transducer, and 45° right from the vertical axis, 
called horizontal. These transducers provided rotor journal lateral vibration data. The rotor 
response excited by the perturbation device is collected by the data acąuisition system 
and then filtered to the perturbation freąuency. The response phase was measured using a 
Keyphasor transducer. In order to compensate phase measurement change between forward 
and backward perturbation, phases of backward responses were adjusted by 3°. This 
accounted for the width of the Keyphasor notch on the rotor. A digital vector filter and data 
Processing software were used in the test. 

The perturbation tests were perfonned separately for the four following constant 
rotational speeds of the rotor, Q: 0, 1000, 2000, and 3000 rpm. At each test, the perturbation 
with nonsynchronous sweep freąuency started from 260 rpm and steadily increasing to 
2300 rpm. The results from the 2000 rpm rotational speed test are presented below. Rotor 
responses, to 3.1 g perturbation unbalance weight for the forward and backward (Case 1), 
and 3.1 g for perturbation forward and 20.1 g for perturbation backward (Case 2) were 
selected for demonstration here from seyeral other tests. The unbalance weights of the input 
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Table 4.8.6 Identified Parameters of the Rotor/Fluid Lubricated Bearing System (Q = 2,000 rpm). (Case 1 : 
Perturbation mass unbalance of 3.1 g for both forward and backward perturbation tests was used. Case 2: 
Perturbation mass unbalance of 3.1 g for forward, and 20.1 g for backward perturbation tests were used. 
Case 3: Coordinate rotation of -45° was applied to the Case 1 results) 



Symbol 


D x 


Dy 


k x 




M, x 


M,y 


K x 


Ky 


M 


Units 


kg/s 


kg/s 






kg 


kg 


kN/m 


kN/m 


kg 


Case 1 


2.16 x 10 3 


2.17 x 10 3 


0.477 


0.474 


0.22 


0.49 


5.25 


29.40 


0.52 


Case 2 


2.14 x 10 3 


2.15 x 10 3 


0.473 


0.470 


0.10 


0.27 


4.21 


30.30 


0.54 


Case 3 


2.24 x 10 3 


2.10 x 10 3 


0.429 


0.519 


0.24 


0.49 


17.15 


17.98 


0.52 



force were positioned in linę with the horizontal transducer location. In order to maximize 
the data’s signal-to-noise ratio, different input force magnitudes were used for forward 
and backward perturbation. For the same purpose, the differential data techniąue was used, 
as described in Section 1.7.2 of Chapter 1. 

The rig was designed to have a conical rigid body lateral modę of the rotor within 
the nonsynchronous perturbation speed rangę. Through the original tests, without pertur- 
bation forces, the fluid whirl resonance speeds were found to be 498, 970, 1460 rpm for 
the seąuence 1000, 2000, 3000 rpm rotational speeds respectively. Table 4.8.6 summarizes 
the identified rotor/fluid-lubricated bearing system parameters at 2000 rpm operating speed. 
They were obtained based on the algorithm (4.8.35). Dynamie Stiffness plots are shown 
in Figurę 4.8.26. A polynomial curve fitting was used to obtain rotor system modal param- 
eters from the plots. Two different conditions, Case 1 and Case 2, were tested. When using 
the same unbalance weight for both forward and backward perturbation, the magnitude 
of backward perturbation response amplitudę is much smaller than that of forward 
perturbation (Case 1). In Case 2, the backward perturbation force was 6.5 times higher. Two 
cases were, therefore, tested to verify and to compare the results from backward perturbation 
(unbalance weights: 3.1 g and 20.1 g respectively). 

In Figurę 4.8.27, the direct and ąuadrature stiffness plots present the results described 
by the algorithm (4.8.35). They illustrate anisotropic components, which are mainly 
appearing in the direct stiffness components, Ar n and /c 2 2 , and the ąuadrature stiffness 
components, k [2 and k 2 1 , when the journal was positioned at Iow eccentricity ratio, s = 0.1 
at 45°, toward the vertical transducer. Since it was difficult to separate the rotor mass M 
and the fluid inertia, Mf, the mass M was calculated separately by considering rotor physical 
dimensions and Steel density, 7.86 x 1 0 3 kg/m 3 . 

Figures 4.8.27-4.8.30 present the data of rotor experimental response in the Bodę 
and polar plot formats for several cases. There occurs some disturbances in the data, when 
the perturbation and rotation freąuencies are equal, around 2000 rpm for this case, which is 
due to an imperfection caused by interference in the filtering system, so it should be ignored. 
In the rotor response amplitudes to forward perturbation there is a well-pronounced peak, 
corresponding to the fluid whirl resonance. Both vertical and horizontal response data to 
forward perturbation are similar. The response phase differs by 90°, reflecting the transducer 
configuration. At each case of backward perturbation, the existence of a fluid whirl 
resonance in the horizontal data can be seen, while the vertical amplitudę is depressed. The 
data presented in Figurę 4.8.29 shows, however, both peaks when transducers were rotated. 
This phenomenon has not been previously documented, sińce for isotropic Systems it does 
not exist (compare with Figurę 4.8.7). In generał, the response amplitudes to backward 
perturbation are much smaller than these for the forward perturbation. The amplitudę values 
steadily inerease with an inerease of the rotational speed. The response orbits were circular 



© 2005 by Taylor & Francis Group, LLC 



FLUID-RELATED PROBLEMS IN ROTOR/STATOR CLEARANCES 



377 



(a) = K X - ( M+ M fx )a>p— M fx X% Q 2 + jD x w p 

x 10 4 




Perturbation frequency [cpm] 



(b) 2 - D x X x Q + j 2 M fx X x Q o) p 



x10 5 





Figurę 4.8.26 A matrix of Complex Dynamie Stiffness plots of the rotor/fluid bearing response with anisotropy 
algorithm for Case 1 (see Table 4.8.6): An unbalance weight of 3.1 g for forward and baekward 
perturbation test was used. Compare with Eq. (4.8.35). Solid linę: polynomial fitting curves, 
Dots: experimental data. Q = 2000 rpm. 
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Figurę 4.8.27 Bodę plots of rotor amplitudes and phases versus perturbation frequency for Case 1: An 
unbalance weight of 3.1 g for backward (upper figures) and forward (lower figures) perturbation 
test was used. Notę different amplitudę scales for the forward and backward perturbations. 
The forward perturbation response does not show any distinct effect of anisotropy. Q = 2000 rpm; 
x: horizontal (x transducer) response, o: vertical (y transducer) response. 
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Figurę 4.8.28 Bodę plots of rotor amplitudes and phases versus perturbation frequency for Case 2: An 
unbalance weight of 3.1 g for forward (upper graphs), and of 20.1 g for backward (lower graphs) 
perturbation test were used. Now there is less difference in amplitudę scales in comparison to 
Figurę 4.8.27. The backward resonance pattern remains the same as in Figurę 4.8.27. £2 = 2000 
rpm, x: horizontal (xtransducer) response, o: vertical (y transducer) response. 
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Figurę 4.8.29 Bodę plots of rotor amplitudes and phases versus perturbation freguency for Case 3: -45° 
coordinate rotation was applied to the Case 1 results. A slight difference in the forward amplitudę 
data is observed. £> = 2000rpm, x: horizontal (xtransducer) response, o: vertical (y transducer) 
response. 
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1 20 //m fuli scalę 250 nm fuli scalę 

Figurę 4.8.30 Backward (a) and forward (b) perturbation response polar plots for experimental and analytically 
calculated data based on identified model parameters of Case 2: An unbalance weight of 3.1 g 
for forward, and of 20.1 g for backward perturbation were used. Data from xand y transducers. 



for most freąuencies. Notę in Figures 4.8.28 to 4.8.33 that for, backward perturbation, the 
frequencies are conventionally negative, so the zero freąuency is on the right side. 

When the phase and amplitudę pattern was first noticed for the constant rotational 
speed 2000 rpm, at the backward perturbation freąuency around 970 rpm, they seemed to 
be fluctuating due to a residual effect of the forward rotating rotor rather than a resonance. 
The analytically calculated data based on Eq. (4.8.32), using the identified parameters of 
the rotor system, and presented in Figures 4.8.31 to 4.8.33, exhibited, however, the same 
patterns as the experimental data. There exists, therefore, a backward whirl resonance, 
characterized by an elliptical orbit elongated in the “horizontal” direction, thus in 45° 
direction of the first and third ąuadrant. Actually, as seen by the transducers mounted at 45°, 
with an increase of the perturbation freąuency, while the “horizontal” amplitudę increases, 
the “vertical” one decreases. The comparison of the result from Case 1, with the result of 
signal-to-noise ratio enhanced data, indicate that the results in Case 2, presented in 
Figurę 4.8.28, are characterized by the same response pattern as in Figurę 4.8.27 for Case 1. It 
can be concluded, therefore, that the observed phenomenon is the fluid whirl resonance 
during the backward perturbation, due to the rotor system anisotropy. 

According to the identified parameters in Table 4.8.6, the system has anisotropic stiffness 
and fluid inertia. The fluid radial damping was practically isotropic. In order to verify other 
parameter’s anisotropy condition, the coordinate transformation to yirtually rotate the axes 
by —45° was applied to the Case 1, resulting in Case 3, applied to both experimental and 
analytical data. In this case, therefore, the x and y transducers became true horizontal 
and vertical. The results show that now the rotor system stiffness K x and K y are almost eąual. 
The backward fluid whirl resonance phenomenon exists and both transducer data show 
amplitudę peaks (compare Figurę 4.8.29 with 4.8.33) (Figurę 4.8.33): at the backward whirl 
resonance freąuency at 970 rpm, the response orbits were the same. The parameters in Case 3 
show that the dominant anisotropy in this case are damping and fluid circumferential average 
velocity ratio. Figures 4.8.31 to 4.8.33 present analytically calculated responses in the form 
of Bodę plots. The parameters used in the model were taken from Table 4.8.6. The agreement 
is very good, thus the adopted model adeąuately represents the observable phenomena. 
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Figurę 4.8.31 Bodę plots of rotor amplitudes and phases versus perturbation frequency for Case 1 , calculated 
analytically using identified parameters from Table 4.8.6. An unbalance of 3.1 g for both forward 
and backward perturbation tests was used. fl = 2000rpm, x: horizontal (xtransducer) response, 
o: vertical (y transducer) response. 
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Figurę 4.8.32 Bodę plots of rotor amplitudes and phases versus perturbation frequency for Case 2. Data 
calculated analytically using identified parameters from Table 4.8.6. An unbalance of 3.1 g 
for forward, and of 20.1 g for backward perturbation test were used. fl = 2000rpm, x: horizontal 
(x transducer) response, o: vertical (y transducer) response. 
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Figurę 4.8.33 Bodę plots of rotor amplitudes and phases versus perturbation frequency for Case 3. Data 
calculated analytically using identified parameters from Table 4.8.6. A -45° coordinate rotation 
was applied to the Case 1 analytical results. w = 2000 rpm, x: horizontal (xtransducer) response, 
o: vertical (y transducer) response. 
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The comparison of Figures 4.8.31 to 4.8.33 with Figures 4.8.27 to 4.8.29 demonstrates a 
visible agreement between the analytical and experimental responses. To better understand 
the effect of each anisotropy parameter, several numerical tests were performed using the 
analytical model program. When isotropic values were introduced, there was no backward 
resonance. The other cases with anisotropy, such as the anisotropy of either the stiffness, or 
damping, or fluid circumferential average velocity ratio, or fluid inertia effect, respectively, 
resulted in existence of the backward fluid whirl resonance. The pattern was slightly changed 
for different kinds of anisotropy. In case of anisotropy of stiffness and fluid inertia, 
respectively, the results looked like plots in Figures 4.8.27 and 4.8.28. The cases of anisotropy 
of damping and fluid circumferential average velocity ratio, respectively, show a similar 
pattern to that presented in Figurę 4.8.29. 



4. 8. 7. 4 Discussion and Conclusions 

This section presented the perturbation/identification tests covering backward fluid whirl 
resonance of an isotropic rotor supported in one fluid-lubricated bearing with mildly 
anisotropic characteristics. The rotor journal steadily rotated at 0.1 eccentricity ratio within 
the cylindrical bearing clearance 

The developed dynamie stiffness identification algorithm, for two modę lateral anisotropic 
rotor model with fluid interaction effects, proved to be adeąuate and effective for identifying 
the rotor/fluid bearing system characteristics through modal testing. The Complex Dynamie 
Stiffness plots versus perturbation freąuency, representing parabolas and straight lines, 
displayed the results expected from the algorithm and are easy to identify the involved 
parameters. The results issued by the analytical model, in which the identified parameters 
were implemented, show very good agreement with experimental results. The application of 
dynamie stiffness method provides a very powerful and efficient way for the rotor/fluid 
parameter identification. ft is worthwhile to emphasize that in the analysis of rotating 
machinery dynamie behavior, and in the perturbation testing in particular, the phase infor- 
mation represents a very important aspect. Limiting modal testing to the lowest modes 
provides the opportunity to inerease the accuracy of phase data. In the presented results, the 
phase measurement error was less than 1 %, the amplitudę measurement error was even lower. 

This section documented a specific type of fluid-induced resonance, which exists when 
a rotor rotating within a fluid-lubricated bearing at Iow (0.1) eccentricity ratio is excited by 
a backward sweep-frequency perturbation. This resonance is a result of the anisotropy in 
the rotor/bearing system. It is known that the fluid whirl resonance, which is caused by 
rotor/fluid interaction, occurs at one of the rotor/fluid bearing system natural frequencies, 
and, for isotropic Systems, exists only for forward direction. In order to verify whether there 
exists a resonance phenomenon for backward perturbation or not, several tests were applied 
to both experimental and mathematical model data. The results confirm an existence of the 
fluid whirl resonance, with characteristic phase and amplitudę changing patterns, which 
occurs only under anisotropy condition of the system. There was no fluid whirl resonance 
when isotropic parameters were used in backward perturbation tests. For a sequence of 
rotor operating speeds, 1000 rpm and 3000 rpm, similar patterns were obtained. For Iow fluid 
radial damping, the responses show morę complex patterns; but the similar phenomenon is 
still present. In the analytical test, by using model (4.8.28), the backward resonance patterns 
change, if anisotropic fluid inertia or damping parameters are respectively modified. They 
show slightly different backward resonance response patterns according to the anisotropy 
parameters and measuring transducer locations. The results can be used as a diagnostic tool 
to identify a dominant parameter, when anisotropy exists in the rotor/fluid bearing system. 



© 2005 by Taylor & Francis Group, LLC 



FLUID-RELATED PROBLEMS IN ROTOR/STATOR CLEARANCES 



387 



4.8.8 Identification of Characteristisc of Rotor/Bearing System with 
Flexible Rotor and Flexible Bearing Support 

4.8.8. 1 Introduction 

In this section, the lowest four lateral modes of an isotropic rotor/fluid-lubricated bearing 
system with flexible rotor and flexihle bearing support are analyzed theoretically and experi- 
mentally. The parameters of the analytical model of the system are identified using 
sweep-freąuency modal testing on the rotor rig. The approach used in this study emphasizes 
the dynamie features of the system, which are invariant to the choice of coordinate system. 

The system is described by a Dynamie Stiffness matrix. This provides an advantage of 
simplicity, allowing a comprehensive stability study for various system parameters. 

It is a generał practice that, in the case of steam turbines, the proper method of vibration 
monitoring is to observe motion of the rotor inside the fluid-lubricated bearings, using 
proximity transducers, while gas turbines are customarily monitored by accelerometers and 
velocity transducers, which capture absolute motion of the machinę casings. In steam 
turbines, the stiffness of the bearing supports is usually much higher than that of the bearing/ 
rotor system. The situation is different in gas turbines. The vibration data obtained on large 
industrial gas turbines shows, however, significant relative motion of the rotor, as well as 
absolute motion of the casings. It signifies that the stiffness of bearings and their supports, 
have similar orders of magnitude, and points toward the necessity to revise the current 
approach in instrumentation, stability analysis, and balancing of industrial gas turbines. The 
goal of this section is to contribute to better understanding of the dynamics of the flexible 
rotor system with susceptible bearings and flexible supports. 

In order to generate the vibration response data from a specially designed experimental 
rotor rig, the nonsynchronous, circular-rotating-force excitation acting in the piane perpen- 
dicular to the rotor axis at rest, was applied seąuentially to the rotor and to the support of the 
fluid-lubricated bearing. From the collected responses the system parameter identification 
was performed. Using these parameters in the analysis of the rotor system stability, three 
cases of casing damping were investigated and a parametric study of the system stability 
versus casing stiffness is presented. As previously, the parameters of the system are identified 
using the form of system complex dynamie stiffness matrix. This allowed for evaluation of 
the contribution madę by the bearing fluid forces to the rotordynamic system in a form 
convenient for stability analysis. The convenience is based upon the fact that the system 
parameters are invariant in relation to rotation of the system of coordinates. Use of the 
invariant parameters was established for system identification by Bently et al. (1983) and 
successfully continued by Bently et al. (1988a), Muszyńska (1988a, 1995), Petchenev et al. 
(1995), Goldman et al. (1996). The rotor system with flexible support, considered below, is 
morę complex than discussed in the previous publications (Booker, 1965; Gunter, 1966; Lund 
et al., 1967; Badgley et al., 1969; Kirk et al., 1975; Crandall, 1990, 1995). 

The materiał of this section is based on the paper by Muszyńska et al. (1997). 



4. 8.8.2 Parameters of Experimental Rig 

The experimental rig (Figurę 4.8.34) consists of a rigid rotor, rotating at a constant 
speed Q, and supported inboard by a pivoting laterally rigid bearing and outboard by a 
cylindrical, externally pressurized, T10 oil-lubricated bearing with radius 13 mm, 0.13 mm 
radial clearance, and a length-to-diameter ratio of 1. The fluid bearing itself is installed 
in a flexible casing allowing for its planar lateral motion. At the rotor and at the casing, 
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Figurę 4.8.34 Experimental rig (oil pressure = 34.5 x 10 6 pa, temperaturę = 21 °C). 

two perturbators are installed to provide independent lateral excitation to the system, using 
a nonsynchronously rotating unbalance force. One force was used at a time. The journal 
at rest is positioned concentrically within the bearing clearance by a spring support stand. 
The system was deliberately madę laterally isotropic. 

The lateral motion of the rotor at the outboard bearing (x^, and the casing 
motion (x c , Je) are observed in stationary coordinates by two sets of proximity transducers. 
Effective modal mass of the rotor (including journal) is M R , modal lateral stiffness and 
damping are K R and D R , respectively. Effective modal mass of the casing is M c , its modal 
lateral stiffness and damping are respectively K c and D c . The bearing fluid properties are 
described by fluid film radial stiffness Aj), rotating damping D ? and fluid circumferential 
average velocity ratio 1 (the ratę at which damping force rotates). Fluid inertia and non- 
linear functions of stiffness and damping are neglected. Due to the system lateral stiffness 
isotropy, and using multi-mode modal modeling approach (see Section 6.6 of Chapter 6) 
the eąuations of motion of the system can be presented as follows: 



| M r z r + D sR z R + K r z r + D[z r — ż c — jA.Q(z R — r c )] + K 0 (z R — z c ) —f R 
| Mc"c + D s ęZę + KcZc + D[zę — z R — jXQ{zę — zj?)] + Kq(zc — z R ) —f c 



(4.8.36) 



where z R — x R +jy R , z c — x c +jy c are respectively radial displacements of the rotor and 
casing and f R , f c represent corresponding unbalance-like external circular perturbation 
forces. The coupling of the rotor and casing is accomplished through the fluid film of 
the bearing. Notę that z c is absolute motion of the casing which can normally be observed by 
accelerometers. The absolute motion of the rotor, z R , usually cannot be measured directly. 
Measurements by proximity transducers on rotating machines provide the relative motion 
of rotor z R - z c . 

The first run of the rotor was without any external perturbation devices. Experimental 
data of the rotor system start-up is presented in the form of synchronous, 1 x filtered Bodę 
plots for the rotor relative motion (Figurę 4.8.35), fuli spectrum cascades (Figures 4.8.36 and 
4.8.38) and lx filtered Bodę plots for the rotor absolute motion (Figurę 4.8.37) and, for the 
casing, absolute motion (Figurę 4.8.39). It is important to notę that at Iow rotational speeds, 
before the first balance resonance at 165 rad/s (1576rpm = 26.3Hz), the system exhibited an 
almost perfect rigid body conical modę, there was no relative motion between the rotor and 
the casing. After the resonance, the modę consists of the rotor and casing moving with 
relative phase close to 180°. This modę will be referred later as the rotor/casing out-of-phase 
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Figurę 4.8.35 1 x -filtered uncompensated Bodę plot for the rotor relative vertical motion. Q st denotes insability 
threshold. 




Figurę 4.8.36 Fuli spectrum Cascade plot for the rotor absolute vertical motion. Fluid whirl vibrations present 
after instability threshold at the speed ot about 33 Hz. 
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Figurę 4.8.39 1 x -filtered uncompensated Bodę plot for the casing absolute vertical motion. 



modę. The spectrum Cascade plots show the self-excited fluid whirl onset at the speed 
about 33 Hz (Q st — 207 rad/s = 1977 rpm). The onset is indicated on the synchronous Bodę 
plots (Figures 4.8.35, 4.8.37, and 4.8.39) by vertical dashed lines. The modę during the 
fluid whirl is a rotor rigid body conical modę. 

After having investigated the behavior of the system at the rotor startup, the modal 
nonsynchronous perturbation experiments were conducted at several rotor constant rota- 
tional speeds. The rotating perturbation force sweep freąuency co, which was independent of 
the rotational speed Q, was consecutively applied to the rotor and to the casing. For this case, 
the forced solution of the rotor model (4.8.36) can be found from the following matrix 
eąuation: 



Ar\ exp(yaRi) 


Ar 2 exp (ja R2 ) 




Fri exp (jS R i) 


0 


_A C i exp( ja a ) 


Aa exp( ja C2 ) _ 




0 


F C 2 exp( jS C i) _ 



where 



( —Mrco~ +ja>p{D S K + D)— 
—jXQD + Kq + K k 



—j(OpD + j/ QD - K 0 \ 



—jcOpD + jXQD — Ko 

\ 



—Męa> 2 p +jco p (D s c + D)— 
—jXQD + Kq + K ( ) 



(4.8.37) 



(4.8.38) 
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is the system dynamie stiffness matrix, m p is perturbation freąuency, and the vectors 

/ F k] exp[ j(w p t + \ / 0 

\ 0 / \Fc 2 exp [ j(a> p t + 5c 2 ) ] 

represent external perturbation rotating forces for two consecutive experiments. These 
forces are proportional to co 2 ; they have magnitudes F Ri and F cl , and phases &ci ■ In 

the first experiment, the perturbation force is applied to the rotor, and in the second 
experiment, it is applied to the casing. In Eqs. (4.8.37) to (4.8.39), B R \, B c i, Pm, Pc\ are 
respectively response amplitudes and phases at the rotor and at the casing, filtered to 
perturbation freąuency, measured while the rotating perturbation force was applied on 
the rotor (the first experiment), B R2 , B C2 , firn, Pci are response amplitudes and respec- 
tively phases at the rotor and at the casing, filtered to perturbation freąuency, 
measured when the rotating perturbation force was applied to the casing (the second 
experiment). Using the matrix inverse algorithm (see Appendix 8), the matrix of dynamie 
stiffness components can be obtained from Eq. (4.8.37). The experimental data collected 
from the nonsynchronous perturbation runs can eventually be presented, in the form 
of Dynamie Stiffness graphs versus perturbation freąuency. The comparison between 
analytical and experimental results allows for the identification of the rotor system modal 
parameters. 

An example of graphs of direct and ąuadrature parts of the elements of the Dynamie 
Stiffness matrix, k smoothed using the least sąuares fltting procedurę, for the rotational 
speed eąual Q= 120 rad/s (19 Hz), are presented in Figures 4.8.40 to 4.8.43. 

The corresponding system parameters were identified as D = 368 kg/s, D s c ~ 0, 
D sR = 9.5 kg/s, Ko = 2066 N/m, K c = 30500 N/m, K R = 226 N/m, M c = 1.2 kg, M R = 
0.4 kg, X — 0.44. Notę that the stiffness and damping of the rotor, as identified above, are 
smali, as the rotor practically behaves as a rigid body. 



(4.8.39) 




Perturbation frequency, u> p [rad/s] 

Figurę 4.8.40 Graph of the {-M c aĄ+K c ) element of the dynamie stiffness matrix te for Q=120 rad/s. 
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Perturbation frequency, a> p [rad/s] 

Figurę 4.8.41 Graph of the (-M R a? p +K R ) element of the dynamie stiffness matrix k for Q= 120 rad/s. 




Perturbation frequency, m p [rad/s] 

Figurę 4.8.42 Graph of the (D r m) element of the dynamie stiffness matrix k for Q= 120 rad/s. 



4. 9. 8. 3 Stability of Rotor with a Soft Casing 

As it was shown (see Figures 4.8.36 and 4.8.38), the rotor exhibits fluid whirl self-excited 
vibrations of the rigid body modę, which is the modę with almost in-phase motion 
of the rotor and the bearing casing. Such an unusual situation prompted the analytical 
study below. 
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Perturbation frequency, w p [rad/s] 



Figurę 4.8.43 Graph of the D(a> - Ż.S2) element of the dynamie stiffness matrix k for Q = 120 rad/s. 



The characteristic eąuation of the system (4.8.36) is a polynomial of the fourth order with 
complex coefficients: 

qqs a + ais 3 + ci2S 2 + ais + a\ — 0 (4.8.40) 

where s is an eigenvalue, and 

«o = M r M c , «i = D sC M r + D sR M c + D(M R + M c ), 

ai = DrDc + K c M r + K r Mc + (Kq — jkQD)(M R + Mc) + D(D R + Dc), 

(4.8.41) 

«3 = D sR Kc + D s cK r + D(K r + K() + (Ko — jkQD)(D sR + 

« 4 = K r K c + (Ko — jXQD)(K R + K c ). 



Each of four different roots of Eq. (4.8.40) is a function of the system parameters and the 
rotational speed, Q. Sonie of the roots become pure imaginary at certain rotational speeds, 
which signifies the stability boundaries. These rotational speeds are referred to as instability 
onsets. They are shown in Figures 4.8.44 to 4.8.46 (together with the corresponding root 
loeus Windows) in nondimensional form versus the casing stiffness. The nondimentionalisa- 
tion was madę by dividing the onset rotational speeds by the onset speed representing 
stability thresholds for the case of the rotor with a rigid casing. Notę that, in the case of Iow 
and medium casing damping, the rigid body modę becomes unstable and then, at higher 
speeds, stable (Figures 4.8.44 and 4.8.45). The rotor versus casing out of phase modę becomes 
unstable irrevocably. In the case of high casing damping, the stabilizing effect of this 
damping overcomes destabilizing effect of the fluid rotating damping-related tangential force 
for the rigid body modę, and only rotor/casing out-of-phase modę can become unstable. 
The important conclusion is that a correct choice of the casing stiffness and damping 
can produce a lowest instability threshold, which is higher than that of the rigidly supported 
rotor. Gunter et al. discussed this fact in 1966. 
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Case of Iow casing damping: ; 
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Figurę 4.8.44 Stability chart for the case of Iow casing damping. 
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Figurę 4.8.45 Stability chart for the case of medium casing damping. 
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Case of high casing damping: 




> 0.3 




Figurę 4.8.46 Stability chart for the case of high casing damping. 



4. 8. 8. 4 Condusions 

The experimental rig, with softly supported fluid-lubricated bearing, adequately simulates 
the rigid rotor and rotor versus casing out-of-phase modes of some of industrial gas turbines. 

Nonsynchronous perturbation methodology allows for the Identification of the rotor 
system lowest modę parameters. These parameters are essential for a stability study such as 
presented here, and for further research on the optimal choice of system operational param- 
eters. The multi-mode modal modeling (see Section 6.6 of Chapter 6) serves well for the 
analysis of the system lowest modes. 

The description of the isotropic system by the multimode Dynamie Stiffness matrix 
provides an advantage of simplicity, allowing a comprehensive stability study for various 
system parameters. Focusing on this particular type of isotropic system, the model allowed a 
thorough stability study within a reasonable rangę of the system parameters. 

The experimental results and the stability study show that both rigid body modę and 
rotor/casing out of phase modę can experience fluid-induced instability of the fluid whirl type. 
Depending on the amount of casing damping, the stability of the rotor can be enhanced, in 
comparison with that of a rigidly supported rotor, by choosing appropriate casing stiffness. 



4.8.9 Stabilizing Influence of Gyroscopic Effect on Rigid Rotors 
under Fluid Interaction 

4.8.9. 1 Introduction 

At a relatively Iow rotational speed (in the rangę of the first bending modę balance 
resonance) a slightly unbalanced disk mounted in the midspan of elastic, rigidly supported 
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Figurę 4.8.47 Gyroscopic effect: a resulting couple Fa , tending to rotate the disk. 



shaft would synchronously orbit in its own piane. In all other cases, that is, when the disk 
is mounted at a different than midspan location, and/or the supports are soft, especially 
with different inboard and outboard flexibilities, and/or the rangę of rotational speed is 
higher than the rotor first bending modę natural frequency, the disk will not orbit in its own 
piane. The centrifugal forces of the disk massive elements would not be co-linear and 
thus, during rotation, their elementary centrifugal forces would form an equivalent couple. 
This phenomenon is generally referred to as a gyroscopic effect. In the synchronous modę of 
vibration the disk piane will vibrate angularly. At a high speed, if the shaft is flexible, the 
disk tends to rotate in its own piane, which results in bending the shaft (Figurę 4.8.47). 
The strength of this effect depends on the shaft and disk geometry, and, in particular, on 
the ratio of the disk polar ( I P ) to transverse (diametral), I T , moments of inertia. Using simple 
words, the moments of inertia describe distribution of mass in a mechanical element. The 
highest Ip/Ir ratio of the disk would result if the entire disk mass was concentrated on 
the circumference. In fact, the flywheels are the closest to reach this feature. 

The name, “gyroscopic effect”, originates from a gyroscope, a rigid body similar to a top, 
which rotates very fast, and of which the axis of rotation moves slowly (performing mainly 
precessional angular motion) due to the action of external forces (for the familiar behavior of 
the top, there will be the gravity force and friction force at the top’s support). 

This section, which is a continuation of Sections 3. 6-3. 9 of Chapter 3, presents 
experimental and analytical results concerning dynamics of rigid rotors characterized by 
significant gyroscopic effects, and supported in fluid-lubricated bearings. The experimental 
rotor was supported in one pivoting, laterally rigid rolling element bearing, and one fluid- 
lubricated bearing. Two rotor designs were considered. It is shown that sufficiently strong 
gyroscopic effects may stabilize rotors, which are prone to fluid-induced instabilities. The 
results may have an impact on design of rotor/bearing/seal Systems in rotating machinery. 

The materiał of this section is based on the papers by Muszyńska et al. (1996d) and 
Littrell et al. (1999). 

4.8. 9. 2 Experimental Setup 

The rotor rig designed for experiments consisted of a 1' (0.025 m) diameter and 12' 
long (0.305 m; “long rotor design”) or 6' long (0.152m; “short rotor design”) Steel tubular 
shaft with a 10'-diameter aluminum disk, which could be mounted at any axial location on 
the shaft (Figurę 4.8.48). At the inboard, a pivoting and laterally rigid, rolling element 
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Nonsynchronous pertubator: 
unbalanced disk driven by an 




Figurę 4.8.48 Experimental rotor rig. 



bearing supported the rotor. At the outboard, the rotor was supported by a cylindrical 
oil-lubricated bearing with 1' (0.025 m) diameter and 10-mil (125 pm) radial clearance. 
The oil supply pressure at the bearing was 2 psi (13.8kPa). The rotor was driven through 
a flexible coupling by a 0.5 hp electric motor. For nonsynchronous perturbation of the 
rotor, a special spring support with perturbator was designed. This radial spring support 
served also to center the rotor journal inside the fluid-film bearing. A concern in this rig 
design was to minimize the ratio of the rotor transverse-to-polar ratio of moments of 
inertia. Two proximity transducers were mounted at the fluid-film bearing in XY (horizontal, 
vertical) configuration to observe the journal motion. Two Keyphasor® transducers provided 
pertinent phase information and rotational speed as well as perturbation freąuency measure- 
ments. The rig was eąuipped with the rotational speed controller and the computerized 
data acąuisition and processing system. 

4.8.9.3 Mathematical Model 

In the considered case, the rotor is isotropic and rigid. The basie eąuation of the rotor 
lateral motion can be described by one complex variable i //(t), which combines two angular 
variables, 6(t) and <p(t) (see Section 3.6 of Chapter 3). The model includes the fluid film 
force at the bearing. The fluid inertia was neglected (Figurę 4.8.49): 

/rV> + {Dl 2 b -jlptyir + [(^o - jDkQ)l \ + K s l 2 ]^ = Ł d mror p ^ w - ,+6 \ ^ = 6 +./</> (4.8.42) 

where 9, <p are disk angular displacements, I T , I P are rotor transverse and polar moments 
of inertia, K 0 , D, X are bearing fluid-radial stiffness, radial damping, and fluid circum- 
ferential average velocity ratio respectively, K s is stiffness of rotor radially supporting springs, 
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Figurę 4.8.49 Rotor and coordinate system. 



Ib, i s , and id are axial positions of the bearing, spring support, and perturbation disk 
correspondingly (Figurę 4.8.48), m , r, S are mass, radius, and angular orientation of the 
unbalance of the perturbator, Q is rotational speed, co p is perturbation speed (for a particular 
case of synchronous perturbation there is co p —Q and the calibrated unbalance weight is 
mounted directly at the rotor disk). 

Since rotor lateral response measurements were provided by lateral displacement 
transducers, it is convenient to transform Eq. (4.8.42) using a radial displacement variable 



where Ł p denotes transducer axial location (Figurę 4.8.49). 

4. 8. 9. 3. 1 Eigenvalue problem: natural frequencies and stability condition 

The solution of the eigenvalue problem for Eq. (4.8.43) provides two eigenvalues ^ (two 
additional conjugate eigenvalues yielded by the conjugate variable x-jy are omitted): 



z(i) - x +jv = i p ((p +j(j ) ) 



Eq. (4.8.42) will then look as follows: 



{I T Ż + (Di 2 h ~jIpQ)z+[(K n -jD).Q)il+KJ^]z} — 



TT, = mrc °p e 



2 j(cot+S) 



(4.8.43) 




1,2 (4.8.44) 



where 




(4.8.45) 
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The stability condition for the rotor derived as the condition for the real parts of the 
eigenvalues (4.8.44) to be nonpositive is as follows: 






> 0 



(4.8.46) 



Notę from ineąuality (4.8.46) that if its second term is negative, then the rotor stability 
becomes unconditionally assured. In a generał case, the stability condition is obtained by 
solving the ineąuality (4.8.46) for X: 



I^_ // i P \ 2 k 0 ł 2 +~kJ 2 ^ i P I/I P \ 2 k 0 iI+~kJi 

2 I T V \ 2i t) h ~ - 2 It y \2I t ) It 



(4.8.47) 



A slightly narrower than ineąuality (4.8.47) rangę of X, namely 



0 < X < 



Ip 

It 



(4.8.48) 



which results from Eq. (4.8.47) when the stiffness term is neglected, also assures uncon- 
ditional stability of the rotor. 

This conclusion may reąuire additional discussion. The fluid circumferential average 
velocity ratio, X, represents the strength of the circumferential flow within the bearing 
clearance. This dominating flow pattern, generated by the journal rotation, is the main cause 
of the rotor possible loss of stability, followed by self-excited vibrations known as fluid- 
induced whirl and/or fluid whip. The typical value of X for bearings with neither preswirl 
nor anti-swirl injections varies between 0.3 and 0.5 (depending on bearing design, journal 
eccentricity and lubricant inlet/outlet supply/exhaust system). If the rotor polar-to-transverse 
moment of inertia ratio is higher than the highest expected value of X (for concentric 
journal inside the bearing), then the rotor never becomes unstable. If, for instance, the rotor 
is considered as a rigid cylinder, then: I P = MR 2 / 2, I T = M(R 2 + H 2 / 3)/4, (M, R , H are 
cylinder mass, radius, and length, respectively), and the ineąuality (4.8.46) provides the 
following unconditional stability for the rotor: 




For X = 0.45 the disk radius, R larger than 0.31 value of the disk thickness H will assure the 
rotor stability. 

Figures 4.8.50^1.8.52 illustrate the rotor eigenvalues (4.8.44) in root locus format for 
undercritical and overcritical fluid damping, D, and three different ratios I P jI p - The variable 
parameter on the root locus is the rotational speed, O. The constant parameters of the rotor 
system, which were used in the calculations are listed in Table 4.8.7. Notę that in the 
undercritical damping case, at 0 = 0 there is £) = 0 and E > 0 (see Eqs. (4.8.45)), thus two 
eigenvalues (4.8.44) have the same Decay/Growth Ratę (real) part. In the case of overcritical 
damping, at 0 = 0 there is E x =0 and E < 0, thus two eigenvalues (4.8.44) are identical and 
real. With the increase of rotational speed, the roots evolve, which is especially pronounced 
for the overdamped case (Figurę 4.8.52). In this case, if the ratio Ip/Ip is smali (I P /I T < 
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Figurę 4.8.50 



Figurę 4.8.51 




Root locus of the rotor eigerwalues (8.44) for undercritical damping, D = 8 kg/s and three values 
of Ip/lj- 0.15, 0.5, and 1.0. Sign ‘x’ marks the eigenvalues for Q = 0. Rotational speed varied from 
0 to 2000 rad/s with 50 rad/s steps. For the case l P /l T = 0.15 the instability threshold occurs at 
Q = 257 rad/s = 2454 rpm. The remaining parameters used in calculations are listed in Table 4.8.7. 




Root locus of the rotor eigenvalues (8.44) for D = 100 kg/s (undercritical) and lp/lr= 0.15, 0.5, 
and 1.0. Rotational speed, Q, varied from 0 to 2000 rad/s with 50 rad/s steps. Sign ‘x’ marks 
the eigenvalues for Q = 0. The qualitative behavior of the eigenvalues is similar to those in 
Figurę 4.8.50. The increased damping changes only the scalę of the Decay/Growth values. The 
instability threshold occurs at the same rotational speed 2454 rpm. The remaining parameters are 
listed in Table 4.8.7. 
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Figurę 4.8.52 Root locus of the rotor eigenvalues (8.44) for D = 1000 kg/s (overcritical) and lp/lr= 0.15, 0.5, 
and 1.0 respectively. £3 varied from 0 to 5000 rad/s with 200 rad/s steps. Sign ‘x’ marks the 
eigenvalues for rotational speed £3 = 0. The remaining parameters are listed in Table 4.8.7. 



Table 4.8.7 Numerical Values of Parameters Used for Root 
Locus Plots 



Ib 


ls 


Ko 


K s 


k 


IP 


m 


m 


N/m 


N/m 


- 


kgm 2 


0.30 


0.229 


5775 


22400 


0.5 


0.022 



A[1 — I p (K 0 + K s l 2 / l 2 h ) / D 2 then two eigenvalues have natural freąuencies of the oppo- 

site signs, which means that there exist one forward and one backward modę of the rotor 
system. If the Ip/Ip ratio exceeds the above value, then both eigenvalues have positive natural 
freąuencies (of course, in all cases there exist conjugate eigenvalues for £ p (9 — j(p) of the 
original variables, so actually there are always two forward and two backward modes of 
the rotor). In a particular case of the Ip-to-Ip ratio, namely Ip/Ip — 2A, the entire expression 
E x in (4.8.45) vanishes for all speeds Q. In Figures 4.8.50-4.8.52 this is illustrated by the 
case I P /I T —\. If damping is overcritical (FcO), then two roots at 13 = 0 start from 
the Decay/Growth Ratę axis, and meet together when the rotational speed causes that ii = 0 

(Eqs. (4.8.45)). This occurs at Q — ^j(DŁ 2 h /Ip) 2 - M T [K^i 2 h + K s l 2 )/I 2 p . At this speed, there are 

two identical eigenvalues: ą = (—D£ 2 h + jI p Q) /2 It- With further increase of the rotational 
speed, two different eigenvalues reappear, as E (Eq. (4.8.45)) becomes positive; they then have 
the constant Decay/Growth Ratę equal to —DŁ 2 h /2I T (see Figurę 4.8.52). For I P /I T — 0.5, 
one of the eigenvalues has the Orbiting Ratę almost zero, for all values of rotational speeds 
(Figurę 4.8.52). 

The case I P /Ip— 0.15 illustrates in Figures 4.8.50-4.8.52 the unstable rotor case. For 
the assigned parameters the instability threshold occurs at Q = 257 rad/s = 2454 rpm. One 
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eigenvalue crosses the zero Growth/Decay Ratę linę and passes to the right-side half piane 
of the root locus. 

4. 8. 9. 3. 2 Forced solution due to nonsynchronous rotating force 

The forced response of the rotor to the nonsynchronous excitation, i.e., the forced 
solution of Eq. (4.8.43) is 



2 = Be Aa>t+fi) 



(4.8.50) 



where amplitudę B and phase 8 of the rotor circular orbit (4.8.50) are as follows: 



Ł p l d mro? p 

J(DDSf+(QDS) 2 



' — 8 — arctan 



QDS 
' DDS 



(4.8.51) 



The parameters B and fi can directly be measured froni the experiment. In Eqs. (4.8.51), DDS 
and QDS denote the Direct and Quadrature Dynamie Stiffnesses respectively: 

DDS = (K 0 l 2 + KĄ - I T co 2 + I P w p Q)/l p l d , QDS = Dl 2 (co p - XQ)/l p l d (4.8.52) 

Equations (4.8.51) and (4.8.52) are the basie equations used in the rotor parameter Identifi- 
cation procedurę, applying perturbation technique. 

Notę that if Ip>Ip (thick disk), then for co p — Q, the Synchronous Direct Dynamie 

Stiffness (4.8.52) is a “convex” parabola versus Q with the root Q — J[K/,i b + K s £ 2 ) /(/, — I p ). 
If lj<l P (thin disk), then the synchronous DDS parabola versus Q is concave, and never 
crosses the zero axis. 



4.8.9.4 Perturbation Procedurę and Identification of Rotor Parameters 

During the perturbation testing using unbalanced nonsynchronously rotating disk 
mounted on the rotor through a rolling element bearing, the input force and the rotor 
response were measured at each perturbation frequency, while the rotor rotated at a constant 
speed Q. This data served for identification of dynamie stiffness components (4.8.52), 
following the algorithm, which resulted from Eqs. (4.8.51) and (4.8.52): 

(KoŁi + KĄ - I T co 2 p + Ipco p Q ) lipŁ d = ^ cos(<5 - p) (4.8.53) 

2 

mrco 

Di 2 b {co p - aQ) / i p l d = sin(5 - P) (4.8.54) 

The summary of results for two rotors with different lengths, namely 6' (0.152m) and 12' 
(0.305 m) are presented in Figures 4.8.53^1.8.59. The short rotor system was stable (condition 
(4.8.46) satisfied for all speeds); the long rotor system was unstable. The experimentally 
obtained relationships of the dynamie stiffness components versus perturbation frequency 
allowed for identification of the modal parameters of the rotor. The identified values were 
eventually used as inputs in the model (4.8.42) to reereate analytically the rotor dynamie 
stiffnesses. As it can be seen in the figures, the experimental and analytical results exhibit 
very good agreement. The original vibrational data for two cases of rotor length can be found 
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Figurę 4.8.53 



Vertical and horizontal (markedx) synchronous dynamie stiffness calculated using differential 
data technique (see Appendix 5 for details). Perturbation unbalance mass = 0.4 g, unbalance 
radius = 0.114 m, unbalance phase = 0°. 
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Perturbation frequency = rotational speed [rad/s] 

Figurę 4.8.54 Synchronous dynamie stiffness ot stable configuration predicted using analytical isotropic model 
and identified parameters ot the rotor. Parameters used for analytical model l d = 0.051 m l d = 
0.051 m, / 0 = 0.147 m, / s = 0.095 m, K b =5775 N/m, ^ = 3675 N/m, D= 1400 N s/m, a = 0.50, t p 
= 0.022 kg m 2 , /, = 0.01 9 kg m 2 . 
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Figurę 4.8.55 Dynamie stiffness of the rotor with stable configuration calculated from experimental data using 
differential data reduction technique. Perturbation unbalance mass = 3.53 g . Unbalance radius = 
0.038 m, unbalance phase = 0°. O — 0=0, + — 0=50 rad/s, * — 0 = 100 rad/s, x — 
O = 200 rad/s. 
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Figurę 4.8.56 Dynamie stiffness of the rotor with stable configuration calculated using parameters identified 
from the experimental data. Parameters used for analytical model = l d = 0.051 m, 4, = 0.147m, 
/ s = 0.095 m, K 0 = 5775 N/m, K s = 3675 N/m, D=1400Ns/m, 7 = 0.5, l p = 0.022 kg/m 2 , l T = 
0.01 9 kg/m 2 . 
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Perturbation frequency = rotational speed [rad/s] 

Figurę 4.8.57 Vertical and horizontal (marked x) synchronous dynamie stiffness of the long rotor calculated 
using the experimental data and the differential (see Section 1.7.2 of Chapter 1) reduction 
technique. Perturbation unbalance mass = 1 .1 7 g, unbalance radius = 0.114m, unbalance 
phase = 0°. 





0 50 100 150 200 250 

Perturbation frequency = rotational speed [rad/s] 

Figurę 4.8.58 Synchronous dynamie stiffness of the long rotor with unstable configuration predicted using 
analytical isotropic model. Parameters: l d = .259 m, l b = .300 m, l s = .229 m, K 0 = 5775 N/m, K s = 
22400 N/m, D= 1400N s/m, X = .50, l p = .022 kg m 2 , l T = .181 kg m 2 . 
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Figurę 4.8.59 Nonsynchronous dynamie stiffness of a long rotor with unstable configuration calculated from 
experimental data using differential reduction technique. Perturbation unbalance mass = 2.20 g, 
unbalance radius = 0.038 m, unbalance phase = 0°. O — 0 = 0, + — O = 50 rad/s, * — 
O = 1 00 rad/s, x — O = 200 rad/s. 



in the Appendix 5. The data for the short rotor indicates stability of the system. The long 
rotor becomes unstable at about 2200 rpm. 

Figurę 4.8.53 presents the components of the short (stable) rotor Synchronous Dynamie 
Stiffness versus perturbation frequency, which, in this case, is the rotational speed of the 
rotor. Using the algorithm (4.8.53) and (4.8.54), the modal parameters of the system have 
been identified. Figurę 4.8.54 presents the Dynamie Stiffness calculated analytically, using 
the identified parameters. 

Figures 4.8.55 and 4.8.58 present the Nonsynchronous and Synchronous Dynamie 
Stiffness components versus perturbation freąuency of the short shaft rotor system obtained 
respectively experimentally and analytically. As can be seen from the listed in captions 
identified parameters, the rotor system modal parameters are identical, when using either 
synchronous or nonsynchronous perturbation testing. During the nonsynchronous perturba- 
tion, four different rotational speed cases were considered. 

For the identified parameters of the short rotor system, the stability condition (4.8.46) 
is unconditionally satislied, as I P >Ir (see Figures 4.8.54 and 4.8.56). Indeed, during the 
experiments this rotor never showed any subsynchronous self-excited vibration components 
(see Appendix 5). 

Figures 4.8.57 and 4.8.58 present the Synchronous Dynamie Stiffness components versus 
perturbation freąuency for the case of the long shaft rotor system, obtained respectively 
experimentally and analytically, using the identified modal parameters of the system. 

Figures 4.8.59 and 4.8.60 present the components of Nonsynchronous Dynamie Stiffness 
versus perturbation freąuency of the long shaft rotor system obtained respectively experi- 
mentally and analytically, using the identified modal parameters of the system. Again, as can 
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Figurę 4.8.60 Nonsynchronous dynamie stiffness of the long rotor with unstable configuration calculated using 
analytical model and identified parameters: l d = .259 m, l b = 0.3 m, l s = 0.229 m, K 0 = 5775 N/m, 
K s = 22400 N/m, D= 1400N s/m, X = 0.50, O — (2 = 0, + — fi = 50 rad/s, * — fi =100 rad/s, 
x — fi = 200 rad/s. 



be seen in the captions, the rotor system modal parameters are identical when identified using 
synchronous or nonsynchronous perturbation testing. 

For the identified parameters of the long rotor system, the stability condition (4.8.46) is as 
follows: 



(5575)(0.3) 2 +(22400)(0.229) 2 n ^ n ą 0.022^ ^ n 

0.181 V 0.181 7 ~ 

From here, Q < 221 rad/s = 2123 rpm. 

Actually the rotor becomes unstable around the speed 2200 rpm, and at 2270 rpm the 
full-blown, fluid-induced whirl limit cycle of self-excited vibrations with freąuency 0.475 0 is 
present in the spectrum. 

The differences of the short and long shaft system parameters are visible when comparing 
the data in Figures 4.8.56 and 4.8.60: The rotor lengths, transversal moments of inertia, and 
supporting spring stiffnesses are different. 

Ali experimental and analytical results exhibit very good agreement, which prove the 
analytical model adeąuacy. 

4. 8. 9. 5 Sum mary 

This section presented the analytical and experimental results of the one-lateral-mode 
isotropic rotor system dynamics. The rotor system included one fluid-lubricated bearing, 
which represented a potential source of rotor instability, and a disk providing a high 



© 2005 by Taylor & Francis Group, LLC 



FLUID-RELATED PROBLEMS IN ROTOR/STATOR CLEARANCES 



409 



gyroscopic moment. It was shown analytically that the rotor system might become unstable, 
if the instability threshold is exceeded (condition (4.8.46) not satisfied). This was confirmed in 
the experiment. It was also shown that a sufficiently high polar-to-transversal moment of 
inertia ratio of the rotor system might prevent the occurrence of instability (ineąuality 
(4.8.46) unconditionally satisfied). The experimental results fully confirmed this analytical 
prediction, thus proving that the model was adeąuate. Using perturbation testing for 
identification of the system parameters proved to be reliable and efficient. 



4.8.10 Identification of Fluid Force Nonlinear Functions 

In perturbation testing, described in the previous sections, the amplitudes of the input 
perturbation force were deliberately smali, to provide data that still fell within the applied 
linear rangę of terms. A higher perturbation unbalance mass, i.e., a higher input force 
magnitude, leads to higher response amplitudes, inevitably affected by fluid film nonlineari- 
ties, especially pronounced in the resonance regions of freąuencies. 

The methodology described in Sections 4.8.2 and 4.8.3, serves now for perturbation 
testing of the previously utilized rotor/bearing system, this time applying gradually increasing 
perturbation unbalance masses. The resulting higher perturbation forces excite larger 
response amplitudes and provide data for identification of the fluid film stiffness and 
damping, as nonlinear functions of the journal eccentricity. 

An example of the evaluation of nonlinearity of the fluid film radial damping, 
D + if D {\z\), illustrates the identification method. Figurę 4.8.61 presents experimental 
response amplitudes, resulting from perturbation at the journal, using unbalance masses 
ranging from 1 .75 g to 56 g, and limited to the region of freąuencies covering the fluid 
whirl resonance. Figurę 4.8.61a presents the rotor response amplitudes divided by the 
bearing radial clearance; Figurę 4.8.61b presents the same response amplitudes divided by the 
corresponding unbalance masses. The effect of damping nonlinearity is visible in both 
graphs. 

The corresponding graph of Quadrature Dynamie Stiffness, (similar to Eq. (4.8.7)), is 
shown in Figurę 4.8.62. The data are sufficient for evaluating the fluid film radial stiffness 
and damping, as a function of journal eccentricity. 

Examples of such evaluations are presented below using a graphical method. First, the 
nonlinear damping identification will be discussed. 

The first step in the graphical method of identification (Figurę 4.8.63) consists of build- 
ing up the relations 1 + i/f /D from the Quadrature Dynamie Stiffness graphs, in 
Figurę 4.8.63, by dividing them by the linear function D(co p — which resulted from 
perturbation tests using the smallest, 1.75 g unbalance mass. Notę that the graph for the 
case m u — 56 g is shown only. The rotor external damping, D s , is neglected in the identi- 
fication procedurę, as it is much smaller than fluid damping, D. The test results using 
smali, 1.75 g, perturbation mass are considered to be in the linear rangę of parameters. 
It can be seen in Figurę 4.8.62 that for the Iow perturbation force amplitudę, the Quadrature 
Dynamie Stiffness versus perturbation freąuency represents a straight linę; for higher 
force amplitudes, it exhibits nonlinear behavior. The applied large unbalance mass is 
not, however, high enough to change significantly the value of the fluid circumferential 
average velocity ratio, X. This less than 5% decrease of X is neglected, so it is assumed that the 
Quadrature Dynamie Stiffness for high unbalance mass contains approximately X 0 instead 
of X(\z\) — X(A) — X(s) — X(co p ). The division of the nonlinear function [D + \l/r>(w p )~\x 
(go p — XqQ) by the linear expression D(co p — A 0 &) leaves the net result of nonlinearity, as a 
function of perturbation freąuency, i.e., the function [l + 



© 2005 by Taylor & Francis Group, LLC 



410 



ROTORDYNAMICS 



Figurę 4.8.61 



Figurę 4.8.62 





Journal response amplitudę and journal response amplitude-to bearing radial clearance ratio 
(a) and to perturbation unbalance mass ratio (b), versus perturbation frequency. Notę the 
nonlinear effect ot suppressed resonance peaks for higher perturbation force magnitudes at 
the fluid whirl modę. 




Quadrature dynamie stiffness components versus perturbation frequency indicating the effect of 
nonlinearity. 
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Figurę 4.8.63 Obtaining fluid nonlinear-to-linear damping ratio as function perturbation frequency. The same 
data as in Figurę 4.8.62. 



The next step is to obtain the relationship /) + i///) versus journal eccentricity ratio, s, 
from individual relations D + (Figurę 4.8.63 and 4.8.64 left) and the function e(m^) 

(Figurę 4.8.63b and Figurę 4.8.64 bottom). 

Figurę 4.8.64 explains the graphical construction for the cases m u —56g (nonlinear 
response to perturbation) and 7g (linear response) perturbation unbalance mass. Thus, the 
fluid film nonlinear radial damping function can be identified. 

A simple Computer program based on the above-explained algorithm provides morę 
precise numerical results for the fluid damping versus journal eccentricity ratio. 

Similarly to damping, the nonlinear stiffness function of the fluid film can be identified. 

Notę that the nonlinear effects in the fluid film may be caused and/or influenced by 
fluid injections and preswirls (Childs, 1987) as well as cavitation (Brennen et al., 1988). 
The nonlinearities in these cases are, however, different from the “hard” nonlinearities in 
the bearing fluid film considered above. 

Figurę 4.8.65 illustrates the nonlinear effects in dynamie stiffness components due to 
seal fluid inlet preswirls in the direction of rotation at the seal entrance. In the zonę of 
resonance (the input freąuency around 0.5 Q), the direct dynamie stiffness parabola is 
modified by a peak. The ąuadrature dynamie stiffness also diverges from the straight linę in 
the same rangę of frequencies. The shape of its deformation looks, however, like a mirror 
image of the case of fluid film nonlinearity in the bearing, discussed above (compare 
Figures 4.8.62 and 4.8.65). While, at lower perturbation frequencies, the quadrature dyna- 
mie stiffness growth is slowed down, when the damping inereases with the eccentricity 
(Figurę 4.8.64), the growth of the quadrature dynamie stiffness in Figurę 4.8.65 is caused 
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Figurę 4.8.64 Graphical illustration of obtaining fluid radial damping as a nonlinear function of journal 
eccentricity rafio, e. Arrows indicate the way of plotting individual points from the previously 
obtained graphs, Figures 4.8.61 and 4.8.63. 



by additional tangential force effects due to forced preswirls. Approaching the resonance 
freąuency (/-Q), the ąuadrature dynamie stiffness starts inereasing (in the First case; 
Figurę 4.8.62) or decreasing (in the second case; Figurę 4.8.65). In both cases, there exists 
a point of intersection for several values of parameters (eccentricity in the flrst case and 
preswirl strength in the second case). At high perturbation freąuency, the ąuadrature 
dynamie stiffness again resembles a straight linę with the same slope, but due to nonlinear 
effects in both cases — at different levels. In the flrst case, both fluid damping and 
circumferential average velocity ratio, l, are affected by nonlinearity. The fluid damping is 
inereasing function of eccentricity and 1 is a decreasing function. In the first case, it looks 
like their product decreases at higher eccentricity (Figurę 4.8.62). In the second case, the 
fluid circumferential average velocity ratio is inereased by the preswirl; thus the product Dl 
is significantly inereased. 



4.8.11 Historical Outlook on Applications of Rotor Perturbation Systems 

In 1955, E. Hull built, at the General Electric Corporation, a device to perturb the rotor 
at running speed. His perturbation system is presented in Figurę 4.8.5a. The perturbation 
on the rotor was applied using any freąuency co , not only from zero to the rotational 
speed Q, but far above rotational speed, in forward and in reverse directions. In 1959 
Hull, co-authoring with Darrow, published a Report on his perturbation results. His 
results (Figures 4.8.66 and 4.8.67) were very similar to the amplitudę and phase versus 
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(b) Frequency ratio, a>/Q 



Figurę 4.8.65 Example of direct (a) and quadrature (b) dynamie stiffness with nonlinear effects due to fluid 
preswirls. Dynamie stiffness components presented respectively in terms of the ratio of radial, F r 
and tangential, F t response force magnitude to circular input displacement amplitudę 
(perturbation by forced displacement, see Section 4.8.12). Inlet swirl ratios of 0.5 (solid linę 
with smali dots), 0.6 (solid linę), and 0.7 (linę with large dots; the largest nonlinear effects), 
respectively. S is nondimensionalizing coefficient. Courtesy of Childs (1987). 



perturbation freąuency as obtained by Bently and Muszyńska in 1982 (Figures 4.8.7, 4.8.8). 
Hulfs result exhibited clearly the existence of the fluid whirl resonance. Figurę 4.8.67 shows 
Hulfs data, which was reduced by Bently et al. (1988) to the Direct and Quadrature Stiffness 
format, as functions of the perturbation frequency. Again, the similarity to the previously 
discussed dynamie stiffness components is astonishing. 

In 1946, well before Hulfs experiments, Stone and Underwood were probably the First 
researchers who applied the perturbation method to a rotating rotor. Using a clever internal 
shaft perturbation system and a flying contact as a timer mark, they obtained perturbation 
results in terms of the response amplitudę and phase of rotor/bearing system, displayed 
on the oscilloscope. Figurę 4.8.68 illustrates their oscilloscope time-base data, further 
reduced by Bently et al. (1988), to the Direct and Quadrature Dynamie Stiffness formats. 

The results obtained by Hull and by Stone et al. were very similar to those obtained 
by Bently and Muszyńska during years 1981-1998; compare Figures 4.8.66 to 4.8.68 with 
figures presented in Subsection 4.8.3. 
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Figurę 4.8.68 Original response time-base from the data by Stone and Underwood (1947), and direct and 
guadrature dynamie stiffness reduced by Bently et al. (1988). 



Neither Hull nor Stone completed their results in terms of deeper explanation of the 
observed fluid whirl resonance. It is also unfortunate that no group of their contemporary 
researchers immediately pursued these pioneering contributions. The design of rotating 
machinery would certainly be far ahead of present capabilities if they had done so. 

During the decade of the seventies of the last century, instrumentation for machi- 
nery monitoring was already well advanced. Don Bently, the founder of Bently Nevada 
Corporation (BNC), whose efforts and rnerits in implementation of electronic monitoring 
Systems in industry were enormous, was many times personally involved in diagnosing 
machinę malfunctions. With his background in Electronics and Control Theory, Don 
Bently often asked ąuestions such as why there was no basie identification data available, 
while machines were operating correctly. These, usually never answered ąuestions, led him 
to intensive research on the Rotordynamic literaturę and eventually to build his first 
perturbation/identification test rigs of a rotor/bearing system (see Figurę 4.8.5). When the 
author of this book joined BNC in 1981, experimentation on the second generation 
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of such rotor rigs was one of her first research assignments. The first publication on the 
results obtained appeared in 1982 (Bently et al., 1982a). During the following years, Bently 
and Muszyńska published several papers on the rotor/bearing/seal perturbation and 
Identification results. These results led the authors to the creation of the new theory for 
the fluid film dynamie behavior in rotor-to-stationary part clearances filled with fluid. Most 
of this theory has been presented in this Chapter. 

Since the beginning of the decade of the eighties, several research centers in the 
world started research on identification of fluid force parameters, mainly in seals and 
in pumps. The approach and results were basically very similar, to the ones presented in 
this section, but their data acąuisition and processing, as well as interpretation were 
quite different. In 1990 Muszyńska et al. (1990b) published a comparison of their own 
results with the results obtained by other researchers. This subject is presented in the next 
section. 



4.8.12 Other Results on Identification of the Fluid Force Models in 
Rotor/Bearing/Seal Systems and Fluid-Handling Machines 

Experimental results obtained by researchers using forced displacements and measuring 
response in terms of forces (see Figures 4.8.3a and 4.8.4) are usually presented in different 
ways than the used above formats and eventually numerically reduced to bearing or seal 
coefficients. The latter model persist its existence in rotordynamics. Figurę 4.8.69 presents 
the force phase and magnitude as response to forced displacement at the input, versus 
perturbation freąuency to rotational speed rafio. Iwatsubo et al. obtained this data in 1988. 
Compare the force amplitudę plot in Figurę 4.8.69 with the displacement response phase 
and amplitudę, using force at the input in Figures 4.8.7 and 4.8.8. The latter have the 
typical, familiar, look of a forced response of a mechanical system, which includes a 
characteristic resonance peak of the displacement response amplitudę and sharp drop of 
the phase. While the phase plots are similar in all three figures, the magnitude of the force 
in Figurę 4.8.69 is “concave”, showing “anti-resonance” around 0.5 of the perturbation- 
to-rotational speed value. The Iwatsubo data was eventually reduced in the “Force-to- 
displacement rafio” format, called ‘‘radial and tangential force coefficients, F r /B and F,/B", 
which corresponds to the physical system dynamie stiffness format used in this book. 
An example from the data published by Ohashi et al. in 1988, is presented in Figurę 4.8.70. 
These results are comparable to the identified results discussed in Subsections 4.8.3 and 4.8.5, 
using Dynamie Stiffness graphs versus perturbation freąuency. 

A discussion of the Iwatsubo data (Figurę 4.8.69) is offered below. This data is represen- 
tative to the majority published data: several other authors, who used displacement at the 
input, obtained similar results and reduced their data in the same way. 

While obtained by different techniąues, using different input functions, the response 
vectors as functions of perturbation freąuency, can be presented in the form of Bodę plots: in 
Figurę 4.8.69, the force is the response, and in Figurę 4.8.7 the response is displacement, 
which was discussed in Section 4.8.3. 

Notę that, in the techniąue which uses force input (Figurę 4.8.7), the displacement 
response vector has a form characteristic for responses of a one-mode mechanical system 
to a periodic excitation with sweep freąuency. The occurrence of a resonance is obvious. 
In comparison with the response of a classical passive mechanical system, the response phase 
is, however, ahead of the input force. This indicates that the system is “active” and contains 
internal energy supplied by the rotor rotational speed. It also points out the “ąuadrature” 
naturę of this particular resonance phenomenon. The resonance freąuency has been identified 
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Figurę 4.8.69 Output force response phase and magnitude versus perturbation-to-rotational frequency ratio 
obtained by applying perturbation by forced displacement; output measurements: pressure 
measurements (solid lines) and load cells measurements (dashed lines). Courtesy of T. Iwatsubo 
et al. (1988). Rotational speed, Q = 2500rpm, pressure gradient, AP = 588kPa. 




Perturbation frequency-to-rotational speed ratio 



Figurę 4.8.70 Direct Dynamie Stiffness, measured as F r /B and Ouadrature Dynamie Stiffness, measured as 
Ff/B, versus perturbation frequency ratio for the system with circular displacement input and 
force output. Courtesy of H. Ohashi (1988). Linę -o-o- corresponds to 3-D impeller, linę -V-V- 
corresponds to 2-D impeiler. 
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Figurę 4.8.70 Continued. 



as XQ, where Q is the rotational speed. This means that XC2 represents one of the system 
natural freąuencies, which is generated purely by the fluid/solid interaction (see Subsection 
4.2.2 of this Chapter). 

Inputting a constant circular displacement and measuring the output in terms of forces, as 
used, for instance, by Iwatsubo et al. (1988) (Figurę 4.8.69), provides results of lower 
accuracy and, in addition, there is no elear physical interpretation of the results. The plot of 
magnitude of response force versus perturbation freąuency has an “anti-resonance” shape, a 
concave curve, which is a mirror image of displacement response amplitudę versus freąuency. 
The phase happens to be the same in both techniąues. It is obvious why, as by defmition, the 
phase represents the angle between the input vector and output vector, independently of the 
naturę of the input and output functions. Notę that the minimum point of the response 
force amplitudę occurs around one half of the rotational speed. This corresponds to the fluid 
circumferential average velocity, X, eąual to about 1/2. The notion of “force resonance”, 
or rather “anti-resonance”, is not known in mechanics. That is why, by using the input force 
methodology, the researchers who used force at the input have been morę fortunate to see 
direct physical interpretation of the results, as compared to those researchers who used forces 
as outputs. When a classical phenomenon, such as a resonance, occurs, the corresponding 
freąuency must be a system natural freąuency. Thus, the value XQ was identified as the 
system natural freąuency. 

In reality, the physical reasons standing behind the results obtained from both techniąues 
are the same. They can be explained by the basie eąuation: 

FORCE = DYNAMIC STIFFNESS x DISPLACEMENT 

In the techniąue (a) in Figurę 4.8.4, when the input force amplitudę is constant, the 
peak of displacement response occurs due to a minimum value of the dynamie stiffness at 
a specific perturbation freąuency. In the techniąue (b) (Figurę 4.8.4), when the input 
displacement amplitudę is constant, the force must have a minimum, when the dynamie 
stiffness has a minimum. The bottorn linę is that both experimental techniąues confirmed 
the fact that in rotating Systems containing fluid, the dynamie stiffness has a minimum 
at the freąuency XQ, close to a half of the rotational speed. The interpretation presented 
in this book is based on classical mechanics, where the notions of “natural freąuency” and 
“resonance” are well established and understood. Fluid, as a part of the larger mechanical 
system, experiences a similar behavior to solid deformable bodies, although it also exhibits 
its specific differences. The fluid steady-state motion and forces “on arerage ” fali into the 
same scalę as solid body motion and forces. 
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Parallel to circular input perturbation techniąues, other methodologies, such as impulse 
forces, were also applied to rotor/fluid Systems in order to identify the system parameters. 
There is, however, an advantage of the circular perturbation, in comparison to unilateral 
perturbation. The latter, in a form of classical modal analysis by impulse testing, was used 
for instance by Morton, 1975; Kanki et al., 1986b; Nordmann et ai, 1984, 1986, 1988; 
Massman et al., 1985; Diewald et al., 1988. As presented in this subsection, the results of 
circular forward perturbation applied to an isotropic rotor (rotor rotation and orbiting in 
the same direction) and backward perturbation (opposed direction) are significantly 
different (see Figurę 4.8.7). In isotropic rotor Systems, the whirl resonance occurs only for 
the forward perturbation: i.e., the “quadrature” natural freąuency aQ of the system has the 
plus sign only, as opposed to classical “direct” natural frequencies governed by stiffness 
and mass, which have “+” and ” signs. When using the unilateral perturbation of the 
rotating rotor, the forward and backward modę responses are mixed up and direct inter- 
pretation is not elear (see Section 1.6 of Chapter 1). 

In summary, the technique “input - force, output - displacement” provided excellent and 
meaningful data for identification of characteristics of fluid forces in rotor-to-stator 
clearances. The “twin brother” technique “input - displacement, output - force” provided 
also a large amount of meaningful data, but was lacking solid interpretations of results. 
Unfortunately, the majority of researchers have limited their vision of fluid force models 
to bearing and/or seal coefficients (see Section 4.11 of this Chapter). 

So far, the discussed perturbation technique consisted in applying the sweep-frequency 
rotating force, while the rotor rotational speed was kept constant. These roles may, 
however, be inversed. The technique “input - force, output - displacement” can also be used 
when the perturbation has a constant amplitudę and frequency, and rotor rotational speed 
is a slowly variable input parameter. This “inverse” of input functions allows for morę 
precisely identifying the fluid inertia parameters, Mf, 1/. The latter is fluid inertia circum- 
ferential average velocity ratio, which may be different from the damping rotation ratę, 
X. The equations for the rotor system Direct (DDS) and Quadrature ( QDS) Dynamie 
Stiffness are the same as developed in previous sections: 

F F 

DDS = K- Mar - M f (co p - XjQ) 2 = - cos(<5 - p), QDS = D{co p - /.Q) = - sin(<5 - p) 
p B B 

The data processing and displaying is, however, different. The sequence of measured 
rotor response vectors, Be^, will now correspond to a constant perturbation magnitude 
and frequency, but rotational speed will be the variable parameter. The components of 
the Dynamie Stiffness vectors now versus rotational speed are presented in Figurę 4.8.71. 
It is assumed that a constant perturbation speed is in the forward direction, but the 
rotor runs from —Q max (backward in relation to perturbation direction) to +Q max 
(or practically, the rotor runs in only one direction, for example eloekwise, while the 
constant-frequency circular perturbation force is applied first in counterclockwise then in 
eloekwise directions). 



4.8.13 Summary of Results of Numerical and Analytical Studies on Fluid 
Dynamie Forces in Seals and Bearings 

A numerical study of fluid flow in bearings and seals, based on a transformed conser- 
vative form of three-dimensional Navier-Stokes equations was carried out (Tam et al.. 
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Figurę 4.8.71 Direct (a) and Ouadrature (b) Dynamie Stiffness components versus rotational speed as 
a variable parameter. The circular perturbation has a constant amplitudę and frequency w p . 
Identification ot fluid inertia, M f , and fluid inertia circumferential average velocity ratio, X f . 



1988; Hendricks et ai, 1988). The results were compared with the averaged (lumped) fluid 
parameters in application to rotor/seal/bearing Systems. The rotor destabilizing factors 
were related to the rotational character of the flow field. It has been shown that these 
destabilizing factors can be reduced through a decrease of the fluid circumferential average 
velocity. The rotational character of the flow field is a complex three-dimensional system 
with bifurcated secondary flow patterns that significantly alter the fluid circumferential 
average velocity. By transforming the Navier-Stokes eąuations to rotating coordinates and 
using a numerical codę with a nonorthogonal body fitted grid, several numerical experiments 
were carried out to demonstrate the character of this complex flow field. The numerical 
experiments delineated regions of secondary flows. In generał, fluid injection and/or preswirl 
of the flow field opposing the rotor rotation significantly intensified these secondary 
recirculation zones and thus reduced the fluid circumferential average velocity. Injections or 
preswirls in the direction of rotation significantly weakened these zones. In these studies, 
additionally, the effect of axial flow was analyzed. 
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To the first order of accuracy, lumped parameters were extracted from the numerical 
experiments. The lumped model of the fluid dynamie force based on the average 
circumferential velocity ratio well interpreted the numerical results for relatively large, but 
limited, ranges of parameters. Nonsynchronous perturbation method provided meaningful 
information for system lumped parameter identification from numerical experiment data 
(Figurę 4.8.72). Fluid injections, from ports near the seal or bearing center, inereased fluid 
film direct dynamie stiffness and, in the cases where the ports were situated at an angle, 
inereased ąuadrature dynamie stiffness. 

Three turbulence models were tested: Prandtl mixing, standard k-e, and modified k-e. The 
Prandtl model under-predicted, while the standard and modified k-e models over-predicted 
appearance of secondary flow zones. 

Fluid dynamie forces and leakage rates were calculated and compared with seal data 
(Childs, 1983). The fluid radial and tangential force predictions based on the discussed 
numerical model were in reasonable agreement with selected experimental data. 

It was shown that the numerical data obtained from traditional computer-based 
programs could successfully be reduced in the format, which directly extracts the fluid 
circumferential average velocity ratio, the most meaningful parameter in dynamie analyses of 
rotors. 




Figurę 4.8.72 Fluid direct and quadrature dynamie stiffness components as functions of rotor speed for two 
axial Reynolds numbers. A comparison of numerically calculated results (Tam et al. 1988) and 
experimental results (Childs, 1983). K, is “cross-coupled” stiffness. a 0 denotes the effect of 
preswirl. 
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Figurę 4.8.72 Continued. 

4.8.14 Closing Remarks 

The methodology and results of the modal perturbation testing for identification of 
rotor/bearing/seal Systems, covering the rotor lowest modes, were presented in this section. 
The circular perturbation force, with constant amplitudę or amplitudę depending on 
freąuency, and with sweep freąuency, provided a multitude of meaningful results. Applied 
in either forward or backward direction, related to the rotor rotation, at a constant rota- 
tional speed, it provided data allowing for system parameter identification. It also allowed 
unearthing the fluid whirl resonance, which for isotropic Systems occurred only for for- 
ward directions of the perturbation, and fluid whip resonances (rotor first bending modę 
resonance) which exists both perturbation directions. It was shown that the anisotropic 
rotor systems have also a backward fluid whirl resonance. The Dynamie Stiffness format 
proved to be very useful in the parameter identification procedures, as it provided straight 
lines and parabolas, easy to fit with parameters. The results of identification of the rotor 
modal parameters and bearing/seal fluid dynamie forces (including nonlinear functions) were 
presented in this section. 

The most important result of perturbation testing was identification of an adeąuate 
fluid force model in clearances between rotors and stationary parts filled with fluid. This 
identified model, presented in Section 4.3 of this Chapter, is extremely useful in stability 
prediction and stability control of rotor systems opera ting within fluid environment. The 
fluid force model is also valid for any radial or axial clearances of two elements rotating 
at different angular speeds. 
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4.9 MULTIMODE FLUID WHIRL AND FLUID WHIP IN ROTOR/FLUID SYSTEMS 
4.9.1 Introduction 

Rotor instability induced by fluid/solid interaction, as in the case of fluid-lubricated 
bearings, seals, and/or in the main flow of fluid-handling machines, has been recognized for 
many years. As discussed in the previous sections of this Chapter, this instability manifests 
itself in the form of rotor self-excited lateral vibrations, resulting in rotor orbital motion 
with subsynchronous freąuencies, and are known as fluid whirl and fluid whip. While both 
fluid whirl and fluid whip belong to the same category of forward, circular (or elliptical), 
subsynchronous, self-excited lateral vibration of the rotor; they differ by the freąuency: 
the whirl freąuency is proportional to the rotor rotational freąuency; the whip freąuency 
is almost constant, independent of rotor rotational speed. In both cases, the rotational 
motion provides energy to sustain these self-excited vibrations. In most cases, where the 
instability threshold occurs at relatively Iow rotational speeds, there is also a determined 
seąuence of occurrence with increasing rotational speed, the fluid whirl precedes fluid whip. 
There exists a transition rangę between the fluid whirl and fluid whip, when the vibration 
freąuency smoothly, hyperbolically-like approaches to its constant value corresponding 
to the fluid whip (Figurę 4.9.1; see also Section 4.2 of this Chapter). This constant freąuency 
is close to the rotor flrst natural freąuency of the rotor bending modę. During fluid whirl. 




Figurę 4.9.1 Spectrum Cascade of the rotor vibration response during start-up, measured by the transducer “B”. 

The plot shows a “jump” of self-excited vibrations from the fluid whip modę to the second 
modę whirl (jump in freąuency and amplitudę). The rotor sketch indicates transducer locations. 
Oscilloscope in orbital modę for signals from transducers A and B displays that at the fluid whirl at 
Iow rotational speed, two ends of the rotor vibrates in phase; at high speed fluid whirl the rotor 
vibrates at its second modę (right- and left-side rotor sections vibrate 90° out of phase). 



© 2005 by Taylor & Francis Group, LLC 



424 



ROTORDYNAMICS 



the rotor modę is similar to the rigid body modę. At fluid whip, the rotor vibrates at its 
first bending modę. 

The situation described above corresponds to a relatively Iow rotational speed rangę. 
In rotors with widely spaced modes, the fluid whip, corresponding to the first bending 
modę, may switch at higher rotational speeds to either the fluid whirl of the second modę, or 
to the fluid whip of the second modę. In the case of the second modę fluid whip, its modę 
at the self-excited vibrations correspond to the rotor second bending modę. 

Figurę 4.9.1 presents the case when at a higher rotational speed (about 8000 rpm) the 
fluid whip of the first modę disappears, giving way to the fluid whirl of the second modę. 
While in the second modę whirl, the rotor vibrates at the same frequency W as the fluid whirl 
of the first modę, the second modę being characterized by a different relative phase along 
the rotor. During the fluid whirl of the first modę, both ends of the rotor vibrate almost in 
phase (the journal is slightly leading; has a smali torsional twist; see Subsection 4.7.4). 
Laterally, the rotor behaves like a rigid body in a pivotal modę. During the second modę 
fluid whirl, the phase of the rotor end supported in the fluid -lubricated bearing precedes 
the phase of the rotor end, supported in laterally rigid pivoting bearing, by about 90°. As 
far as lateral amplitudes are concerned, the rotor lateral modę still resembles the conical 
rigid body modę, with relatively smali amplitudes. After a rather violent fluid whip with 
considerable bending of the rotor, the “jump-down into amplitudę” into the fluid whirl of the 
second modę “quiets” the rotor. Notę that during the fluid whip, the phase difference 
between two rotor ends is about 90°, and hence the transition froni the fluid whip to the 
second modę fluid whirl did not affect the phase. The switch frorn the fluid whip to the fluid 
whirl of the second modę indicates that the fluid whirl represents a morę stable regime. 

A question arises as to what would happen if the rotational speed is further increased 
above 12,000 rpm. The answer is obtained from the second set of experiments, presented in 
this section. The fluid whirl of the second modę degenerates into the fluid whip of the 
second modę, further changing the amplitudę into the second “sinusoidal” bending modę 
of the rotor. The fluid whip of the first and second modes may also occur simultaneously. 
Speculatively, a situation may happen if the rotational speed is even higher, in the rangę 
of the third lateral modę, then the fluid whirl and fluid whip of the third modę may 
appear (although these cases have never been documented, as probably rotors would 
not easily survive such a vibrational ordeal). It can also happen that the fluid whirl or 
fluid whip disappears, and thus the rotor stabilizes. 

The niodal approach and rotating fluid forces used in modeling of rotors operating in 
a fluid environment and discussed in the previous sections have proved efficient. The models 
provided very simple mathematical relationships, which agree with observable physical 
phenomena, as described by Muszyńska (1986a,b, 1988a,c,d), Muszyńska et al. (1989d). 
The model of the fluid whirl and fluid whip phenomena, and their occurrence in the rangę 
of rotational speeds below the second natural frequency of the rotor bending modę, were 
described in Sections 4.2 and 4.6 of this Chapter. Applying a similar approach, this section 
presents results of modeling of the rotor/bearing/seal system describing the fluid whirl 
and fluid whip of higher modes. The model provides results in perfect agreement with prac- 
tically observed phenomena, which are illustrated here. The eigenvalue problem for the 
rotor system is solved, and approximate values of natural frequencies and thresholds 
of stability are derived. It is shown that there exist fluid-generated natural frequencies of 
the system and the corresponding modes. The nonlinear model allows for calculation of the 
after threshold, self-excited vibration parameters of the fluid whirl or fluid whip self-excited 
vibrations. 

The materiał of this section is adapted from the papers by Muszyńska (1990c) and 
Muszyńska et al. (1991b). 
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4.9.2 Model of the Rotor 

The mathematical model of an isotropic rotor supported on one pivoting, radially rigid 
and one fluid-lubricated bearing is as follows (Figurę 4.9.2): 



M\Z\ + D s ż i + (K\ + Kt)z\ — K 2 Z 2 — K z& Zt, / a — 0 



M 2 z 2 + Mf(z 2 — 2jXQż 2 — 2 2 Q 2 Z2) + D(ż 2 — j/.Qz 2 ) 



+ (K 0 + K 2 + Kj)z 2 + ^(\z 2 \)z2 - K 2 z\ — 0 



(4.9.1) 



I T ź 3 -flpOh + D s& ż 3 + Kf,az\ — 0 



z i - x t +jy h i — 1 , 2 , 3, zj = -jaft, \z 2 \ — + yj 



where z\, 22 are rotor disk and journal radial displacements respectively, 23 is rotor disk 
axial and i) is disk angular (complex) displacement respectively, a is the constant coefficient 
with dimension of displacement (see Figurę 4.9.2); K \ . K 2 , k' 3 , K t) . K zf) are rotor generalized 
(modal) stiffness components, K 3 includes stiffness of an external spring supporting the 
journal; M x and M 2 , are generalized modal mass of the rotor at disk and journal locations; 
D s and D si) are generalized viscous damping coefficients; I T and I P are rotor disk transverse 
and polar moments of inertia correspondingly, K 0 , D , Mf are bearing fluid film, radial 
stiffness, damping, and inertia respectively; X is the fluid circumferentia 1 average velocity 
ratio (supposed here to be constant) and Q is rotational speed. The function i/^d^l) repre- 
sents the fluid film radial nonlinear stiffness (^(0) = 0). Other nonlinearities are omitted 
in this model. 

For a rotor with a negligible gyroscopic effect, that is when I p <£ I p , Eq. (4.9.1) is 
adeąuate for the model of two-disk rotor (Figurę 4.9.3) with 

K z t) = K u K {) = K\ + Ką, I t = M 3 , a = 1 (4.9.2) 

and corresponding modification of dimensions. 

The model (4.9. 1 ) includes two modes for the isotropic rotor and takes into consideration 
the rotational character of the isotropic fluid force in the bearing. It is assumed that the fluid 
film radial force is rotating at a ratę ),Q. 




Figurę 4.9.2 Two-mode rotor model with gyroscopic effect. 



© 2005 by Taylor & Francis Group, LLC 



426 



ROTORDYNAMICS 



Ą(t) ^(t) 




Figurę 4.9.3 Two-mode rotor model without gyroscopic effect. 



4.9.3 Eigenvalue Problem: Natural Frequencies and Instability Thresholds 

For t/r( |r 2 1) = 0, Eq. (4.9.1) are linear and provides the following characteristic equation 
for the complex eigenvalue co: 

k 2 (kik 3 - K 2 zi} ) - K\k 3 = 0 (4.9.3) 

where 

ki = Ki + K 2 - Miar +jD s co (4.9.4) 

k 2 = Ko + K 2 + K 3 - M 2 co 2 - M f (a> - W) 2 + jD(co - aQ) (4.9.5) 

k 3 — A* — ifor + IpcoQ + jD sit o) (4.9.6) 



are corresponding complex dynamie stiffness components. 

It was shown in Section 4.7 of this Chapter that in the case of the rotor model with 
one lateral complex modę and with one source of the fluid force, the characteristic 
equation had three roots. One complex root a>, has the real part close to aQ (fluid whirl 
frequency) and two roots have the real parts close to the rotor first forward and 
baekward bending modę natural frequency. A similar idea holds true in the case considered 
above, except that the characteristic equation, Eq. (4.9.3), now contains two rotor modes 
and four corresponding modal natural frequencies as the solution of the characteristic 
equation 



Re{KiK 3 ) — K 2 Z]J = 0 



(4.9.7) 



where “Re” denotes the real part. Eq. (4.9.7) is as follows: 



(Ki +K 2 - M x ca 2 )(K$ - I T ar + I P coQ) - Kz & = 0 



Neglecting the gyroscopic effect (I p ~ 0), this equation provides four modal “mechan- 
ical” natural frequencies of the rotor: 



<W«1,2,3,4 




Ki + Ki 
2Mi 



K^ ± If Ki+Ki K 2 & 

2 I T V V -Mi 21 T ) M x I t 



(4.9.8) 



0<(U„1 2 = — (0„1, a>„ 4 — —CO„3 
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The freąuencies (4.9.8) represent four approximate natural freąuencies of the rotor 
model (4.9.1). 

The root of Eq. (4.9.3) corresponding to the fluid whirl freąuency exists as in the case 
of the complex modę model discussed in Section 4.6. The calculation of the approximate 
value of the corresponding fifth eigenvalue of Eq. (4.9.3) starts with the transformation of 
Eq. (4.9.3) as follows: 



K2 



Ą 



K 1 



3 



Or, introducing the dynamie stiffness values, Eqs. (4.9.4) to (4.9.6): 



K 0 K 2 -ł - K 3 — M 2 — Mf(a> — A£2) -j- jD(co — aQ ) 

= K\ 

K\ + A; — \ / + jD s co — ( Kt r> / Kf, — IjG)- + I p cl>Q + jD s ^co) 



Neglecting rotor external damping, D s , D s9 , and fluid inertia, Mf, and assuming 
that a zero-th order approximation of an eigenvalue is co — 1 Q, leads the above equation 
to the following relationship representing the fifth approximate comple. r eigemalue of the 
system: 



2o2 



a>„5 — aQ + — I Kq + K 2 + Kt, — M 2 a Q 



Ą 



K { +K x - M \ )?Q 2 - Kl f) /K 0 - I t a-Q 2 + I r /.Q 



(4.9.9) 



Many numerical experiments, calculating rotor eigenvalues using Eq. (4.9.3), show 
that the sixth complex eigenvalue has the real part nearly linearly related to the rotational 
speed. It may be positive or negative with positive or negative slope, depending on the 
fluid inertia (negative values for smali Mf, positive values for high Mj) and depending on 
journal modal mass (positive values for smali M 2 and negative for large M 2 ). The imaginary 
part of this sixth complex eigenvalue is positive, usually with a very high value (highly 
damped), so the sixth eigenvalue does not contribute to rotor instability. 

In contrast, the imaginary parts of the complex eigenvalues co„ 5 , a>„i, a > n2 (with positive 
real parts, natural frequencies (4.9.8) corresponding to forward modes) may be positive 
or negative in certain regions of the rotational speeds, and hence these eigenvalues predict 
the stability or instability of the system. 

Equating the expression in brackets of Eq. (4.9.9) to zero leads to the following 
bi-quadratic equation (journal mass, M 2 neglected): 

A 4 q4 - a 2 q 2 (K + K + K 2^1± K A \ 

\M i If-Ip/l M l (K 0 + K 2 + K 3 )J 



A'i K„ K 2 K & (K 0 + K 3 ) Kit 

+ Mi(I t - Ip/l) + Ml (I T - Ip/A)(K 0 + K 2 + K 3 ) Ml (I T - Ip/X) 
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Solving this eąuation for £2 provides an approximate prediction of two thresholds of 
instability, corresponding to the fluid whirl freąuencies. Their values are as follows: 



1 

1 Ki K 2 (K 0 + K 3 ) K* /-]2 

k\2Mi 2 M 2 (K 2 + K 0 + K 3 ) + 2(1 T - Ip/l) V °J 



(4.9.10) 



where 



( Ki K 2 (Kq + K 3 ) K » V 

V V \2Mi 2 M 2 (K 2 + K 0 + K 3 ) 2(1 t - I P /2 ) M\ (I T - I P /X) 

With increasing rotational speed, both thresholds (4.9.10) lead from stability to insta- 
bility, and hence both are instability onsets. Between these onsets, there exists a cessation 
threshold £2 st2 . For rotational speeds higher than Q st3 , there is yet another cessation thres- 
hold, £ 2 st 4 . The approximate calculation procedurę for these cessation thresholds start 
with splitting of Eq. (4.9.3) into real and imaginary parts and retaining only the real part. 
Taking into account Eq. (4.9.7), this real part of Eq. (4.9.3) is as follows: 



D(ol> — /13)(Rc(/r i)/) s ,>(U + Rc(k 3 )D s o)) + I<\ Rcf/fi ) = 0 

From Eq. (4.9.7) it follows that Refe) = K^/Re(K\). Finally, the approximate values 
of these two cessation thresholds are as follows: 



£2 s t 2.4 — 



<W« 1,3 



Dco„ij(d s + D s ff(K\ + K 2 — M\ur i 



Ą 






(4.9.11) 



where co is replaced by the natural frequencies a>„ i or co n3 respectively. The threshold 
£2 sl 2 corresponds to the first, and Q st4 corresponds to the second positive modal natural 
frequency (4.9.8). 

In the high rangę of rotational speeds there exists the fifth instability onset corresponding 
to the second modę whirl natural frequency. Its approximate calculation starts from the 
imaginary part of Eq. (4.9.3) equated to zero (fluid inertia neglected): 



D(co — /T2)(RcU'| )Rc(/o v ) — Kz & ) + Rc(/C 2 )[Rc(K 3 )/) s ftj + Re(/ci )D si) oĄ — K\ D st) o) — 0 



The first part of this equation vanishes because of Eq. (4.9.7). The second part leads to the 
following bi-quadratic equation, in which w is replaced by A£2: 



x 4 q 4 - x 2 q 2 



Kq + k 2 + k 3 
m 2 



Ki + K 2 T K,t D,J D s f) 

M\ + (It — I P /X) 



(K 0 + K 2 + K 3 )(Kj +K 2 + K t) DJD s§ ) - *f 
M 2 (M\ + (I p — Ip/2 )) 
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From here, the approximate value for the threshold Q st s, together with another, slightly 
different approximation of Q st2 , is as follows: 



1 

1 / Kp + K 2 + K } K\ + K 2 + K d D s /D s9 
1 \ 2M 2 2[M\ + {It — I p /A)D s /D S ff\ ) 



(4.9.12) 



where 



/ / Kp + K 2 + K 3 K { +K 2 + K 0 D s /D sf) \ 2 Ą 

V ' “ V V 2M 2 2[M\ + (I T - [ p /a)D,/D s{} ]) + M 2 [Mi + (I T - I p /a)D s / D st) \ 

The rangę of rotational speeds between Q st \ and Q sr2 corresponds to the fluid whirl 
or fluid whip instability of the first modę. Within the rangę Q sl2 <Q<Q st Ą, there is the fluid 
whirl of the second modę. For higher speeds, Q>Q st s, the fluid whip of the second 
modę occurs. 

The summary of the rotor/bearing system most significant eigenvalues versus rota- 
tional speed in the form of a qualitative sketch is presented in Figurę 4.9.4. The natural 
freąuencies (4.9.8) with negative real parts always have positive imaginary parts, and 
hence they do not affect stability. They are not shown in Figurę 4.9.4. 




Figurę 4.9.4 Rotor/bearing system complex eigenvalues versus rotational speed. Only three eigenvalues are 
shown. Case with relatively high radial damping D of the bearing fluid film. 
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Notę that all instability thresholds are inversely proportional to the fluid circum- 
ferential average velocity ratio, 1. A decrease of X moves, therefore, the thresholds into 
higher ranges of rotational speed, hopefully above the operational speed of the rotating 
machinę. The fluid circumferential average velocity ratio is the most important parameter 
in controlling rotor fluid-induced instability. The sensitivity of the instability thresholds 
to other parameters is discussed in the next section. 



4.9.4 Sensitivity of Instability Thresholds to System Parameters 

The approximate values (4.9.10) of the instability onsets, Q s1 1 , 3 , do not include any 
damping. It is evident that rotor external damping will move both the onset thresholds 
Q st i and Q st 3 to higher ranges of the rotational speeds, as discussed by Muszyńska 
(1988d). When Q st \ — Q st 2 and/or Q sl j — Q st 4 , the corresponding instability region vanishes. 
Numerical experiments indicate that for each instability region and corresponding set 
of system parameters, there exist, therefore, specific “critical” external damping values, 
which would eliminate instability. The instability occurring in the rotational speed rangę 
Q sl 3 <Q<Q st Ą is most sensitive to the rotor external damping and easily disappears 
with practically provided damping of real Systems (corresponding to loss factors in the 
rangę of 0.01). The elimination of the first region of instability, namely, Q s ,\ <Q<Q S ,2 
usually reąuires morę external damping. 

The role of the fluid film radial damping D in rotor stabilization is quite interesting. While 
providing the system with much higher amount of damping than the rotor external damping, 
the rotating fluid film radial damping force represents also, at the same time, a destabilizing 
factor, creating the “cross coupled stiffness” the tangential force, through the rotation at 
a fluid circumferential average velocity Ź.Q. While increasing the rotor external damping D s 
and/or D s $ leads always to rotor stabilization, an increase of the fluid film radial damping, 
D , may lead first to instability, passes a minimum, and only at sufficiently high values 
provide rotor stabilization. Figurę 4.9.5 presents a relationship of the imaginary part of the 
rotor/bearing system complex eigenvalue, which is responsible for the first instability 
threshold, versus fluid film radial damping. As is seen, this relationship is nonlinear. 

This nonlinear effect explains an often confusing experience in looking for easy fluid 
whirl cures in rotating machinery: in rough statistics, an elimination of fluid whirl succeeds 
in about 50% of cases when bearing-lubricating oil is cooled down. Heating the oil helped 
in about 30% of cases. In the remaining cases, neither of the approaches eliminated 
fluid-induced whirl or whip, as probably in these “quick fix” experiments the tempe- 
raturę ranges were not sufficiently large. The rotor instability chart versus bearing fluid 
film radial damping (proportional to the lubricant viscosity and, consequently, versus 
temperaturę), explains the phenomenon (Figurę 4.9.6). Cooling the lubricant will help if 
the machinę operating point is in the higher ranges of oil viscosity. Fleating the oil helps 
when the bearing operates at lower ranges of oil viscosity. It is also known, however, that 
heating or cooling of the lubricant may affect morę than just bearing fluid film radial 
damping. It may also modify bearing clearance, flow conditions, rotor alignment, etc. 

The radial damping of the bearing fluid film, D, provides a stabilizing effect to the 
system in a significantly nonlinear way. There exists an optimum value of D, which provides 
in the highest positive imaginary parts for the complex eigenvalues, resulting in the largest 
stability margin. An example is illustrated in Figurę 4.9.7. This effect was first noticed by 
Lund (1974). 

Fluid film radial damping has also an important influence on the appearance of 
natural frequencies. Relatively high damping (for example D>yj(K\ + K 2 )M \ ) causes &>„ 5 
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Figurę 4.9.5 Sensitivity test: Imaginary real part of rotor/bearing system complex eigenvalue versus fluid 
radial damping of the bearing fluid film. Depending on the machinę operating point, if the 
machinę is unstable, a decrease of smali damping, or an increase of high damping may stabilize 
the rotor. 




Figurę 4.9.6 Imaginary part of rotor/bearing system complex eigenvalue versus temperaturę. 



(Eq. (4.9.9)) and i (the lowest positive value from Eq. (4.9.8)) to belong to two branches 
of the hyperbola-like curves (Figures 4.9.4 and 4.9.8). Low damping separates these 
frequencies. The rotor instability for high rotational speeds is practically insensitive to any 
damping. 
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Figurę 4.9.7 One of the rotor/bearing system eigenvalue versus bearing radial damping in the polar plot format. 
Numbers indicate values of D in Ib-sec/in. 



(a) D = 510 Ib s/in = 89,311 kg/s (b) D = 515 Ib s/in = 90,187 kg/s 




[rad/s x 100] [rad/s x 100] 

Figurę 4.9.8 Two complex eigenvalues in the polar plot format, (a) Lower bearing radial damping, (b) Higher 
bearing radial damping. Numbers indicate rotational speed in rpm. The rest of the data the same 
as in Figurę 4.9.5. 



The instability of the rotor second modę at the rotational speed Q st2 is relatively easy to 
eliminate by increasing the gyroscopic effect (higher values of the polar moment of inertia, 
I P ). The gyroscopic effect has no influence on other instability thresholds. 

An increase in bearing fluid film radial stiffness, K 0 , improves the system stability 
by moving the onset of instability Q s ,i, &st3, and &st 5 to the next higher rotational speeds. 
Since the cessation thresholds Q st2 and Q st4 are practically independent of K 0 , the increase 
of K 0 narrows the instability regions Q sll <Q<Q st2 and Q st 2 <Q<Q st4 to the point of 
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Figurę 4.9.9 Three mass rotor/seal model. 



their entire elimination. It is known that bearing fluid film radial stiffness increases with 
fluid pressure. As discussed earlier, externally pressurized bearings (“hydrostatic” bearings) 
have a good reputation of providing rotor system high stability features. This study confirms 
the stabilizing role of high radial stiffness in the bearing fluid film. 

The stiffness A 3 , which appears parallel to A 0 , may result from modal reduction 
when the rotor parameters are generated using for instance, FEM method. The stiffness A 3 
may also contain the stiffness of an external radial spring supporting the journal. It 
corresponds to the rotor model illustrated in Figurę 4.9.9. In this model, the rotor with 
the second lumped generalized mass M 2 , rotates inside a seal, rather than in a bearing 
(rotor is supposed to be rigidly supported at the ends). 

Since the model of this rotor/seal system is the same as that of model (4.9.2), all 
results discussed here hołd true. In particular, an increase of the stiffness A 3 it brings a 
stabilizing effect. 



4.9.5 Reduced Models 

An increase of stiffness K 2 (to infinity, in an extreme condition) causes a reduction of the 
discussed model (4.9.1) to two complex degrees of freedom (in this case z 2 = z\). The 
corresponding characteristic eąuation is reduced to: 

*T*3 - = o 

where the complex dynamie stiffness k* is modified in comparison to in Eq. (4.9.3): 

tc[ = Ko + K x + A 3 +jD s co - (Mi + M 2 )or - M f (co - aQ) 2 + jD(co - /.Q) (4.9. 1 3) 

Elsing the model (4.9.2) with no gyroscopic effect (Figurę 4.9.3), the characteristic 
eąuation provides the following natural freąuencies: 



1,2 



± 



K\ + A 4 

M 3 ’ 



3 



AQ 



(4.9.14) 



Hence there exist three instability thresholds. Two onsets are as follows: 



Al + K ą K 0 + Aj + A 3 / 


/Ai + A 4 A 0 + A, + AA 


2 i Ą 


2 M 3 2(Mj + M 2 ) V 


V 2 M 3 2(Mi + M 2 ) J 


1 M 3 (Mi + Mi) 



(4.9.15) 
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and one cessation is as follows: 



^st 2 



1 j Ki+K 4 ( K\Mj \ 

AV Mi l DD, ;it (K\ + Ką)) 



(4.9.16) 



Here the thresholds Q s ,i and Q st 4 vanish. Another approximation of the first instability 
threshold provides: 



Q ~I ( K * K^Ko + Kj) \ MfjK, + K\ + Kj) 
st 1 ~ A Y \Mi + Mi(K 0 + Ki + Ki)) V MiĄ 

where the stiffnesses K, and (Kq + Ki) are in series, yielding an equivalent stiffness which 
is lower than any one of them. Hence the most significant importance is for the first term 
in Eq. (4.9.17). It leads to the next level approximation which is as follows: 

\7 1 T 

This approximate value of the instability threshold of the rotor/bearing system, with 
2 = 0.5 was first presented by Poritsky in 1953. 

A further reduction of the model to one complex degree of freedom is obtained by 
increasing to infmity the stiffness K x (Figurę 4.9.10). This model, representing a rotor/seal 
system, was discussed by Muszyńska et al. (1989d). It is shown that the threshold of 
instability is as high as 




(4.9.17) 



Q 'JS±* 

51 2 V M 



(4.9.18) 



where ^/(Ki + Ką)/M (with M — M\ + M 2 + Mi) represents the natural frequency of the 
system. At the rotational speed (4.9.18), the fluid whip regirne is initiated. The instability 
threshold is high enough that the fluid whirl of the first modę does not occur. 



4.9.6 Fluid Whirl and Fluid Whip — Self-Excited Vibrations 

The linear model of the rotor system provides the instability thresholds. When an 
instability threshold is reached, the rotor lateral vibrations start unwinding and considerable 
displacements activate the nonlinear effects, mainly in the fluid film. They slow down 
the vibration amplitudę growth, ending up in a limit cycle of self-excited vibrations. The 



k 4 


11/ JJ 


k 3 


I 




I 






J: 



/T/77 

M 



Figurę 4.9.10 Reduced rotor/seal model (M = Mi + M 2 + M 3 ). 
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nonlinear model (4.9.1) allows for calculation of freąuencies and amplitudes of these self- 
excited vibrations. 

The solution of Eq. (4.9.1) is sought in the following form: 

z, = A ie J ' (w ' +ai \ z 2 = A 2 e Jwt , z 3 = A 2 e Aa,,+a3) (4.9.19) 

where co is the freąuency of self-excited vibrations, A\, A 2 , A 2 are amplitudes, and a \ , a 3 are 
phase angles relative to the phase of the journal motion, A 2 . 

Substituting Eqs. (4.9.19) into Eqs. (4.9.1) results in three complex number algebraic 
equations to calculate the above-mentioned unknown self-excited vibration amplitudes, 
relative phases, and frequency: 



A\Q ja 'K\ — A 2 K 2 — AT,Q jai K :9 /a — 0 



A 2 (k 2 + MA 2 )) - A\K 2 Q ja ' = 0 
A 2 e ja, K 2 - A i e 7 " 1 K z $a - 0 

After a simple transformation the following relationships result: 



(k 2 + \1/(A 2 ))(k]K 3 - K 2 z§ ) - K\k 2 — 0 



Ate M = A 2 



k 2 

k 2 



A 2 t jai — A 2 



(lK-f}K 2 

K 2 k 2 



(4.9.20) 



(4.9.21) 



Splitting the first of Eqs. (4.9.21) into its imaginary and real parts provides two equa- 
tions to calculate the self-excited frequency and the amplitudę of the journal self-excited 
vibrations, A 2 : 



lm(/r 2 )(Re(/r i )Re(/c 3 ) - lm(/ci )Im(/c 3 ) - Kz & ) 

+ Re(/c 2 )(Re(ATi)Im(K: 3 ) + Im(/ci )Re(/c 3 )) — A|lm(/<: 3 ) = 0 (4.9.22) 



(Re(/f 2 ) + t/r(^ 2 ))(Re(*:i)Re(/c 3 ) - Im(/ci)Im(/c 3 ) - K 2 zi} ) 

— Im(/c 2 )(Re(Ari)Im(A: 3 ) + Im(/ci)Re(/c 3 )) — K 2 Re(K 2 ) — 0 (4.9.23) 

Equation (4.9.22) serves for calculation of the self-excited frequency, Eq. (4.9.23) — for 
calculation of A 2 as inverse of the function i//. Notę that the first Eq. (4.9.21) for freq- 
uency co is very similar to the characteristic Eq. (4.9.3). The only change is that the stiffness 
K 0 increases to Kq + t/ r(A 2 ). It means that the Solutions co, obtained from Eqs. (4.9.22), 
will be very close to the system natural frequencies co„ at the instability thresholds. 
It results directly from Eq. (4.9.22), if the rotor external damping is neglected, thus 
Im(/ci) = Im(/f 3 ) = 0. Eq. (4.9.22) reduces to: 

D(co - lQ)(Re(Ki)Re(K 3 ) - K 2 z{) ) = 0 (4.9.24) 
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From Eq. (4.9.24) it follows that the first self-excited freąuency is co — aC2 and two 
others are co — co ni , co — co „ 3 (Eqs. (4.9.8)), as the remaining part of Eq. (4.9.24) is the same 
as Eq. (4.9.7). Thus, with a marginal difference that the rotor external damping can 
produce, the rotor self-excited vibration frequencies are the same as the rotor system 
natural frequencies. This fact is well known in Nonlinear Mechanics (Minorski, 1947; 
Stocker, 1950). 

For each self-excited frequency, the journal amplitudę can be calculated from 
Eq. (4.9.23). Further on, the rotor self-excited amplitudes A 1 , A 3 , as well as their relative 
phases, a\, a 3 , can straightforwardly be calculated from the second and third Eq. (4.9.21). 
For the model (4.9.1), reduced to four degrees of freedom, the procedurę for calculation 
of the fluid whirl and fluid whip parameters was presented in Section 4.6 of this Chapter 
and in publications by Muszyńska (1986a, 1988d). 



4.9.7 Rotor Model With Four Complex Degrees of Freedom: Two-Mode 
Isotropic Rotor Supported by Two Fluid-Lubricated Bearings 

In the previous subsections, the considered rotor models included one and two 
lateral, isotropic rotor modes, with only one source of fluid force in a bearing or a seal. In 
this subsection, the two lateral modę isotropic rotor is supported with two fluid-lubricated 
bearings, and thus contains two potential sources of instability. As done previously, the 
modal approach is applied in rotor modeling. The eigenvalue problem for the rotor system is 
solved, and approximate values of natural frequencies and thresholds of instability are given. 
It is shown that there exist fluid -generated natural frequencies of the system and the 
corresponding modes. The nonlinear model allows for calculation of the after-threshold self- 
excited vibration parameters of the fluid whirl and/or fluid whip type. 

The most important and new result presented in this subsection is the simultaneous 
existence of the self-excited vibrations of the fluid whip-type corresponding to the two lateral 
modes of the rotor. The model predicts this phenomenon, and provides measures to control 
it. The results of experiments, which demonstrate the fluid whip vibrations of two modes, are 
presented in the following subsections. 



4.9.7.1 Rotor Model 

Consider a balanced isotropic rotor supported by two fluid 360° lubricated bearings 
(Figurę 4.9.1 1). The equations of lateral vibrations for the rotor concentrically rotating in the 
bearings are as follows: 



M\'ż\ + D s iii + K 6 z\ - K&z 2 - K\z 2 — 0 
M 2 Z 2 + D s 2 z 2 + K2Z2 — K%Z\ + KąZą — 0 

M 3 r 3 + Z>i(i 3 -jAiQz 3 ) + (Ki + iCoi)z 3 + z 3 ^i(|z 3 |) - K\Z\ = 0 

MąZą + D 2 (Zą — jX 2 OZ 4 ) + (K 2 + ATo2 )— 4 + z 4^2(\ z 4\) ~ KąZ 2 — 0 

_ K 2 Z \ + K3Z2 
K 2 + Kt, + Ks 
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Figurę 4.9.1 1 Rotor model. 

where 

Kl + ]/K 2 +\/K 3 + K 5 ’ Kl = Ką + 1/K, + ]/K 2 + K 5 

1 

1 Wi + 1/^3 + K 5 /K 2 K 3 ’ 

Z/ = Xi +jVi, N = s jxf +yj, i = 1,2, 3,4 

and where x,- , y t are rotor horizontal and vertical displacements, M K,, i = 1 , . . . , 4, D s \ , D s2 
are rotor generalized (modal) masses, stiffness, and damping coefficients, respectively. 
Notę that the isotropic rotor model includes two lateral modes. The corresponding modal 
parameters can be obtained analytically by modal reduction of the finite element model or 
obtained experimentally. In eąuations (4.9.25), Koi, Kq 2 , Di, D 2 are bearing fluid film radial 
stiffness components and radial damping coefficients respectively; and X 2 are corres- 
ponding bearing fluid circumferential average velocity ratios; K 5 is stiffness of an additional 
supporting spring, Q is the rotational speed, i]r \ , 1/^2 are the fluid nonlinear stiffness 
functions of radial displacements of the corresponding journals. Asdiscussed earlier, the 
nonlinear functions are assumed here in very generał form and hence the results are valid for 
any type of fluid-lubricated bearing nonlinearities. The isotropic rotor lateral displacements 
are expressed using the complex number formalism. For clarity of presentation, the 
unbalance forces, cross damping, fluid inertia, and other nonlinear functions are omitted. 

4.9.7. 2 Eigenvalue Problem: Natural Frequencies, Thresholds of 
Instability, and Modes 

The eigenvalue problem for linear eąuations (4.9.25) (i.e., when 1 /q =0, ^/ 2 = 0) provides 
the following characteristic eąuation: 

(ati/c-3 - K])(k 2 k ą - K j) - K\k 2 k ą = 0 (4.9.26) 

where 

k ] = A,. -|- jD s \0) — .1 / 1 o.X , k 2 — A 7 -|- jD s2 u> — M 2 ot ^ ^ 

k 2 — Ki + Aioi + jD 1 {co — /. ] ii ) — Mice?, ką — Ką + Kq 2 + jD 2 (co — 1 2 Q) — Mącct 



k 6 = 

K* = 
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Figurę 4.9.12 Imaginary and real parts of the eigenvalues, s=ja>. 

are system dynamie stiffness components and co — — js is a complex eigenvalue. Parametric 
analysis of (4.9.26), using the coefficient values in the rangę identified from real Systems, 
provides generalized results regarding the system natural freąuencies and thresholds 
of instability. They are qualitatively summarized in Figurę 4.9.12. Two natural freąuencies 
are close to the values A X Q and hQ, and thus are fluid whirl freąuencies. The corresponding 
real parts of these eigenvalues have negative and positive values, and hence they provide 
the important thresholds of instability (onsets). The next two eigenvalues are close to 

s = s = - f/ ~jś- 2 & (4.9.28) 

JV1 3 JVLą 

and their constant negative real parts assure stability. The remaining four eigenvalues, s, have 
imaginary parts close to the two-mode rotor natural freąuencies, which are fluid whip 
freąuencies: 



U k 6 k i \ , K l 

O0n 1 , 2 , 3.4 ~ 2M] + 2 M 2 Y \2M x 2 M 2 ) + M x M 2 

The real parts, corresponding to the negative freąuencies (4.9.29), are negative, approaching 
the values 



2 

(4.9.29) 



D s i D s 2 

2M [ ’ 2. Ml 
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respectively, so that they assure the stability of the system. The real parts corresponding to 
the positive natural freąuencies (4.9.29) may be negative or positive, thus providing 
additional thresholds of instability (cessations). Ali thresholds of instability depend directly 
on the bearing fluid circumferential average velocity ratios. They are nwersely proportional 
to either X\ or 2 , 2 , or a combination of both. 

The approximate values of the fluid whirl instability onsets of the first modę, driven by 
the first and the second bearing fluid forces are respectively: 




2(1+ Ab, 




1 



2(\+K Q2 -M^ ń )/K nń 

(4.9.30) 



where co n i is the rotor first modę positive natural freąuency (4.9.29) and K m \ is its 
corresponding rotor first modę modal stiffness. The role of fluid circumferential velocity 
ratios and fluid film radial stiffness components in the rotor stability are evident: a 
decrease of k \ , 2 2 and/or increase of Koi, K 02 causes an increase in the onset of instability. 
For sufficiently high fluid film radial stiffness K 02 , this first modę onset of the fluid 
whirl instability will not occur (see Figurę 4.9.13). With the next step of approximation, the 
similar formulae as equations (4.9.30), with a>„ 2 and K m2 will, respectively, correspond to the 
onset of second modę fluid whirl instability. 

Some numerical examples are presented in Figures 4.9.13 and 4.9.14. It is seen that 
for relatively high values of fluid damping D u D 2 , the coupling of the system causes the 
cross sections of the positive constant and rotational speed-dependent natural freąuencies 
to degenerate into hyperbolas. This effect does not take place for negative freąuencies. 

The modal functions 0 ;v — Zi/z v of the linear system (4.9.25) can be defined as complex 
displacement ratios related to the first disk (x=\). They represent complex numbers as 
given belo w. 



221 



= <p2\Z ni ' — 



Ką 



k 2 4 k s 



( K] k 2 -KI)-K 2 ^ 



1 


( 


K s 


*3/ 



03i - 03i e 7X31 - 



^i 

*3 



Ką 

041 = 042021 = 04ie ,X41 = — 0 2 ie A21 

Ką 



(4.9.31) 

(4.9.32) 

(4.9.33) 



where the modal function amplitudes 0, v and phases % iv can easily be calculated frorn 
Eq. (4.9.27) for the corresponding complex eigenvalues oj, obtained from Eq. (4.9.26). In 
Eq. (4.9.31), Eq. (4.9.26) was used. The rotor modes at fluid whip freąuencies (4.9.29) are 
classical. The rotor disks vibrate in phase for the lower natural freąuency and 180° out of 
phase for the higher ones. Modal function phase angles of the inboard journal relative to the 
first disk fei), and the outboard journal relative to the second disk (/ 42 ) are ąuite interesting: 



Z 31 



= arctan 



Di (2j Q — co) 

Ki + Kq 1 — Mąco 2 



X42 



— arctan 



Z> 2 ( 2 2 f 2 — co) 

Ką + Kq 2 — M 3 OJ 2 



(4.9.34) 



For the whirl driven by the inboard fluid film force, co ^ 2jf2, the phase Xn eąuals either zero 
or 180°, depending on whether f2<(l/2 1 )y / (A 1 +K 0 i)/Mt, or f2>(l/2 1 )y / (A| +K 0 i)/Mt,. 
This means that for the lower modę fluid whirl vibrations, the inboard journal and the first 
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istwisli] 



K, = 695 lb/in = 121708 N/m 

K 2 = K 3 = 2891 lb/in = 50960 N/m 

Ką = 434 lb/in = 76002 N/m 

K 5 = 50 lb/in = 5756 N/m 

Mi = M 2 = 0.017 Ib s 2 /in = 2.98 kg 

M 3 = 0.005 Ib s 2 /in = 0.88 kg 

M 4 = 0.006 Ib s 2 /in = 1 .05 kg 

D st = D s 2 = 0.1 Ib s/in = 17.5 kg/s 

Di=D 2 = 800 Ib s/in = 140096 kg/s 

K 0 i = 650 lb/in = 113828 N/m 

Xi = 0.37 t I 

A 2 = 0.362 1 ■ ■ . ■ 







.25 .50 

Rotational speed [krpm x 1 0] 
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CD 
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driven by inboard 
bearing 



Driven by 
outboard bearing 



: 280 lb/in = 49034 N/r 
: 500 lb/in = 87560 N/r 



Driven by outboarr 
bearing 




' 0 .25 .50 .75 

Rotational speed [krpm x 10] 

Figurę 4.9.13 Rotor system eigenvalues for particular cases, qualitatively representative fo 
changes in instability thresholds with increase of the outboard bearing fluid 
The other real and imaginary parts of eigenvalues are practically insensiti’ 
increase of K 0 2 , both onsets of instability driven by the outboard bearing occur 
speeds. For sufficiently high K 02 only the second instability onset exists. 



i 



disk vibrate in phase; for the higher modes, they are 180° out of phase. Si 
holds true in case of the second disk and outboard journal phase, when tl 
driven by the outboard bearing fluid film force (second Eq. (4.9.34)). 

If the fluid whirl is driven by the inboard bearing fluid force, and >k 2 
Xn2 falls either between 270° and 360°, when Q<(\ 1X2) s/(Ką + Kq 2) /Mą, or bi 
270°, if Q > (l/X 2 )Vm + K Q2 )/Mą , approaching 180° when the rotational sp 
If Ai <X 2 then either 0 < / 49 < 90 for the respective lower speed rangę, or 90 : 



te ] 


phase 


80 


0 and 


icrr 


sases. 


181 


3° for 
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Figurę 4.9.14 Rotor system eigenvalues for a particular case. 

the higher rangę, approaching 180° with further rotational speed increase. At the fluid whip 
cessations, the phases y 3l and y A2 are close to 90° or 210° . 

The summary of rotor modes at the instability thresholds driven by the inboard bearing is 
presented in Figurę 4.9.15. The classical mechanical modes of the rotor are labeled “whip” 
modes. In the most unstable case, there exist two fluid whip modes and six fluid whirl modes; 
fluid forces of each bearing separately drives the latter. 

4. 9. 7. 3 Symmetric Case 

In case of axial symmetry, i.e., when M\ —M 2 , — K^ = K 2 , Ki = Ką, 

Kq\—Kq 2 , D S \—D S 2 , D\=D 2 , A 1 —A 2 , the linear system dynamie stiffness components are 
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